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1. Introduction

A $(m,u, k,\lambda)_{7}\mathrm{e}lative$ difference set (RDS) in a group $G$ of order $mu$ relative to a normal
subgroup $U$ of order $u$ is a $k$-element subset $R$ of $G$ such that the number of elements in the
set $\{(r_{1},r_{2})|r_{1},r_{2}\in R, r_{1}r_{2}^{-1}=g\}$ for every $g\in G,$ $g\neq 1$ is $\lambda$ if $g\in G\backslash U$ or $0$ if $g\in U$ .
If $k=u\lambda$ , we call $R$ a semiregudar RDS and its parameters are given by $(u\lambda,u,u\lambda, \lambda)$ .
Semiregular RDS’s in abelian groups have been studied intensively in [1], [7], [8], [10],
[11]. Recently, $\mathrm{J}.\mathrm{A}$ . Davis, J. Jedwab and M. Mowbray made two constructions of abelian
semiregular RDS’s in [3]. In one of their constructions, they considered $(a,m,t)$-building
sets(BS) on abelian groups and by applying group characters, they were able to construct
new sets of semiregular RDS’s in groups of non-prime power order.

In this article, we study semiregular RDS’s in some nonabelian groups, especially groups
$G_{\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{t}}\mathrm{a}\mathrm{i}\mathrm{n}\dot{\mathrm{m}}\mathrm{g}$ an abelian subgroup $A$ of index 2 inverted by an element of $G-A$, say $t$. If
$G$ has a semiregular RDS $R$ relative to a normal subgroup $U$ contained in $A$ , then we can
represent $R$ in the form $R=S\cup Tt$ for some subsets $S$ and $T$ of $A$. We may also show
that $\{S,T\}$ is an $(a,m, 2)\mathrm{B}\mathrm{S}$ when 4 I $o(t)$ for some suitable $a\in \mathrm{N}$ and $m\in \mathrm{R}$.

In Section 3, we focus on $(a,m,t)\mathrm{B}\mathrm{S}$ in a cyclic $l\succ$group where $\mathrm{p}$ is a prime and show
that

Theorem 3.9 Let $\{S_{1}, \ldots , S_{t}\}$ be an $(a,m,t)BS$ in a cyclic $p$-group $G$ relative to U. Then
$|U|\geq p^{t}$ .

As an application of this theoren, we show that for $t=2$ we have
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Theorem 5.1 There is no semiregular $RDS$ in $D_{2p^{n}}$ .

As corollaries, we show that for a generalized quaternion or semidihedral group $G$ , the order
of the forbidden subgroup $U$ is at most 2 as stated in Corollaries 5.2 and 5.3 of Section 5.
In addition, we show in Theorem 5.4 that every generalized quatemion group $G$ of order
$2^{n+1}$ always contains a $(2^{\mathfrak{n}},2,2^{n}, 2^{n}-1)$ RDS relative to $U=Z(G),$ $(U\cong Z_{2})$ .

2. Preliminaries

In this section, we define a semiregular RDS in a group and provide sone basic concepts
essential to prove the main results.

Definition 2.1 $A(m,u, k,x)RDS$ in a group $G$ of order $mu$ relative to a normal subgroup
$U$ of order $u$ is a $k-deme-1nt$ subset $R$ of $G$ such ffiat the number of elements in ffie set
$\{(r_{1},r_{2})|r_{1},r_{2}\in R, r_{1}r_{2} =g\}$ for every $g\in G_{f}g\neq 1$ is $\lambda$ if $g\in G\backslash U$ or $0$ if $g\in U$.

We note that when $k=u\lambda$ , we call $R$ a semiregvlar $RDS$. In this case, $R$ has parameters
of the form $(u\lambda,u,u\lambda,\lambda)$ . If $U=1,$ $R$ is called a trivial semiregular $RDS$.

The next result about abelian RDS’s is well-known. A proof can be foumd in Pott’s book
[1], for example.

Result 2.2 Let $G$ be an abelian group and $f\in \mathrm{C}[G]$ . If $\chi(f)=0$ for every non-principal
character $\chi$ of $G$, then $f=k\hat{G}$ for some $k\in \mathrm{C}$ .

Result 2.3 $R$ is a $(m,u, k,\lambda)RDS$ in a group $G$ relative to a normal subgroup $U$ if and
ondy $if|Ux\cap R|=1$ for every $x\in G$.

