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CAUCHY PROBLEMS FOR MIXED-TYPE OPERATORS

KEISUKE UCHIKOSHI

Department of Mathematics,
National Defense Academy .
Hashirimizu 1-10-20 Yokosuka, Japan
e-mail: uchikosh@cc.nda.ac.jp

Fressh (R

ABSTRACT. We study a general theory of mixed-type operators containing the Tri-
comi operators, degenerate hyperbolic operators, and elliptic operators. We will give a
necessary and sufficient condition for the Cauchy problems to be well-posed.

Let P(z, D) be a microdifferential opex'rator defined at z* = (0;0,---,0,v/—1)
€ vV—1T*R™ of order m > 2, written in the form

P(@,D)=Dy+ Y Pi(z,D')Di,
o |

0<j<m—1
ord P; <m — j.

Here we have written D’ = (Da,--- , D,). We also write as D" = (Dy,--- , Dn-1),
D" = (Dg,---,Dp_1). Let 0,,(P)(z,£) be the principal symbol of P(x, D). We
assume that

if z; =0, then 0,,(P) = &7
(2) if 1 # 0, then the equation 0,,(P) = 0 has m distinct roots

El = (Pl(ma 6’)7 R ) (P'm(magl)'

We denote by O (resp. O;)) the sheaf of holomorphic functions (resp. the sheaf of

functions f (m}/ I ) such that f(z) are holomorphic). Without loss of generality, we
may assume that ¢;(z, &) € O(yy) 4+ for some m’ € N, that they are homogeneous in

¢’ of degree 1, and that they vanish when z; = 0. From now on, we denote 0= O(m)-
It follows that

{ for some ¢; € N/m/ and some a;(z,£') € O,+ we have
(pJ(x’ é,) = x?jaj(magl)a aj(x*) 7é 0 (1 S .7 S ’n”)‘

We also assume that

3) i#j = (% a(z") # (g5,a(=*)).
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We denote by C (resp. &) the sheaf of microfunctions (resp. microdifferential
operators). Let us consider the Cauchy problem

{ Pu =0,
D{_IU(OJ :l:’) =Y (112'), 1 S Jj<m,

4)

where u € Cgn g+ and vj € Cra-14+ (z* = (0;0,---,0,v/~1) € V=-1IT*R""!). If
P(z, D) is microhyperbolic, (4) is well-posed for arbitrary initial values, as is well-
known (See [3]). Otherwise (4) may be solvable for some initial values (e.g., for
vy = -+ = v, = 0), but may be unsolvable for other initial values. Therefore there
arises a problem to know for which initial values (4) becomes solvable.

To give the main theorem we need to prepare some preliminaries. Let A(z’, D')
be an both-side invertible m x m matrix whose components A, ,)(z’, D’) € EX are
independent of (1, D;). Here we denote by £® the sheaf of holomorphic microlocal
operators (c.f. [1,6]). We choose r rows of this matrix in an arbitrary way. To be
clear, let 1 < j; < j2 < --- < j, < m and choose the 5, - - - , j-th rows of A. Then we
obtain an r X m matrix A’(z/, D’) of holomorphic microlocal operators. We say that
v1(2'),- -+ ,¥m(z’) € Crn-1 4+ satisfy an r-relation if choosing some r rows of some
A(2!, D') we have A’ (z', D')#(z') = 0. Here @ denotes *(vy, - ,vy,). Note that even if
v1(2'),- - - , v (z’) satisfy an r-relation and another s-relation, it does not necessarily
mean an (r + s)-relation.

We next define a classification of the characteristic roots. Let 8 € {0,7}. Let

(5) (x, &) eR™ x R*™™ 1 z; #£0, argz; = 0.
We define

M = {1727"' 7m}:
M0,9 = {A € M; Re(:clcp,\(x, 5’)) = 0’ if (.‘17, £’) satisfies (5)}’
M:i:,0 = {)‘ € M; :tRe(:_vl(PA(xa é’)) > 0’ if (1:1 61) satisfies (5)}7
My=M\Mop\Myp\M_p .
It is easy to see that My o U M, g UM_ o U My = M is a disjoint union.

Let mg, m4 ¢ be the number of the elements belonging to Mo, My g, Tespec-
tively. We assume that

(6) "=, V0 € {0, 7}
We also need a condition for the microfumctions. Let

w(r) = {(z,€) € V=1T*R™; |z| <r, |"]| <rIm&,},
o' (r) = {(,&) e VIT*R™; || <1, [€”| <rIm&y,},
and |

wo(r) = {(=,€) € w(r); || < vz, €] < rt | Iméa},
wh(r) = {t='*; t > 0}.
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We define

Co = ]-ir____)nrwo(r) (CR"7 (1)()(7')),
r>0 '
C(’) = ]jI__)nrw(’)(r) (CR"~15 w{)(r))

>0

Then we have the following

Theorem. We assume (1) — (3) and (6). Let vi(z'),--- ,vm(z') € Cy. Then there
ezists an m, o-relation and an m . -relation such that the Cauchy problem (4) has a
solution u € Cp if, and only if, v1(z'),- - - ,vm(z') satisfy these relations.

