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Geometrical View of the Furuta Inequality

- BHEZE (Eizaburo KAMEI)
RTHE TR K% (Maebashi Institute of Technology)

1. Introduction. Throughout this note, we use a capital letter as an operator
on a Hilbert space H. An operator A is said to be positive (in symbol: A > 0) if
(Az,z) > 0 for all z € H, and also an operator A is strictly positive (in symbol:
A > 0) if A is positive and invertible.

The original form of the Furuta inequality [5] given by Furuta himself is the
following(cf.[6],[17]).
Furuta inequality: IfA> B >0,
then for each r > 0,

p (1+r)g=p+r
(A5 APA%)e > (A5 BPA%): =1
and
(B3 A?BE)7 > (B:BPBY) N
holds for p and q such that p > 0 and ' \
g > 1 with i) 1 ‘ q
(I+rjg2p+r -r Figure 1

The case of r = 0 in this inequality is the Lowner-Heinz inequality:
(LH) A*>B* for A>B>0 and 0<a<1.

From the viewpoint of operator mean ([2],[3],[10],[11] etc.), the Furuta inequality
is rewritten as follows;

A“$1- B <A and B < B iy AP

for p > 1 and u < 0. The notations {, and lj, are defined for positive operators A
and B by

Al, B=A3(A"3BA™%)%A3%, foracR
and §, = fo when o € [0,1]. Note that f, is an operator mean in the sense of Kubo-

Ando [16] which corresponds to the operator monotone function z* in the Lowner
theory.
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As shown in [11], we had arranged these 1nequal1t1es in one line by using the -

operator mean f, as follows:

Satellite theorem of the Furuta inequality: If A> B > 0, then
A® ﬂl-u B? <BLALB" 4. AP

p—u

for all p> 1 and u < 0.

We can generalize this inequality as follows, in which the case of § = 1 is the
satellite theorem([13], [14]).

Theorem A. IfA>B >0, then for0<6<1,<pandu<0

Au ﬁ&-—u Bp < BJ < A& < Bu ﬁ&—u

P—u

7

and for -1 <v<0,u<yandp >0
A¥ f1-u BP < A7 < B" < B* f4-u A”.
p—u P—%

More generally we have the following and called it a paramertrization of the
Furuta inequality ([13], {14]).

Theorem A’. IfA> B >0, then for0<d<p a'ﬁd'u, <0
A* ﬁ.s—u B? < B’ and B* fs-u AP > A°,
Cp—u

and foru <y<0andp>0

A" f3me BP < A7 and B o= AP > B,

P~y

We can explain these relations by the following Figure 2.
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As a generalization of the Furuta inequality, Furuta [7] had given an inequality
which we called the grand Furuta inequality. It interpolates the Furuta inequality
and the Ando-Hiai inequality [1] equivalent to the main result of log majorization.
We cite here it in terms of operator mean ([3]):

The grand Furuta inequality: If A > B > 0 and A is invertible, then for
eachp>1and 0<t <1, "

—'r+t ﬁ

1t At BYY< A
(e

holds forr>tand s> 1.

The best possibility of G}—;%l;—fr—- is shown in [18]. We can state this theorem also

by the satellte form as follows [14];

Theorem B. IfA> B >0, thenfor0<t<1,0<t<p<P,ux<o,
0<d<landd<p

s (B hozy A7),

p~t

A o (A'fazy BP) < (A" oy BY)F < BY < AP < (B gy 49)F < B gy

More generally we have shown the next theorem as a parametrized form of the
- grand Furuta inequality [15].

‘TheoremB’. IFA>B>0,thenfor0<t<1,0<t<p<pf, u<0 and
0<6Lp ‘
: )
A" o (A" o BP) < (A oy BY)S
—u p—t p—i
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" and s
B" fg=u (B hot A7) 2 (B' ozt A%)%.

On the complementary domain of the Furuta inequality, that is, 0 <t < p < 1,
the following inequality holds ([12],[15]).

Theorem C. IfA> B >0, then for 0 <t <p <1, p < <min{1,2p} and
B=4 :

(A* hp=s B?)F < A' sy BP < B’ < AP < B e AP < (B oz )5,
p—t P p=t p—t
IfA>B>0, thenforOftSlﬁp,p;étandﬂZp

(A" ot BP)F < B < A< (B o A7)B.

2. Results and Proofs. At the begining, we give a generalization of Theorem
C.

Theorem 1. IfA>B>0,thenfor0<t<land0<Lt<p<p

(A® ho-: BP)E < B? and (B hs-: AP)B > AP
p—t .

p—t

We prepare the next lemma to prove this theorem.