$Proof-1^{\cdot}$ Assune $a_{1}x,$ $a_{2}x\in R,$ $(a_{1},a_{2}\in U, a_{1}\neq a_{2})$ and set $r_{1}=a_{1}x,$ $r_{2}=a_{2}x$ . Then
$r_{1}r_{2}$ $=a_{1}a_{2}^{-1}\in U$ , a contradiction. Hence $|Ux\cap R|\leq 1$ . By semiregulmity, $R$ has
parameters $(u\lambda,u,u\lambda,\lambda)$ . As $|G$ : $U|=|R|=u\lambda$ , we have $|Ux\cap R|=1$ for every $x\in G$ .

Conversely, $\mathrm{i}\mathrm{f}|Ux\cap R|=1$ then $|G:U|=m=k$ . But $R$ satisfies $RR^{-1}=k\cdot 1+\lambda(G-U)$

and so $k=\lambda u,$ $k>1$ . Thus $R$ is semiregular.

The following result due to Elliot and $\mathrm{B}\mathrm{u}\mathrm{t}\mathrm{s}\mathrm{o}\mathrm{n}[4]$ is basic in the study of relative difference
sets.

Result 2.4 Let $R$ be a $(m,u, k,\lambda)RDS$ in a grvup $G$ relative to a normal subgroup $U$

and let $U_{1}$ be a normal subgroup of $G$ contained in U. Set $\overline{G}=G/U_{1}$ . Then $\overline{R}$ is a
$(m,u/u_{1}, k,u_{1}\lambda)RDS$ in $\overline{G}$ relative to $\overline{U}$ .

The next result is called the product construction $.\mathrm{f}$or RDS’s in an abelian group. For a
proof, see [2] and [11].
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Result 2.5 ([2] , [11]) Let $G$ be a group of order $u^{3}k_{1}h$ . Let $G_{1}$ be a normal subgroup

of $G$ and $G_{2}$ a subgroup of $GsmhuatG\triangleright U=G_{1}\cap G_{2}$ wiffi $|U|=u,$ $|G_{1}|=u^{2}k_{1}$ , and
$|G_{2}|=u^{2}h\cdot IfR_{1}$ is a $(uk_{1},u,uk1, k_{1})RDS$ in $G_{1}$ relative to $U$ and $R_{Q}$ is a $(uh,u,uk_{2}, k_{2})$

$RDS$ in $G_{2}$ telative to $U$ ffien $R=R_{1}R_{2}\dot{u}a(u^{2}k_{1}k_{21}, u, u^{2}kk_{2},uk1k_{2})RDS$ in $G$ relative

to $U$ .

For ease of computations, we distinguish a group ring element from a set. If $X=$

$\{x_{1},x_{2}, \ldots,X_{n}\}$ is a given set, then by $X\wedge$ we mean $\overline{X}=\sum_{i=1^{X_{i}}}^{n},$ $x_{i}\in X$ . Also, $X^{\overline{-}1}=$

$\Sigma_{i=1}^{\mathfrak{n}}X_{\dot{*}}^{-}$

1 for $x_{i}\in X$.

3. An $(a,m,t)$-Building Set in $\mathrm{Z}_{p^{n}}$

In this section, we define building blocks and building sets of an abelian group as given
by Davis and Jedwab [2]. We then consider building sets in a cyclic $q\succ \mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}_{\mathrm{P}}$ .

Definition 3.1 A budding block in an abelian group $G$ with modulus $m$ is a subset $S$ of $G$

such that $\chi(S)\in\{0,m\}$ for every non-principd character $\chi$ of $G$ .
Definition 3.2 An $(a,m,t)BS(t>1)$ on an abelian group $G$ relative to a $\mathit{8}ubgroupU$

is a collection $\{S_{1}, \ldots,S_{t}\}$ of budding blocks in $G$ vtffi modvlus $m,$ $|S_{i}|=a$ for each
$i\in\{1, \ldots,t\}$ and

$(\mathrm{i}.)$ There $ex’\dot{s}ts$ a unique $i\in\{1, \ldots,t\}$ such that $\chi(S_{\dot{\iota}})\neq 0$ if $\chi$ is non-principal on $U$,
and

(\"u.) $\chi(s_{i})=0$ for every $i\in\{1, \ldots,t\}$ if $\chi$ is principal on $U$.

