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Abstract— This paper introduces a procedure for decoding linear codes up to half
the Feng-Rao bound which is defined by R. Pellikaan [5]. G-L. Feng, K.K. Tzeng
and T.R.N.Rao found the procedure [2], [1], and they showed it was a generalization
of the Berlekamp-Massey algorithm [3] in their paper [1]. We summarize this
decoding methods from the view due to Miura’s thesis [4].

Keywords— Feng-Rao decoding, Feng-Rao designed distance, Feng-Rao bound,
BCH decoding

1 LIS
1.1 BYITEFSELESRELR
¢ BOTHS25ERER F, bET. Fi=F, LB, EEBn 2EET 5.
Definition 1 ¥, L0 n X~ b VEBOBAER C 2HBAT, IARBICFT LIRS
BT, BCHboR2VRY k:=dimsC 8. n 2HF C OFFE, k25 C ORTLIES.
Definition 2 (Hamming iE8) a := (e1,...,a5),
b := (by,...,bs) € F* KL, d(a,b) := #{i | & # b;} ! & a & b O Hamming HEE LS.
Hamming E%liﬁ%ﬁ@ﬂﬂ%(ﬁt'f
7% C THL, _
d(C,a) := min #{i|c # ai}
EEY. I,
d(C):=  min  #ilei#c}
S C O BANEE LIPX. MUT, HeHbovRY 4:=4(C) £B<.
Definition 3 (Hamming E#) w(a) := #{i | a; # 0} % a ® Hemming EH IS,
FEH < (d(C)-1)/2 ZEETS. COEHNLLT, t RRAEMETZERT 5.
[t BRFIERES]

HE CItBiY st RRAERESL tiét@?»:r') Ar%E)
Input: yeF"
Output: b L d(C,y) <t %6,
d(c,y) = d(C,y) Xili7Zz¥ ce C.
= %&H’hlﬂgﬂ:‘;‘%z’)‘,
bLLIXC OLEET.
2 ETER SIS BT 25 HEZ RIHRT 5.

m4003id@ex.ecip.osaka-u.ac.jp
1 HRES AL, #4 % A OTOBRET 5.
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[(RERIE]

FECBIVEEKI<AOC)-1)/2¥5i0h7:L &, COt BRESES Y& V)/J"t:mxac-’) -
HEETHITMTY AL %KD L,
Z DL T Feng-Rao HELEHBNT 5.

1.2 {FEFsSLiE
BEORRTHIBBHTFTIIONVT, TOREL T LD S,
Definition 4 ($£MF75l) C ORELBFET B kx n 771 LBATH LIER,
Definition 5 a = (ay,...,a,),b = (by,...,b,) € F* IZHL
axb = (a1by,azby,...,anb,) € F"
(a,b) = zﬂ:a;b; €F

i=1

E¥ 5,
Definition 6

Ct:={aeF"|{a,c)=0 forYeceC}

ET5. WIS, CL OEBATHIR HEERL, ThEk C O N7 A BREFH LR, r:=dimsCt &
BL. H OFFTRZ b Vv% {by,...,b} LET.

2 Feng-Rao B&i&%
21 H5FL

ZDOETiX, %7 Feng-Rao bound ZE&HKL, € X T Feng-Rao HHE %4/ 5. Feng-Rao 18
T OERI=HOMLRIC 4] 2L 5.

2.2 Feng-Rao bound

Ct oK (FTX7 b V) % {by,...,b } L,
F\CL? OFEE AT V) % {byy1,...,b} T 5. ZOFHV {by,...,b,} ZEET 5.

Definition 7 i € {1,...,n} IZX L,

Span(by,...,b;) := {}_ Acbs | A € F}

£=1

¥ 5.