Lemma. If A> B >0, then
At hf;E% B? <'B? and B! hﬁ—:—: AP > AT »
for0<t<1l,t<pandqg suchthatlgg—}: < 2.
Proof. We have
Ay B = BPhy g A'= B fpy A
| = BP(B"; ﬁﬁ A—t)BppS BP(B7? tt%_—:% B BP = B1.

Proof of Theorem 1. In the case of p < 1, it is already shown in Theorem C..
So we have only to see the case of p > 1. If 1 < ﬁ—:—f— < 2, then by the use of we

Lemma and (LH) we have (A* ljs—. B?)% < B
p-t

Secondly, if we choose (; such as 1 < %lff < 2 for the above 3, then we can use



Lemma for A and B; = (A® } o=t Bp)ﬁ since B; < A by Theorem C. So we have
At oyt B < Bf"l That is,
At a—e BP = A' syt (A' ot BP) < (A' e BP)P
p—t - 8-t p—t p—-t

By (LH) we have
(At foums BP)Pr < (A ho=t BP)% < B

Thirdly, we choose 33 such that 1 < L—— < 2 for the above 3, then Lemma is
usable for A and B, = (At fazt Bp)ﬁx by Theorem C. So At hea—: BS' < B2 holds.

/3 -t

That is, 1

Al h .‘th Athzz_ (A h = BP)<(Ath_r_5B”)Bx
Hence by using (LH), we have

(At Bt Bp)ﬁz < (At h = B”)

Combining this with the above cases, we have

(A hag=e BP)% < (A" hoyoe BP)H < (A" ot BY)F < BV,

p—i p—ti -t
Repeating this method, we can obtain the desired inequality.
In parallel with Theorem B, we have the following:

Theorem 2. IfA>B>0and0<t<1,0<t<p< B, u<0, then

(1)0<6<1andé<p,

Aoy (A'fozy BY) S A" sy BP < B' S AT < By A7 < B* fsos (B' ot A7),

(2) ~1<y<0andu<y,

A gy (A'bazy BY) S A" o BP S AV S BY < B e A7 < B o (B oy 47).
—u p—t p—u p—u - p=t

The case of § = 1 in (1) shows the order between the Furuta inequality and grand
Furuta inequality. We can more loosen the condition on § and «y as follows:-

Theorem 3 IfAZB>0andO$t$1,0§t<p§ﬂ;u§0, then

(1)0<d6<p,

A o= (A* fg=e BP) < A" $5-. BP < B®
—4% p—t pP—u
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and , : _
B" {32 (B o=t A7) 2 B* fa=u AP > A%,
2usy<0
A" Byzu (A" Baze BP) S A" fzmw BP S A7
and

B 1z (B® h%:_: AP) > B* f,-u AP > B,

p-u
Proof. (1) It follows from Theorem B and Theorem 1 that
A by (A oy BY)
= Ao (A" fae (4" bzt B?))
< A% 5o (Ao BP)F < A" fso, BP.
p—u p—t P
The case of (2) is also obtained as follows:
A" s (A" ozt BY)
A fzu (A" fgze (A" oz BY))
< A" fa-u (A? ho—s BP)E < A® f,u BP.
Py p—t

P~

In Theorem B’, if we restrict the condition on d to 0 X § < p the same as Theorem
3, we have the following parallel formulas to Theorem 3 (1).

AT ﬁg:-% (A" hg-e BP) < (A ha-s BP)% < B’
=% gt =
and
3
B ﬁ%—_»_u_ (Bt hég AP) > (Bt h =t AP)E > yu

We can explain the relations in Theorem 2 and Theorem 3 in the folloing Figure
3.
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3. Remark. The results of Theorem 2 and Theorem 4 can be led by using
some monotone property of operator function on the grand Furuta inequality. This
viewpoint is an indication of Professor Furuta. In the papers [8] and [9], Furuta et
al., the grand Furuta inequalty is treated as an operator function with monotone
properties with respect to two variables. We also translated their assertions into our
terms in [15] and showed this property being the structual necessity of the Furuta
inequality in [4]. The representation of this function by us and our result [4] are the
following.

Theorem D. IfA> B >0, then for0<t<1,0<t<p< B, u<0and
0<d6<p
Hp,b‘,t(A,B,‘lL,ﬂ) = A" ﬁ%-_—_u (At hL:*. Bp)

is increasing for u < 0 and decreasing for 8 > p.

In this theorem, the case of § = p is the form of the Furuta inequality and the
monotone property of this function for 3 leads Theorem 2.
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