We next define the m-th cyclotomic polynomial. For a more detailed discussion about
this topic, consult the book by Ireland and Rosen [5].

Definition 3.3 Let $m$ be a $p_{\mathit{0}Si}\hslash ve$ integer and $\zeta_{m}=e^{2\pi 1/m}$ , a m-ffi root of unity. We call

$F_{m}(x)= \prod_{(a,m)=1}(X-\zeta_{m}^{a})$
where $1\leq a<m_{f}$ the mffi cydotomic polynomial.

Throughout the rest of this section, we use the following hypothesis.

Hypothesis 3.4 Let $G=\langle g\rangle\cong Z_{p^{n}}$ and $U$ be a subgroup of $G$ of order $p^{f}$ . Assumoe ffie
existence of $\{S_{1}, \ldots, S_{t}\}$ , an $(a,m,t)BS$ in $G$ relative to $U$.

Notation 3.5 For ease of computations, we define the fouowing:

$\overline{S_{i}}:=\sum_{0\leq k<p^{n}}C4kg^{k}$
and $f_{\dot{\iota}}(x):=0 \leq k<p\sum_{\mathfrak{n}}a_{i}k^{X^{k}}$

, $a_{\dot{\epsilon}k}\in\{0,1\}$ .

Remark 3.6 Let $\chi\in G^{*}$ and set $\zeta=\chi(g)$ . Then $\chi(\overline{s_{i}})=f_{i}(()$ .
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Lemma 3.7 $\chi(\overline{S|\prime})=0$ if and only if $F_{\mathrm{P}^{d}}(x)|f_{i}(x)$ .
Proof. By Remark 3.6, we have the lemma.

Theorem 3.8 Under $Hwo$ffi$e\mathit{8}is\mathit{3}.\mathit{4}$, the following hold:

$(\mathrm{i}.)$ for every $d>n-r$, ffiere exists a unique $j\in\{1,2, \ldots,t\}$ such that $F_{p^{d}}(x) \int f_{\mathrm{j}}(x)$ ,
and

(\"u.) $F_{\mathrm{p}}(x)F_{P(}x)\cdots p_{p}\mathfrak{n}arrow(X)|f\dot{.}(x)$ for every $i\in\{1,2, \ldots,t\}$ .

Proof. Let $\zeta$ be a prinitive $p^{d}$-th root of unity, $1\leq d\leq n$. Then $\zeta^{\mathrm{P}^{narrow}}=1$ if and only if
$p^{n-r}\geq p^{d}$ if and only if $n-r\geq d$ . Let $\chi\in G^{*}$ such that $\chi(g)=\zeta$ . Then $\chi_{|U}=\chi_{0}$ if and
only if $n-r\geq d$ and therefore $\chi_{|U}\neq\chi_{0}$ if and only if $n-r<d$. We consider the following
cases:

$(\mathrm{i}.)$ Assume $d>n-r$ so that $\chi_{|U}\neq\chi_{0}$ . By the definition of a $\mathrm{B}\mathrm{S}$, there exists a unique
$j$ such that $|\chi(S_{j})|=m\neq 0$ . Now $|f_{j}(\zeta)|=m$ and so by Lemma 3.7, $F_{\mathrm{p}^{d}}(X)\parallel f_{j}(x)$ .

(\"u.) Assume $n-r\geq d$ so that $\chi_{|U}=\chi_{0}$ . By the definition of a $\mathrm{B}\mathrm{S},$ $\chi(S_{i})=0$ for eveIy
$i\in\{1,2, \ldots,t\}$ . Now $f_{i}(\zeta)=0$ if and only $\mathrm{i}\mathrm{f}F_{p^{d}}(X)|f_{i}(x)$ for every $d=1,2,$ $\ldots,n-r$. Since
$F_{\mathrm{P}}(x),F2(\mathrm{p}x),$ $\cdots,F_{\mathrm{P}}narrow(X)$ are relatively prime, we have $F_{\mathrm{P}}(x)F(p^{2}X)\cdots F_{\mathrm{P}}n-’(x)|f_{i}(x)$ for
every $i\in\{1,2, \ldots,t\}$ .