2ADBENML, A\B:={a€A|agB} £¥5.
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Definition 8 a € 7" I L, XD 2 ODEf o7 F* = {1,...,n} EEET 5

1.o(a)=i% _,
a € Span(by,...,b;) \ Span(by,...,b;_1)
2.7(a) = i

a € Span(by,...,b;—1)* »2
a ¢ Span(by,...,b;)*

O'(b,j*bj) =8 %'{ﬁf:?l")&ﬁ (b,‘,bj) ﬂ:iﬂ“b, o @%—:%l b b,‘*bj i bl,...,b, D1 *%’g't L
T—BC»TE. £ZT,

b; *b; = Zag"j)bg (1)
_ £=1
LLT, o err ks, ToLE o £0THE.
Lemmal 0#£c€C KHNLT, RPKYILD.
Lr+1<r(e)<n ‘
2.l:=1(c) £BL. TDLE, (c,b))#0,{c,b;)=0 forl < Vi<l

3. !EH:#‘]‘ (b,‘,bj) ) O’(b;*bj) =1 %ﬁf:?&%‘f, (c,b,- *bj) # 0, O’(b; *bj) <l ’&(ﬁf:?&"olf,

(¢,b; *b;) =0 TH 3. |
Proof.

1.Ct BXU {by,...,b,} DEHEN,D, c€C & (c,b;)=0forl <i<r #HYILD. Lo TRE
EPO r(c) > r+1 WD, T, c#£0THENDH, cd Span(bi,...,b,)t TH5. Lo
TEHEDPDL r(c) < n P%E). ‘ '

2. 7(c) DEHESS, VF c € Span(by,..., b))t ThbB. £oT, (c,b;) =0forl < Vi< b
3. 22T (e,b)) = 0 LRET B L, c€Span(by,..., b))+ &%V, r(c) =1 DERICFETS.
®ZIc, (c,br) = 0 B, B

3. Definition 1. TOHKEFRD> HLHL P,

]
Lemma 2 c€ C,e € F',y :=c+e IDWT, RPHY LD,

1L{c,b;y=0for1<i<r.
2. (e,b;} = (y,bs) for 1 <i<r.
3. o(b; *b;) <r %5 {e,b; xb;) = (y,bi xbj) .

Definition 9 ERD7-9,
(u,0) < (i, §) B u<itov<jpo(u,v) # G, 4)
LEETD. '
Definition 10 (Well-behaved) #f (bi, b;) #¢

o(bu *by) < o(bi ¥b;) for ¥(u,v) < (i, )
AT L X, well-behaved L IES,
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Definition 11 s € {1,...,n} XL,
W(s) := #{(i,j) | o(bi xb;) = 5
»2 (bi,b;) %% well — behaved} &3 5.

Definition 12 7" 3 a:= (a1,...,a,) I3 L, n x n 75 X(a@) ZRDEIHIZED B,

b, o 0
b a

X(a):= .2 2 ) ( thy .. tbn)
b, 0 a,

Lemma 3 rank(X(a)) = w(a) TH 5.

Proof. {by,...,b,} T F* ORETHE P 5,

b;
b,
rank( . )=rank(( thy --- b, )) =n
. b, /
Thb. $7zw(a) DEERPS
ai 0
az
rank( . ) = w(a)
0 an

PR D. Xo TR, O
Lemma4 0£c€C IZNLT, ri=1(c) L BLLERPFEY YD,
w(c) > W(r).

Proof. Definition 12 12X Y, nx 2 175 X := (2 ;) := X(c) %% %. Lemma 3 XY w(c) = rank(X)
ThHb. TZT, nxafiflY 2ROLICLTEDS: Y = (1),

;i j ifo(b;*b;) =171
%2 (b;,b;) 2% well — behaved
Yij =
o ()
0 otherwise

COLE, rank(X) > rank(Y) BL U rank(Y) = W(r) 2577, 7, B RL7 Lemmal &9,
SHE () BHIT 3;,; 122WT, 35 ={e,bixb;) £ 0 WbPo>T WA, 5T rank(X) > rank(Y) 3
$ T rank(Y) = W(r) 2% 5. O

Proposition 1 LA EDOFED b L TR 2.

