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Time local well-posedness for the KP II equation
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Introduction

We consider the well-posedness for the Cauchy problem of the Kadomtsev-
Petviashvili IT (KP II) equation:

(1) Bs(0u+0u+0:(u?) + O2u =0, (t,2,9) € [-T,T] x R?,

(2) u(0,2,) = uo(,9), (z,y) € R,

where the unknown function u is a real valued and 7T gives a time interval
to be determined later.

While the equation (1) is known as the KP II equation, the following
equation corresponds to the KP I:

O (Oru + O3u + 0, (u?)) — d2u = 0.

These KP equations describe a propagation of a weakly nonlinear dispersive
long wave which is essentially one dimensional with a weak transverse effect
[3]- |

Our purpose of this note is to consider the well-posedness for the Cauchy
problem of the KP II equation in a weak class. As usual, we rewrite the
Cauchy problem (1)-(2) as the integral equation and use the contraction
argument. The usual contraction argument seems meet with the difficulty
of the derivative loss which stems from the derivative nonlinearity of the
equation (1).

Known results



There are a large amount of work for the Cauchy problem (1)-(2) (see e.g.,
[2,5,6,7]). Recently J. Bourgain [2] showed the time local well-posedness in
L?(R?). By the comservation law of the L? norm, the time global well-
posedness was also obtained in the same. space.

In this note we consider the equation (1) in the integral form. On the other
hand, N. Tzvetkov [6] considered the following equation in the distribution
sense instead of the equation (1):

3) Byu + 83u + By (u?) + 85 0%u = 0.

For the Cauchy problem (3)-(2), the time local well-posedness was shown in
Hz2 for s; > —1/4 and s3 > 0 [6], where H;';°? is the anisotropic Sobolev
space with the following norm:

gy = 1(1=02"2(1 =87/ Iz, +I1(=02)"/2(1 = 87)*** fl 2 ,.

In [6], the condition (—82)~Y/3(1 — 2)*2/2uy € L?(R?) is necessary. This
homogeneous Sobolev space of index —1 in z variable seems natural for the
equation (3). But even if the equation is considered in the integral form (1)
instead of the differential form (3), the proof of [6] seems to require the use
of the homogeneous Sobolev space of negative index. We remark [6] does
not cover, nor be covered by [2].

Results of this note

To state our theorems, we give some notations.

Definition 1. Let §(7,£,n) denote the Fourier transformation of ¢(t,z,y)
in the time and the space variables, i.e.,

g(m,&,m) = / / /R _exp(—itr —izf —iyn)g(t, ¢, y)dtdzdy.

Let ¢ € C§°(R) denote a smooth cut off function such that 9 = 1 on [—1,1]
and supporty) C (—2,2). For § > 0, we put 95(t) = ¥(t/6). Let |
. | y
k(T,f,??) =T-= §3+ _E

For s1,s; € R, we define the anisotropic Sobolev space H;%*? with the
following norm:

1l = 11— 82)/2(1 = 82)°* flla .



For s1,2,b € R, we define the space X,, 5, ; to be the completion of the |
Schwartz functlon space on R3 with the following norm:

l9llx., 000 = l1Gllss,80,8 + HSIH—3/4,s2,3/47

where

[90s,52.0 = €Y (m)*2 (K(r, €, m)5(r, €, m)lc2 ,

Theorem 1. Lets; > —1/4 and sy > 0. Then there ezists b > 1/.2 with the
following properties. For any ug € H} 2, there exist T > 0 and a unique
solution u of the Cauchy problem (1)- (2) in the time interval [-T,T] such
that

w € C(-T,T): HEy™), dr(thu € Xoyopn:

For any T € (0,T'), there exists € > 0 such that the map vy — v is Lipschité
from {vo : [Jvo — ol gzzyra < €} B0 [lv =l pos (grzageny + 90 (v — )| x, .., -

In addition, if ug € Ha,l’ > with 8§ > s1 and sh > so, then the above result

holds with s; and s, replaced by s| and s, respectively, in the same time
interval [-T,T).

Remark 1. The admissible values of (s1,s,) achieved by Theorem 1 are the
same as in [6]. In Theorem 1, we do not require the use of the homogeneous
space of negative order (see [6]). Therefore, Theorem 1 recovers the L2 time
global well-posedness [2].