The next theorem is of great importance to prove the results in the proceeding sections.
It establishes that the order of the forbidden subgroup $U$ of an RDS in a cyclic p–group must
be greater than or equal to $p^{t}$ , where $t$ is the number of building blocks in the corresponding
building set containal in the given cyclic p–group relative to $U$.

Theorem 3.9 Let $\{S_{1}, \ldots,S_{t}\}$ be an $(a,m,t)BS$ in a cyclic $p$-group $G$ relative to U. Then
$|U|\geq p^{\mathrm{r}}$ .
Proof. Set $F(x)=F_{\mathrm{p}}(X)p_{p}\mathrm{a}(x)\cdots F_{p^{n}}-r(x)$ and $I=\{n-r+1, \ldots,n\}$ . Then there exist
$s_{*d}\in\{0,1\}$ for $1\leq i\leq t,$ $d\in I$ and $q_{i}(x)$ such that

$f_{i}(x)=F(X)(_{d\in I} \prod p_{\mathrm{P}}\mathrm{g}(X)Si,d)qi(X)$ .

For a fixal $d\in I$, we have $s_{1d}+s_{2d}+\ldots+s_{td}=t-1$ by Theorem $3.8(\mathrm{i})$ . Assume
$s_{i,n-\mathrm{f}+1}=s_{i,n-t+2}=\cdots=s_{i,\mathrm{n}}=1$ for some $i$ . Then $F_{p}(x)F\theta(x)\cdots F_{\mathrm{p}}\mathrm{B}(X)|f_{i}(x)$ and
so $\chi(\hat{s}_{i})=0$ for eveIy $\chi\in G^{*},$ $\chi\neq\chi_{0}$ . By Result 2.2 $S_{i}=G$, a contradiction. Thus
$\sum_{d\in I}su\leq r-1$ .

We next compute $\Sigma_{1\leq i\leq*},d\in I^{S}id$ in two ways. First, we have

$\sum_{1\leq i\leq i.d\in I}Su=\sum_{\leq 1\leq il}(d\in\sum S\dot{\mathrm{i}}d)\leq t(r-I1)=tr-t$.
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On the other hand,

$1 \leq i\leq\in I\sum_{t,d}s_{id}=\sum_{\epsilon dI}(1\leq\sum_{i\leq t}sid)=dI\sum_{\in}(t-1)=\Gamma(t-1)=tr-r$
.

Thus $t\leq r$ and so $|U|=p^{r}\geq p^{t}$ .

4. RDS in Dihedral Groups

Lemma 4.1 Let $G$ be a group containing an abdian subgroup $A$ of index 2 inverted by an
element $t\in G$ . Assume $\#\iota at$ a Sylow 2-subgroup of A $i\mathit{8}$ cydic. If $U(\neq G)$ is a normal
subgroup of $G$, ffien either $U\leq Aor|G:U|=2$ .

Proof. We suppose $U\not\leq A$ and show that $|G:U|=2$ .
(Step 1) We may assume that $t\in U$ :

Let $w\in U-A$. Then $w=at$ for some $a\in A$ and so $w^{-1}xw=t^{-1-1}axat=t^{-1}xt$ for
any $x\in A$ . Hence $w$ inverts $A$ and $G=\langle w\rangle A$ .

(Step 2) We may assume that $o(t)=2$ or 4:

Set $P=O_{2}(A),$ $Q=O(A)$ and $\mathit{8}=t^{d}$ , where $o(t)=2^{e}\cdot d(2\parallel d)$ . Then $G=\langle s\rangle A$ and $s$

inverts $A$. As $s$ is an element of order $2^{\mathrm{c}}$ and inverts $A(\ni s^{2})$ , we have $s^{2}=s^{-1}s^{2}\mathit{8}=(S^{2})^{-1}$ .
Hence $s^{4}=1$ .

(Step 3) $Z(G)=C_{A}(t)$ or $G\cong Z_{4}$ :

Assume $Z(G)\not\leq A$ . Then $G=Z(G)A$ and so $A$ is abelian. Hence, for any $x\in A$ ,
$x=t^{-1}xt=x^{-1}$ and so $x^{2}=1$ . Thus $A\cong Z_{2}$ by assumption. Hence $G\cong Z_{4}$ . Assume
$Z(G)\leq A$. Then $Z(G)\leq A\cap C_{G}(t)=C_{A}(t)$ . Clearly $C_{A}(t)\leq C_{G}(\langle A,t\rangle)=Z(G)$ . Thus
$Z(G)=C_{A}(t)$ .