d(C) > min{W(r) |r+1< 7 < n}
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Proof. ¥, d(C) DEHEDH,
A0 = gmin d(d)

= _min d(c-c,0)
Cdc—c'#0

= duig, v

ThiH. WAZIZ Lemmad. BXU Lemmal X YFERPHES. O

Definition 13 drg := min{W(7r) |r+ 1< 7< n} LHE, Th% Feng-Rao bound LFER,

2.3 Gauss DFEEZE
Z OEiTIX Feng-Rao EBEOR L % 547510 Gauss D EEICOVTHRNS.

Algorithm 1 (Image and Karnel of a matrix X) X := (& ;)
mxnfiFl(m<n), &; €F 4%, X O image & kernel £ KD B , Gauss DHEE LB L 2K
® algorithm % 52 %,

Input : X := (& ;) m x n 175
Output : M = (m;;) m xn 175 m;j =0orl,
v® = {7, 08) v X @ Kernel 1< Vs < rank(X)

1. [Initialize] r := 0,m; ; = 0 for Y(3,§), i:=1,§:=1, X :=(z;;) = X
2. [Scan Column] b L, 2;; #0 2 my; =0for1<Vu<i %6, ri=r+1,dj:=0&LT, £
D (i,5) ERELTRISED. 20 (4,§) % “ERy b7 LR, €9 ThiFhud, 4147,
3. [Eliminate] z; ; 1= —1, &y := —%iu/2i; forv=j+1,...,n ET 5,
(a)0:=1 &5,
(b) zej:=0L,%5.
(t).s:=j+1 ¥ 5.
(i) g5 =g, + To M5
(tii). s <n B O, s:=s5+1 & LT 30b)(u) MTT. SdRITNTRISED.
(c)e<m &b, £:=£0+41 L LT HNTT. SdRTHTRICED,
()mij:=1,dj=i &35,
4. [Finished?] L £<n 26idL:=£0+1 L LT 2 ITRX.
_ §5. [Output] M = (my;) £&¥. d, =08 %25 L) %se{l,...,n} BIOERTH L) L r = rank(X)
ds. FNHICHLT,

Td;,s ifdj >0
v = (o igicn =4 1 ifi=s

0 otherwise

LLTENEERE.

Lemma 5 m x n 75 X (m < n) LT, Algorithm 1 ZEA L THA M = (m;;) I2WT, R
S/ A=N
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1. rank(X) = #{(3,§) | mi; =1} TH 5,
2mi; =1%56E my; =0 for “u<i, PO mi,=0for Yv<j Thb.

2.4 BEGRRAE

ZDETIX, Feng-RaoHHDEL 42 EHPREIZOVTHRRS,
r+1<i<n2BETS. wle)<(drr-1)/2 2EET 5.

Lemma 6 X := ({e,b; #bj)) n x n fiFlcoVT, Algorithm 1 %8H L TEBH% M L35, 3
T,
U:= {(i,j) | o(bi *bj) = £,(b;,b;) iZ well — behaved}
Up= {(i,j) | o(b; xb;) < £~ 1,m;; = 1}
Ur= {(i,j)| *u<ist.o(by*b;)<f—1,m,; =1}
{(5,5)] v <jst. o(bixb,) < —1,m;, =1}
U
Uz= {(i,j) |mi; =1}nU
Ug= U\ (U;UU,)
ui:= #U;for Vi=0,1,2,3

2 C

EBL. Tk i,

1.2w(e)+ 1< drr < W(¥)

2.y +uz + uz = #{(§,§) | o(bi * b;) = £,(b;,b;) i well — behaved} = W(¢)
3. uy < 2uy

4. uo + uz < w(e)

5. Ug < U3

6.(i,j) € Us IZXL T,

i-1
(e, b; *bj) = ng{)(e,b)‘ *bj)
A=1
B i-o,
Proof.

1 {R%E w(e) < (dpr —1)/2 X 1.

2U0NU =0 THBZ Lhbits.