Remark 2. Scaling argument. If u solves the Cauchy problem (1)-(2), 50
~does v

(4) uA(t,:c,y) = Azu(’\st Az ’\23/)

for any A € R with the data ux(0) = u»(0,z,y). Then the order difference
on A between Xz and A%y in (4) suggests that the anisotropic Sobolev space
H;';*? may be natural for the Cauchy problem (1)-(2), rather than the usual

Sobolev space H*(R?). Taking the homogeneous norm, we have

lur(0)ll gaxyea = A2 H2574 1 2 g | oo

Then the norm of H s’ 2 1s invariant for s; 4+ 2s3+1/2 = 0 under the scaling
transformation (4). ThlS argument suggests that the critical values for the
Cauchy problem (1)-(2) in H;%** may be s3 + 255+ 1/2 = 0. Note that the
admissible values (s1,s;) achieved in Theorem 1 are far from the critical
values.

To state our second theorem of this note, we introduce some notations.



Definition 2. For s; > —1/2 and s; € R, we define the anisotropic homo-
geneous Sobolev space H;1;*2 as follows:

2302 = {f € S'(R?) : |fllazy= < oo}

where

1fllgzys = I(=02)/%(1 = 02)*/* f1a,,

For s1,52,b € R and ¢ > —1/2, we define the space Y3, s,,q,5-28 follows:

Yois0a0 = 19 € S'(®%) 1 l9llv., 000 = 19lls1,00,8 + [11gllla 83,041 < 00},

where

191lla,s3,a+1 = 11€1%(n)°* (k(r, &, m) (& ez, |

Theorem 2. Let s > 3a+1 > —1/2, —1/2 < a < —1/4 and s2 > 0.
Then there exists b > 1/2 with the following properties. For any uo. €
Hzw2 0 g w2, there ezist T > 0 and a unique solution u of the Cauchy
problem (1) (2) in the time interval [T, T] such that

.’U,EC([—T, ] Hsl’szﬂﬂasg) @bT(t)'U'GYsl,sg,a,b

For any T' € (0,T), there exists € > 0 such that the map vy — v is Lipschitz
from {wo : ||vo = toll gz1,2s + I|vo — ollgegs < €} to |lv — vl Lo mayyeay + v —
ull Lo ey + 19r(v = ’M)HY.,I p—

In addition, if ug € H51’82ﬂHa 52 ith s > sy, —1/4>d >a, 8§ > 3d'+1
and s4 > sg, then the above result holds with s1, a and sy replaced by s, o
and s%, respectively, in the same time interval [-T,T].

Remark 3. When s5 = 0, the scaling argument of Remark 2 suggests that
Theorem 2 may be the best possible result, except for the limiting case
81 = —1/2 which remains an open problem. We assume s, > 0 in Theorems
1 and 2. In the case of sy < 0, the well-posedness result remains to be an
open problem.

Remark 4. The algebraic relation (9) below plays an important role to over-
come the difficulty of a loss of the derivative. In the case of the KP I
equation, our method seems useless to avoid this difficulty (see [2, §10]).

' The proofs of Theorems 1 and 2 are based on the Fourier restriction norm
method [2,4]. This method has been used for the dispersive equation with
the quadratic nonlinearity, such as the KdV and the KP II equations.



There are several differences between the Cauchy problem for the KdV
equation and that for the KP II equation. In the case of the KdV equation,
the following smoothing effect is valid to overcome a loss of the derivative:

102 exp(—t83 Juollpgo £z < cllug| 2.

On the other hand, it seems difficult to see such a kind of smoothing effect for
the KP Il equation case. Then using an argument similar to that of the KdV
equation case, we need to consider the integrability in 7 variable, where 7 is
the Fourier variable in y. To get such the integrability, we define the spaces
Xsy,50,6 and Y, 55,a, for the proofs of Theorems 1 and 2, respectively. More
precisely, the second terms that || - |-3/4,52,3/4 and ||| - |||a,s5,a+1 Play a role
to get such an integrability for the proofs of Theorems 1 and 2, respectively.
These Fourier restriction norm spaces X s1,80,0 and Y, .. o3 are the essential
difference from [2,6].

Proofs of Theorems 1 and 2

We regard the Cauchy problem (1)-(2) as the following integral equation:

W) = W(thio — [ Wit = )0 (uls))ds,

where W (t) = exp(—t(93 + 9;192)).
First we state the lemma concerning the estimates of the linear and the
nonlinear part of the KP II equation in the function spaces we consider.

Lemma 1. Let1/2<b< b < 1. Foré ¢ (0,1) and s1,s2 € R, we have

(5) 15 (YW (Ytolls,50,6 < €62 |lug[ 2,03,
6) IO | WOV 0 < 82 Py,
(7) 195 ()F N5y 00,0-1 < €8” 72| Fls, 55,001
See [4], for the proof of Lemma, 1.
Remark 5. Lemma 1 holds with || - ||5, 5,5 and | - || 121,52 Teplaced by ||| -
lsy,55,6 and || - |l 72172 , Tespectively.