By steps 1-3, we may assume that $t\in U$ and $o(t)=2$ or 4.

First assume that $2\parallel|A|$ . Then $C_{G}(t)=\langle t\rangle c_{A}(t)=\langle t\rangle$ . Hence
$|G$ : $C_{G(t)|}=|G|/2$ and so $|U|\geq 1+|\{t^{x}|x\in G\}|=1+|G|/2$ . Thus $U=G$, a
contradiction.

Assume that 2 $||A|$ . Then $|C_{G}(t)|=|\langle t\rangle\cdot c_{A}(t)|=4$ . Hence $|\{t^{x}|x\in G\}|=|G$ :
$C_{G(t)|}= \frac{1}{4}|G|$ and so $|U| \geq\frac{1}{4}|G|+1$ . In particular, $|G$ : $U|\leq 3$. Let $x$ be any element of
$G$ of odd order. Then, as $t^{-1}xt=x^{-1}$ and $t^{-2_{Xt}2}=x$ , we have $x^{-1}tX=x-1t2(t-1xt)t^{-}1=$

$x^{-1}t^{21}X^{-}t^{-1}=x^{-2}t$ . Thus $t,$ $x^{-2}t\in U$. From this we have, $x^{2}\in U$ and so $x\in U$ . Therefore
we have $U\geq O(G)$ . Thus $|G:U|=2$ .

Remark 4.2 Under ffie hypoffiesis of Lemma 4.1, we may assume that
$o(t)=2$ or 4.

Throughout the rest of this section, we assume folowing:
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Hypothesis 4.3 Let $G$ be a group having a nomd subgroup $A$ of index 2 inverted by an
element $t\in G-A$ of order 2 or 4. $A_{\mathit{8}}sume$ ffiat $G$ has a $(\lambda u,u,\lambda u,\lambda)RDSR$ relative to
$U$ and that $G\not\cong Z_{4}$ .
Lemma 4.4 $U\leq A$

Proof. Suppose false. Then $|G$ : $U|=2$ by Lemma 4.1. Hence $u\lambda=2$ and so $G\cong Z_{4}$ ,
contrary to Hypothesis 4.3.

Lemma 4.5 Set $S=R\cap A$ and $T=Rt^{-1}\cap A$ . Then
(i) $S,T\subset A$ and $R=S\mathrm{U}Tt$

(ii) $|S|=| \tau|=\frac{1}{2}\lambda u$

(iii) $\hat{S}\hat{T}(1+i^{2})=\lambda\hat{A}$

(iv) $\hat{S}S\overline{(-1})+\hat{T}T\overline{\mathrm{t}-1})=u\lambda+\lambda(\hat{A}-\hat{U})$ .

Pmof. By Result 2.3, each coset $Ux(x\in G)$ contains exactly one element of $R$. Hence we
have $|S|=|A/U|= \frac{1}{2}\lambda u$ and $|Tt|=|At|/|U|= \frac{1}{2}\lambda u$ . Moreover, $S\cup Tt\subset R$. Thus (i) and
(ii) hold.

By (i), $\hat{R}R^{\overline{(-1})}=(\hat{S}+\hat{\tau}t)(s\overline{(-1})+t^{-1}T^{\overline{(1})}-\underline{)}$

$=\hat{S}S\overline{(-1})+\hat{T}tS\overline{(-1}\}+\hat{S}t^{-1}\tau(-1)+\hat{T}T\overline{(-1})$ .
On the other hand, $\hat{T}tS\overline{\mathrm{t}-1}$ ) $=\hat{\tau}t^{2}(t^{-1}S^{\overline{(-}}1)t)t^{-1}=\hat{T}t^{\mathrm{z}}\hat{s}t-1=\hat{S}\hat{T}t$ as $A$ is abelian and
$t^{2}\in A$ . Similarly, $\hat{S}t^{-1}\tau\overline{(-1}$ ) $=\hat{S}\hat{T}t^{-1}=(\hat{S}\hat{T}t^{2})t$ . Hence we have $\hat{R}R^{\overline{(1})}-=\hat{S}S^{\overline{\mathrm{t}^{-}1})}+$

$\hat{T}T^{\overline{(-1}})+(1+t^{2})\hat{S}\hat{T}t$ . Since
$\hat{R}R^{\overline{(-}1)}=\lambda u+\lambda(\hat{G}-\hat{U})=\lambda u+\lambda(\hat{A}-\hat{U})+\lambda\hat{A}t$ ,

we have $\hat{S}S\overline{(-1}$) $+\hat{T}T^{\overline{(-1})}=\lambda u+\lambda(\hat{A}-\hat{U})$ and $(1+t^{2})\hat{S}\hat{T}=\lambda\hat{A}$. Therefore (\"ui) and (iv)
hold.