3. Uo,Ul @%%‘/J“‘oﬁé")

4ouptus <#(,5) |mij=1=w(e) & D.

5. 2(up+u2) + 1< W) =uy +up +u3z, BIWuy < 2up S5,

6.Us DEEPD, X OF jHIIE v(1<v<j) FIOBUREETH L 5.
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2.5 Feng-RaofESi&
HEFR (Definition 1) 75, £2>1I1X2WT

£
o) (e,bey1) = {e,bi ¥ bj) = 3 aid(e,e,)

p=1
295, —% Lemma 6 (5),(6) 25, U\U; KBT 5 (i,§) I220T, (e,bixb;) ¥ HRKRITL Y RE
THLELWETH LI LAMREEN S, X o TROGEIFY LD
Proposition 2 (SHRRE) Mwte < (drr—1)/2 ZIKET 5. (e,b;) for 1 < Vi<t BEHMThHS
LF 5. U DT (i,§) @i, AMT51 X = ({e,bu*by)) 1 S u < i, 1 < v < j TN LT Algorithm 1 %

i-1
Z vf\")(e,bA *bj)
A=1

REHET 5. TRE (e, bixb;) OHFMET 5. bixb; DRIEFTR (Definition 1) 15515 (e, beyr)
DI bRLEBNLLOFROETHE. Thbb,
¢

va (e,ba xb;) = Y alile, b))/ el

p=1
D) LRDE CENLED, (e,bu) IKE LW,

Definition 14 (Feng-Rao HE7 /W TY XL) 2ED DO LEMT 5. o(b;*xb;)) >r+1 ZHLT X
57 (b.‘,bj) lzxtL,

’
b; * bj = Z agi'j)bz
i=1

Input: y:=c+e
Output: ¢ b LI, BFTHET 5.
1. [Initialize] {e,b;) = (y,b;) for1< YIi<r

sij = {(y,bi *b;) for V(i,j) s.t. o(bjxb;)<r

L—r+1
2. [Apply Gauss algorithm] S = (s;;) {C Gauss algorithm (Algorithm 1) ZERT 5.
3. [Calculate {e,b¢)] (*) ZAH72F (4,5) K2V,

-1 Y, N o
(3" (e, ba #bs) = 3 ai(e, bu))/afi)
A=1 p=1

REEL, bo b dE BN MY (e,be+1) ET5H. 2L (F) L,

(b;,b;) 2 well — behaved TH 2,
U'(b,' * bj) ={ThD,
c; >jP2,en#£jforVu<ist.o(b,*b,)<€—1

EBT (i,5) £, (%) AT (,5) VEEL BT SES D 5.



57

4.-[Loopl b<nebiT Le—k+1 LT, 2717,
5. [Terminate] :
b1 -1 <eaibl)

b (e,b,)
ZEET A, ci=y—e ¥ET.

3 Feng-Rao 884 & Berlekamp-Massey ESi%
3.1 H5FL

ZDHI T, G-L. Feng, K.K.Tzeng 45 3 [1] D %A TR L7z (Feng-Rao 5% BCH #E20HEE
2BV} % Berlekamp-Massey HE5EL L —KbtTHB) T L 2T 5.

BCH #¥5 281} % Vandermonde 175 % A7z Feng-Rao HEHHEICDWVT, KD (e,bs—y) 2 HET S

#HEL, Berlekamp-Massey HEHEICBIT 5 LT —NBLERDOFE 17 ) 8% L/ UITHIOBRETH
T EHbRrs,

3.2 BCH &L

Definition 15 (BCH #8) § % Fy» OBl n TMET 5. EMMn, 1,6 2515, f, g+ gi+i=2
DORMNEHEROBRMNAMESEHRE g(z) LBL.
R Flz)/(z" = 1) DAFTT NV (g(z)) 2EZLB. TOLE,

. n—1
C:={(co,---s0n-1) € F" [ {9(2)) D e(2) = Y iz}

1=0

R F, LoFsLRs. O C % BCH (Bose-Chaﬁdhurz’-Hocquenghem} FELny),
BCH & IZ2WTRD Lemma 25% Y 720:

Lemma 7 (6—-1)xn {75 H ZRD L) IZED 5.

