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1 Introduction

The Assmus-Mattson theorem is a method to find designs in linear codes
over a finite field. The theorem can find 5-designs in the extended binary
Golay code, the extended ternary Golay code, and so on. The theorem is
shown by using combinatorial method and $\mathrm{M}\mathrm{a}\mathrm{c}\mathrm{W}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{m}\mathrm{S}$ identity in [1] (or
see [6] $)$ .

Let us consider Z4-codes in this note. It is shown that the lifted Golay
code over Z4 contains 5-designs in [5], [8], and [9]. Hence it is a natural
problem to find an analogue of the Assmus-Mattson theorem for Z4-codes
and to show those facts by the theorem.

Recently, Bachoc [2] gave a new proof of the Assmus-Mattson theorem
for linear binary codes. She introduced the harmonic weight enumerators
for a binary linear code and showed a $\mathrm{M}\mathrm{a}\mathrm{c}\mathrm{W}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{m}\mathrm{s}$ type identity for the
weight enumerators. The Assmus-Mattson theorem for linear binary codes
is shown by using this identity and the characterization of designs in terms
of the harmonic spaces by Delsarte.

In this note we modify her method and apply it to Z4-codes. In section
2, we introduce Z4-codes and designs. In section 3, we give an identity in
Theorem 2. But it is not quite MacWilliams type. We have an analogue of
the Assmus-Mattson theorem for Z4-codes by using this identity in Theorem
3. In section 4, we apply this theorem to the lifted Golay code over Z4 and
show that this code contains 5-designs on some Lee compositions with help
of computer.

2 Notations and Preliminary

Throughout this note, we use the following notations:
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$n,$ $t,$ $k$ : positive integers such that $t,$ $k\leq n$ ,
Z4 $:=\mathrm{Z}/4\mathrm{Z}$ ,

$V$ $:=\mathrm{Z}_{4}^{n}$ ,
$C$ : a Z4-code,
$X$ : The set of all subset of $\{$ 1, 2, $\ldots$ , $n\}$ ,

$X_{i}$ : The set of all subset of $\{$ 1, 2, $\ldots$ , $n\}$

of cardinality $i(i=0, \ldots, n)$ ,
$\mathrm{R}X,$ $\mathrm{R}X_{i},\mathrm{R}V$ : The free real vector spaces spanned by

respectively the elements of $X,$ $X_{i}$ , and $V$ .
For $u=(u_{1}, \ldots, u_{n}),$ $v=(v_{1}, \ldots, v_{n})\in V$ ,

$s_{0}(u)$ $:=$ $\{i\in\{1, \ldots, n\}|u_{i}=0\}$ ,
$s_{1}(u)$ $:=$ { $i\in\{1,$ $\ldots$ , $n\}|u_{i}=1$ or 3},
$s_{2}(u)$ $:=$ $\{i\in\{1, \ldots, n\}|u_{i}=2\}$ ,

$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u)$ $:=$ $\{i\in\{1, \ldots, n\}|u_{i}\neq 0\}$ ,
(n0 $(u),$ $n1(u),$ $n2(u)$ ) $:=$ $(\# s\mathrm{o}(u), \# s1(u),$ $\# S_{2}(u))$ ;

The Lee composition of $u$ ,
$wt(u)$ $:=$ $\#\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u)$ ; The Hamming weight of $u$ ,

$V_{ij}$ $:=$ {$u\in V|n_{1}(u)=i$ and $n_{2}(u)=j$ },
$V_{i}$ $:=$ $\{u\in V|wt(u)=i\}$ ,

$u*s_{i}(v)$ $:=$ $\#(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u)\cap si(v)),$ $(i=1,2)$ ,

$uv$ $:=$ $\sum_{i=1}^{n}u_{i}vi$ .

Definition 1 By a Z4-code of length $n$ we shall mean an additive subgroup
of $V$ . For a Z4-code $C$ , define $C^{\perp}:=$ {$u\in V|uv=0$ , for any $v\in C$} and
the symmetrized weight enumerator of $C$ :

$\sum_{u\in^{c}}x_{0}^{n_{0}}(u)_{x_{12}^{n1}}(u)xn2(u)$ .