For the rest of this section, we consider the case $o(t)=2$.

Corollary 4.6 If $o(t)=2$, ffien 2 $|\lambda$ .

Proof. Since $t^{2}=1$ , we have by Lemma 4.5, $\hat{S}\hat{T}=\frac{1}{2}\lambda\hat{A}$. Thus $2|\lambda$ .

Theorem 4.7 Assume ffiat $o(t)=2$ and let $S$ and $T$ be as defined in Lemma 4.5. Then
$\{S,T\}$ is a $( \frac{1}{2}u\lambda, \sqrt{u\lambda},2)BS$ in A relative to $U$ .

Proof. As we have seen in the proof of $\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{U}\mathrm{a}\mathrm{y}4.6,\hat{S}\hat{\tau}=\frac{1}{2}\lambda\hat{A}$ . Let $\chi$ be a non-principal
character of $A$ . Then

$\chi(S\gamma\chi(\hat{T})=0$ (4.7.1)

Assume that $\chi_{|U}$ is non-principal. By Lemma 4.5 (iv),

$|\chi(\hat{S})|2+|x(\hat{\tau})|2=C\cdot u\lambda$

where $c=0$ or 1 depending on whether $\chi_{|U}$ is principal or non-principal.
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This fact together with (4.7.1) gives the proof of the theorem.

Theorem 4.8 Let $S_{1}$ and $T_{1}$ be a $(a,m, 2)BS$ wiffi $m^{2}=2a$ in an abelian group $A_{1}$ relative
to a subgroup $U_{1}$ . Let $G_{1}=\langle t_{1}\rangle A_{1}$ be a semidirect product of $A_{1}$ wiffi $\langle t_{1}\rangle$, where $t_{1}$ is $\hslash e$

automorphism of $A_{1}$ ffiat inverfs $A_{1}$ . Then $R_{1}=S_{1}\cup T_{1}t_{1}$ is a semiregudar $RDS$ in $G_{1}$

relative to $U_{1}$ .

Proof. Set $u_{1}=|U_{1}|$ . By assumption, $\chi(\overline{S_{1}})x(\overline{\tau_{1}})=0$ and

$\chi(\overline{S_{1}}S_{1}\overline{(-}1))+\chi(\overline{\tau_{1}}\tau^{\overline{(}1)}1)--m^{2}+\frac{m^{2}}{u_{1}}\chi(U_{1})=0$ .

By Result 2.1,
$\overline{S_{1}}\overline{T_{1}}=\alpha A\wedge 1$ (4.8.1)

and
$S_{1}S_{1}^{\overline{(}} \wedge-1)+\overline{T_{1}}T_{1}\overline{(-}1)-m^{2}+\frac{m^{2}}{u_{1}}\overline{U_{1}}=\beta\overline{A_{1}}$ (4.8.2)

for some $\alpha,\beta\in \mathrm{C}$ . By (4.8.1), $\alpha$ is a positive integer and

$a^{2}=\alpha|A_{1}|$ . (4.8.3)

By (4.8.2), we have

$2a-m^{2}+ \frac{m^{2}}{u_{1}}=\beta$ and $2a^{2}=\beta|A_{1}|$ . (4.8.4)

Hence $\beta=2\alpha \mathrm{m}\mathrm{d}\frac{m^{2}}{u_{1}}=\beta$ as $m^{2}=2a$ . In particular $u_{1}\alpha=a$ . By a simlilar argument as in
the proof of Lemma 4.5 (\"ui) (iv), we have

$\overline{R_{1}}R_{1}^{\overline{(-1})}$

$=$
$(\overline{S_{1}}+\overline{T_{1}}t1)(S_{1^{-1}}^{\overline{(})}+t_{1}^{-1}\tau_{1^{-1)}}^{\overline{(}})$