The following two propositions play an important role in the proofs of
Theorems 1 and 2, respectively. '



Proposition 2. Let s; > —1/4 and s > 0. Then there exist b > 1/2 and
8 > 0 with the following properties. For T € (0,1), we have

8)  l1brds(u®)lss,sa,8-1 ST (T2 |ullsy 50,0 + TV *tll-3/4,50,3/4)
X Tb_l/znu”'ﬂ,sz,b’
70 (u?)l|-3/4,53,3/4-1 < T (T2 Jullsy 00,8)"-
Proposition 3. Lets; >3a+ 1> —1/2, —1/2<a < —1/4 and s3 > 0.

Then there exist b > 1/2 and 8 > 0 with the following properties. For
T € (0,1), we have

i|¢T8$(u2)‘151;32;b_1 + HWTﬁar(uz)”'a,sz,a
SCTG (Tb_l/zllu“sl,sz,b + Ta+1/2|“,U"|la,82,a+1)Tb_1/2“ullsl,sz,b'

For the proofs of Propositions 2 and 3, we use the following identity [2]:

k(Ta£7 77) - k(Tla'flanl) - k(T — Tlaf - 61)/’7 - 771)
_ 3EE - &G’ + [6m — &ml®

£(€ - &1)&
This identity implies
(9) max{|k(7,&,n)l, [k(1, &0, m)l, [k(T — 71,& — &1, — M)}
| |€m — &1l

26 -l + g e

Using this inequality, we overcome the difficulty of the derivative loss and
get the integrability in 5 variable. In the following, we only give a sketch of
the proof of (8) in Proposition 2.

Proof. For simplicity we consider (8) for the case of s2 = 0. We first consider
the following:
(10)

(/ / ./]Rs k('rlgglz, 7)) 228(11 )

9 N 1/2
([[[ e mlitr = ra6 = €1, - m)larsdeaam drdédn) ,




where 2b — 1 / 4 < ¥ < 1. For briefly we only consider ( 10) in the following
case:

(11) Igll < land lk(71,§i>%71)| Z max{lk(r,f, 77)‘»|k(7'“‘7'1av§—€1777"771)|}~

Using the Schwarz 1nequa11ty, we have that (10) is bounded by

(12)
coup _leltE)"
T&.m (k(T,'f, ﬂ))l_bl

(£1)%2(E — &)~ 2 )1/2
g (// e (B(T1,&0,m))32(k(T — 71,6 — &1, — 1)) 2 dridéydm

X H““—s/4,0,3/4||U”s1,0,b-

We use (9) first, integrate in 71 variable and use the change of the variable

Cmoas po= (Em — &n)?/E(€ — £1)&. Noting that for the points in (11),
(§) ~ (£ = &), we have that the contribution of the region (11) to (12) is-
bounded by

Il e "
(k(r €, )~ (/ ,/ (e - @)@H|u|>3/2ml”2d"d§1)

X ||u]|~3/4,0,3/4]1%l5,,0,5

1/2
d
T (/m<<£>—|§1|—/) lsraoaralthon

<C||U||—3/4 3/allulls1,0,0-

Combining the above argument with (7) of Lemma 1, we have that the left
hand side of (8) restricted to the region (11) is bounded by

sl _bHUH—3/4,0,3/4HU“31,0,b
Sch'"2b+1/4(T1/4HUH—3/4,0,3/4)(Tb_1/2”u“sl,O,b)'

O

Proof of Theorem 1.
We put r = |luo||gz1,e2 for s; > —1/4 and s3 > 0. For T € (0,1) and

b € R, we put [lwlxr = T*?|lwlly, 5,5 + T*||w]|_3/4,s,,3/4- Now for
Te (0 1), we define

B(r) ={w € Xs, 5,0 : Jw]xr < 2¢er},



®(u)(t) = Yr(OW()uo — ¢r () /0 W (t = s)pr(8)9s(u(s)”)ds.

We choose b same as in Proposition 2. Thus by (5)-(6) of Lemma 1 and
Proposition 2, we have

[@(w)l|xr
<clluollgzye2 + clltrBo(u’ Wiy 50,8-1 + €lltordp (u® )||—3/4sg,3/4 1
<ecr + CTGHUHXT
<er + T2,

for u € B(r), where § > 0 is the same as in Proposition 2. Similarly, if
u,v € B(r), we obtain

18(u) — @(v)llxr < cTrllu—v||xr.

Then we conclude that if we choose T' > 0 sufficiently small, then ® is
a contraction map. Then we obtain the unique local existence result in
Xs,,55,6 of the Cauchy problem (1)-(2) by the contraction argument. O

Replacing Proposition 2 by Proposition 3 in the proof of Theorem 1, we
obtain Theorem 2.
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