We give some examples. At first we remind the reader of the well-known result for
the operators of principal type.

Ezample 0 (Lewy-Mizohata operators). If Py = Dy + v—1z1D,,, then we have
My g = {1}(= M), Mz = 0. The above theorem means that P_u = 0, »(0,2') =
v(z') is solvable for any v € C) without any relations. In fact using the defining
function we only need to let u(z) = v(z",z, + v—1x2/2). On the other hand,
P.u = 0, u(0,z') = v(z') is solvable only for the case when v(z') satisfies a one-
relation. This means v = 0, and u = 0. It follows that Pyu =0 = u =0, ie., P is
hypo-elliptic in Cp (See [6]). '

Lewy-Mizohata operators are the simplest case of our theory, and our theorem
gives a similar result even for more complicated operators. The characteristic roots
belonging to M, ¢ cause obstruction, and correspondingly the Cauchy data must
satisfy so many relations. Let us see the case m = 2.

Ezample 1 (microhyperbolic operators). Let P(z,D) = D% — ziD2 + P'(x, D),
ord P’ < 1. Without loss of generality, we may assume that P’ is a polynomial in D,
of degree 1. Since ¢;(z,&') = T1&n, p2(z,&') = —x1€,, and arg§, = 7/2, it is easy to
see that Mo g = {1,2}, My ¢ = 0 for 6 € {0,7}. It follows that that (4) is solvable
for arbitrary v;(x'),v2(z’) € C} without any relations (See [3]).

Ezample 2 (Tricomi operators). Let P(z,D) = D} — z:D2 + P'(z, D), ord P’ <
1. We have ¢i(z,€') = /T1€n, p2(x,€) = —/x16,. It follows that Moo =
{1,2}, my o = 0, and that M, , = {1}, M_, = {2}, m; o = 1. It follows that
there exists a 1-relation, and (4) is solvable if, and only if, the Cauchy data satisfy
this relation. We can understand this phenomenon as follows. Let w C v/—1T*R"™ be
a small neighborhood of z*, and let w? = {(z,€) € w; =, # 0, argz; = 6}, 6 € {0, 7}
At first we consider an elliptic boundary value problem in w,, giving one boundary
datum on {r; = 0}. Then we can always extend this solution to the hyperbolic region
wp. This case was considered also by [4]

Ezample 3 (hypoelliptic operators). Let P(z, D) = D?+ziD2%+P'(z, D), ord P’ <
1. Since ¢;(z,&') = V=1z1&n, p2(x, &) = —/—1z1&y, it is easy to see that M_ o =
{1}, My = {2}, myp =1 for 0 € {0,7}. There exist an m g-relation and an
m n-relation such that the Cauchy problem (4) uniquely has a solution u € Cy if,
and only if, v1(z'),- -+ ,vm(z'") € C) satisfy both of these relations. In most cases two
1-relations mean a 2-relation, but this is not always true. If this is true (4) is solvable
only in the case v; = vy =0, and u = 0. In other words, Pu = 0 does not have any
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non-trivial solutions. It is well-known that this is true if the principal symbol o (P')
of the lower order term satisfies £, 101 (P’') & {v/—1, v—13, /=15, - }(See [2,5]).

Of course our result applies for higher order operators, too.

[1]
2]
8]
[4]

(5]
(61

REFERENCES

T. Aoki, Symbols and formal symbols of pseudodifferential operators, Advanced Studls in Pure
Mathematics 4 (1984), 181-208.

L. Boutet de Monvel, Hypoelliptic operators with double characteristics and related pseudo-
differential operators, Comm. Pure Appl. Math. 27 (1974), 585-639.

M. Kashiwara and T. Kawai, Microhyperbolic pseudodifferential operators I, J. Math. Soc. Japan
27 (1975), 359-404.

K. Kataoka, Microlocal analysis of boundary value problems with regular or fractional power
singularities, Structure of solutions of differential equations, Proceedings of a symposium held
at Katata/Kyoto, World Sci. Publishing, River Edge, NJ, 1997.

S. Nakane, Propagation of singularities and uniqueness in the Cauchy problem at a class of
doubly characteristic points, Comm. Partial Differential Equations 6 (1981), 917-927.

M. Sato, T. Kawai, and M. Kashiwara, Microfunctions and pseudo-differential equations, Lec-
ture Notes in Math., vol. 287, Springer, Berlin-Heidelberg-New York, 1973.

49