$=$
$\overline{S_{1}}S_{1^{-}}^{\overline{11}})+\overline{T_{11}}\tau^{\overline{(}}-1)+2\overline{S_{1^{\wedge}}}\tau_{1}t$

$=$ $2a+2\alpha\overline{A_{1}}-2\alpha\overline{U_{1}}+2\alpha\overline{A_{1}}t$

$=$ $2a+2\alpha(\overline{G1}^{-\overline{U})}1\cdot$

Therefore $R_{1}$ is a $( \frac{2|A_{1}|}{u_{1}},u_{1},2a,2\alpha)$ RDS relative to $U_{1}$ . Since $2\alpha\cdot u_{1}=2a$, we have shown
that $R$ is a semiregar RDS relative to $U_{1}$ .

5. Applications

In this section, we consider the group $G=\langle t\rangle A\cong D_{2p}n$ . Note that $G$ is a dihedral group
$\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{S}}\Phi\dot{\mathrm{m}}\mathrm{g}t^{2}=1$ and $A=\langle x\rangle$ , a cyclic group generated by $x\in G$ of order $p^{n}$ where $p$ is
any prime.

Theorem 5.1 There is no semingutar $RDS$ in $D_{2p}$ .

86



Proof. Let $R$ be a senuiregular RDS in $G=\langle t\rangle A$ relative to $U$. Then $t$ inverts $A$ where
$A\cong Z_{p^{\mathfrak{n}}}$ and $U\cong Z_{\mathrm{p}^{f}},$ $r\geq 1$ . Let $U_{0}$ be a maximal subgroup of $U$, i.e., $|U_{0}|=p^{arrow 1}$ .
$\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{r}\overline{G}=G/U_{0}.$ Then $\overline{R}$ is a $\mathrm{s}\mathrm{e}\mathrm{n}\dot{\mathrm{u}}\mathrm{r}\mathrm{e}\omega \mathrm{a}\mathrm{r}$ RDS in $\overline{G}=\langle\overline{t}\rangle\overline{A}\cong D_{2p^{n-f+1}}$ relative to

$\overline{U}\cong Z_{\mathrm{p}}$ by Result 2.4. By $\mathfrak{M}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}4.7$, there exist subsets $\overline{S}$ and $\overline{T}$ of $\overline{A}$ such that $\{\overline{S},\overline{T}\}$

is a $(a,m,2)\mathrm{B}\mathrm{S}$ . Applying Theorem 3.9, we have $|\overline{U}|\geq\neq$ , a contradiction.

Now we consider the generalized quatemion group

$Q_{2^{n}1}+=\langle x,y|x^{2^{n}}=y^{2}-1, y^{4}=1, y^{-1_{X}}y=X^{-1}\rangle$ $(n\geq 2)$

of order $2^{n+1}$ and the semidihedral group

$S(2^{n+1})=\mathrm{t}x,y|_{X^{2^{n}}}=y^{2}=1,$ $z=x^{2}\mathrm{B}-1,$ $yxy=x^{-1}z\rangle$ $(n\geq 2)$

of order $2^{n+1}$ . We then apply Theorem 5.1 to show existence or non-existence of $\mathrm{s}\mathrm{e}\dot{\mathrm{m}}\mathrm{r}\mathrm{e}\mathrm{g}_{\mathrm{a}}r$

RDS’s in these groups.

Corollary 5.2 Let $R$ be a semiregutar $RDS$ in $Q_{2^{n+1}}$ relative to a normal subgroup U. Then
$|U|\leq 2$ .
Proof. Assume $|U|\geq 4$ . Then there exists $1\neq U_{0}\leq U$ such that $|U:U_{0}|=2$ . Consider
$\overline{G}=G/U_{0}.$ Then $\overline{G}$ is a dihedral -group and $\overline{R}$ is a semiregular RDS in $\overline{G}$ relative to $\overline{U}$

as $U_{0}\leq U$ by applying Result 2.4. By the above theorem, $|\overline{U}|\geq 4$, a contradiction. Thus
there exists no $(u\lambda,u,u\lambda,\lambda)$ RDS in $Q_{2^{\mathfrak{n}+1}}$ when $u>2$ .