1 ,3’ IBZZ L ﬁ(n-—l)l

1 ﬁl+l ﬁ2(l+1) . ﬂ(ﬂ—l)('+l)
H:= . . . . o

1 fHe=2 gI+8-2) .. gln=1)(i+4-2)

InkE, BCHWS C i
C={c€F"|H'=0inFi"}
EHIT.
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Definition 16 F,” 3y (<AL,
So
S5
H'y= .
Ss-3
&BL. 'So,...,.s,s_z By vFu—ALES,

3.3 Berlekamp-Massey ESE LIk
Definition 17 F,»’~! 3 a = (ao,...,a5-2) IZXL,

f(a) := max #{i|ay #0for 0 < “u < i}
¥, fa) R ad BEELEE

J.L. Massey DL [3] K& i, ZOEHRD T T BCH F5 BT 2EFHEIXROMEICBENZS
CENTESD. :

[Massey IC& 3 BM ESEDT5I5RR][3)]

S
p.o 1 1 .0

Pé-2 : k - Ss—2
C§-—-2 se C1 1
k37T ce Fm' pe Fm®t @35, L(p) ERATBLDE, HBROFTHIE EOFTH O MK
TR RS Z L TROIT L.
CHZLERDEICEVDRIBEILNTES,

[BMESZEDE WS 2]
1 Ci C2 C§—-2
S S - Ss-2 1 . .
Sy - Ssea 1 §-3
) 1 C1
Ss— 0
5-2 0 1

Po 1 - Ps-2
= * * * *
* ¥ % *

BT ce€ Fm' 2 peFm®t @3B, p) EBMACT b 0%, ELOFTHOBZEDTIH S M
IC Gauss DHEEZ AW THERELERLZ L TR X,
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3.4 Vandermonde {7512\ '/ BCH ffE® Feng-Rao #S%
nxnfi5 B %,

1 1 1 ... 1
1 13 ﬂ2 e ﬂn—l

B= . . : . (2)
1 gt pgAn-n) L. pn=1)(n-1)

EBL. DL X BiZ Vandermonde TR TH 5. det B£0 THEHH BOFK ik b; LBLL
{b1,...,ba} X Frn OEEELT.

€p 0
,3161
X'(e) =B B¥es } ;]
0 ﬁ(ﬂ—l)l
( So S ‘e Ss—2 (e,bs—1) = \
5 <. Ss—2  {e,bs_1) * *
- S&—Z (e,b,;__l) * * * *
{e,bs—1) * * * * *
* * * * * * }

45,

3.5 Feng-Rao {85k & Berlekamp-Massey B8k & DHE

BCHHFFIBIIHING 2 oOWFHELHET 2. X'(e) ¥ VT BCH %5 ® Feng-Rao 55 %47
I EE, BT (e,bso1) BHET 5720 DIEAEIE Berlekamp-Massey ?i':h-ioﬁ’% I 7 - EFZEANDR
BRI M Ve BRETH:00BELERETHS.

C D%, Feng-Rao HHEILE (e,b;)for§ <i<n 2RDT B! LOEE L > THETEDITHL
T, Berlekamp-Massey i3 ¢,p T HVWTHFE A2 L7 —NELSERB L L5 —FHELE > HHEET
ARPREoTWS,

4 RR&RIC

— OB F 2 BT % Feng-Rao H5 LA L7, Feng-Rao bound 3 & Uf Feng-Rao 51,
% C BLU CL OKE (by,...,b,} BEF 72\ CL ORI {byya, ..., bn} OREHI: LBl
BHESTSH. TIT, HH CHHAONILERHEREFPLEEDL ) ITEUT L vH L) BIES
HoTWwWa,
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