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Abstract and Appendix

We consider the value M(8,$) = liminf)y_, o |q||lgf + ¢|| by using the algorithm of
Nishioka, Shiokawa and Tamura (the NST algorithm) for a class of pairs 8, ¢. It is
known that the exact value of M(6,¢) can be calculated if 8 is a positive quadratic
irrational and ¢ € Q(6). For example, M(0,1/2) = b/(4v/D) (@ and b are odd with
a > b); a/(4VD) (otherw1se) M(8,1/4/D) = a/(DVD), M(8,1/d) = a/(d2\/_~) (d
is a divisor of a with d > 1), where 6§ = (y/ab(ab +4) — ub)/(2a) = [0,4,b,a,0,...]
and D = ab(ab + 4).

This paper reveals that the exact value of M(8,¢) can be found even if 0 is
not a quadratic irrational but a Hurwitzian number, namely the continued fraction

expansion of 0 is 8 = [co; c1,¢2,...,¢n, Q1(K), ..., Qp(k)|32,, Where co is an integer,
c1, ..., Cn are positive integers, Q1, ..., Qp are polynomials with rational coefficients
which take positive integral values for k = 1,2, ... and at least one of the polynomials

is not constant. For example, e = [2;1,2k, 1)3,, e¥/¢ = [1;(2k—1)s — 1,1,1]32,
where s is an integer with s > 1, (e!/¢ —1)/(el/% + 1) = [0; (4k — 2)s|32., where s is
an integer with s > 1, (€2/5 —1)/(e?/® + 1) = [0; (2k — 1)s]32_, where s is odd with
s>1,0r 0=100;1,2,3,...] = [0;k]$2 ;.

Indeed, M(e,1/2) = 1/8, M(e,1/3) = 1/18, M(e,1/4) = 1/32, M(e,1/5) =
1/50, M(e,1/6) = 1/72, M(e,1/7) =1/98, ... can be obtained. So, it is natural to
conjecture M(e, 1/1) = 1/(21?) for any integer > 1. In a similar manner, one can
find that M(el/$,1/1) = 1/(212) if | is even with I < 30; M(e'/5,1/1) = 0 or 1/(212)
if  is odd with 1 < 1 < 30. It is conjectured that these facts are true for [ > 30 too.

It is also obtained that M((el/s —1)/(e}/s+1),el/5/(e}/s +1)) = 1/4, M((e'/* -
/(% +1),1/2) = M((l/* — 1)/(1/* +1),1/3) = 0, M((2/* — 1)/(e¥/* +
1), €2/% /(€25 11)) = M((€2/° —1) /(€3 +1),1/2) = M((e¥/* —1)/(e¥/* +1),1/3) =
0, and M(8, (6 +1)/2) = M(6,1/2) = M(6,1/3) = 0 when 6 = [0;1,2,3,...]. But
M(0,(6+1)/2) = 1/4 and M(6,1/2) = M(6,1/3) =0 when 6 = [0;2,4,6,...].