The next result is also a consequence of the above theorem. The proof of the next corollary
is similar to the proof of $\mathrm{c}_{\mathrm{o}\mathrm{r}}\mathrm{o}\mathrm{u}\mathrm{a}\eta 5.2$

Corollary 5.3 Let $R$ be a semiregular $RDS$ in $S(2^{n+1})$ relative to U. Then $|U|\leq 2$ .

The next theorem provides an infimite sequence of RDS’s in the non-abelian group $Q_{2^{\mathfrak{n}+1}}$ ,
$n\geq 2$ . The proof is done by induction using the product construction of RDS as basis.

Theorem 5.4 There exist $(2^{n},2,2^{n},2^{n}-1)RDS$ in $Q_{2^{\mathfrak{n}+1}}$ relative to
$Z(Q_{2^{\mathfrak{n}+}}1)(\cong Z_{2})$ for $eve\eta n\geq 2$ .
Proof. We prove by induction on $n$.

It is well known and easy to verify that $R=\{1,x,y,xy\}$ is a (4, 2, 4, 2) RDS in $Q_{8}=\langle x,y\rangle$

relative to $Z(Q\epsilon\rangle$ $=\langle x^{2}\rangle$ ($\mathrm{S}\mathrm{a}\mathrm{e}\mathrm{J}\mathrm{u}\mathrm{n}\mathrm{g}\mathrm{n}\mathrm{i}_{\mathrm{C}\mathrm{k}\mathrm{e}}1[6]$, Examples $2.4(\ddot{\mathrm{u}})$). Thus the theorem is true for
$n=2$.

Assume the existence of a $(2^{\hslash-1},2,2^{n-}1,2n-2)$ RDS in $Q_{2^{n}}$ relative to $\langle z\rangle$ where $z$ is the
unique involution in $Q_{2^{\mathfrak{n}}}$ . Let

$G=Q_{\mathit{2}^{\mathfrak{n}+1}}=\mathrm{t}x,y|X=y2n-12,$ $y^{4}=1,$ $y^{-11}xy=x^{-}\rangle$ .
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Consider $G_{1}=\langle x^{2},y\rangle$ and $G_{2}=\{xy\rangle$ . Then $G_{1}\cong Q_{2^{\mathfrak{n}}}$ and $G_{2}\cong z_{4}$ . Set $U=(y^{2}\rangle\cong Z_{2}$ .
By the induction hypothesis, let $R_{1}$ be a $(2^{n-1},2,2\mathrm{B}-1,2^{\mathfrak{n}}-2)$ RDS in $G_{1}$ relative to $U$.

On the other hand, it is easy to check that $R_{2}=\{1,xy\}$ is a (2, 2, 2, 1) RDS is $G_{2}$ relative
to $U$. Applying Result 2.5 , it $\mathrm{f}\mathrm{o}\mathrm{U}\mathrm{o}\mathrm{w}\mathrm{s}$ that $R_{1}R_{2}$ is a $(2^{n},2,2^{n},2^{n}-1)$ RDS in $G$ relative to
$U$. Thus the theorem holds.

Example 5.5 Let $A$ be an abelian subgroup of $G$ of index 2. Let $R_{0}$ be a $(2\lambda,2,2\lambda,\lambda)$

RDS in an abelian group $A$ relative to a subgroup $U(\cong Z_{2})$ . Assume that an element $t\in G$

inverts $A$ and $\langle t^{2}\rangle=U$. Then $R=R\cup R_{0}t$ is a $(4\lambda,2,4\lambda,2\lambda)$ RDS in $G$ relative to $U$.

Proof. See Jungnickel ([6]).

$\mathrm{R}\epsilon \mathrm{m}\mathrm{a}\mathrm{r}\mathrm{k}5.6$ Among ffie examples of Theorem 5.4, one is given by $R\subset G$ such ihat

$\hat{R}=(1+X^{2^{n-2}})(1+y)(1+x^{2^{\mathfrak{n}-3}}y)(1+x^{\mathfrak{n}-4}y)\mathrm{x}\cdots\cross(1+x^{2}y)(1+xy)$.

Remark 5.7 There $\dot{u}$ no $semi\gamma egvIarRDs$ in $S(2^{4})$ .
Proof. Using Corollary 5.3, it suffices to consider the case $(m,u, k,\lambda)=(8,2,8,4)$ . By a
computer search, we have Remark 5.7.

It is conceivable that there is no semiregular RDS in $S(2^{n+1})$ .
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