A Z4-code $C$ is said to be self-dual if $C=C^{\perp}$ . We call an element of
$\{(n0(u), n1(u), n2(u))|u\in C\}$ a Lee composition of $C$ and an element of
$\{wt(u)|u\in C\}$ a Hamming weight of $C$ .

An element of $\mathrm{R}X_{k}$ is denoted by

$f= \sum_{a\in xk}f(a)a$
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We denote an element of $\mathrm{R}V$ similarly. For $f= \sum_{z\in X_{k}}f(Z)_{Z}\in \mathrm{R}X_{k}$ , define

$\tilde{f}$ $:=$
$\sum_{u\in X}(\sum_{X,\subset u^{k}}f(Zz\in z))u\in \mathrm{R}X$

,

(resp. $\tilde{f}$ $:=$
$\sum_{u\in V}$ ( $\sum_{z\in V_{k}}$

$f(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(Z))$ ) $u\in \mathrm{R}V$).
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(z)\mathrm{c}\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{P}(u)$

$f^{(i,j)}$ $:=$
$\sum_{v\in V}$ (

$\sum_{u\in V_{k}}$

$f(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u))$) $v\in \mathrm{R}V$.
$u*s1(v\rangle=i$

$u*s_{2}(v)=j$

for non-negative integers $i$ and $j$ . Note that $\sum_{i=0}kf(k-i,i)(v)=\tilde{f}(v)$ and
$f^{(i,j)}=0$ if $i+j>k$ by the definition. It is shown that $\tilde{f}(u)=0$ , if
$wt(u)<k$ or $wt(u)>n-k$ in [2]. The differentiation $\gamma$ is the operator
defined by linearity from

$\gamma(z)=y\in x_{k}-1’\sum_{\subset yz}y$

for all $z\in X_{k}$ and for all $k=0,1,$ $\ldots,$
$n$ , and $\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{k}$ is the kernel of $\gamma$ :

$\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{k}=\mathrm{K}\mathrm{e}\mathrm{r}(\gamma|\mathrm{R}x_{k})$ , $k=0,1,$ $\ldots,$
$n$ .

We introduce the definition of designs and the characterization of designs
in terms of the harmonic spaces.

Definition 2 Let $i$ be an integer with $t\leq i$ and $\lambda$ be a positive integer.
Let $B\subset X_{i}$ . We say $B$ is a $t-(n, i, \lambda)$ design (or $t$-design sinply) if $\#\{U\in$

$B|T\subset U\}=\lambda$ for all $T\in X_{t}$ .

Theorem 1 [7] Let $i$ be an integer with $t\leq i$ and $\mathcal{B}\subset X_{i},$ $B$ is a t-design
if and only if $\sum_{b\in \mathcal{B}}\tilde{f}(b)=0$ , for any $f\in \mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{k}$ and for any $k(1\leq k\leq t\rangle$ .

3 An identity and the nain theorem

The following identity is essential in Theorem 3.
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Theorem 2 ([11] Theorem 2) Let $C$ be a $\mathrm{Z}_{4}$ -code and $f\in \mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{k}$ . Then

$\sum_{u\in C^{\perp}}\tilde{f}(u)(X0+2x_{1}+X2)^{n-n_{1()-n\mathrm{t}}}u2u)-k(X_{0}-x_{2})^{n_{1(u}})(_{X}0-2X_{1}+x2)n_{2}(u)$

$=$ $\frac{(-1)k4n-k}{|C|}\sum_{v\in Cm}\sum^{k}f^{(m,k}=\mathit{0}-m)(v)x_{02}n-n_{1()}v-n_{2}(v)-kn1(v\rangle x1-mnx2(y)-k+m$

$\cross(x0-X1)^{m}(x0-x2)k-m$ .

Corollary 1 ([11] Corollary 1) Let $C$ be a $\mathrm{Z}_{4}$ -code and $f\in \mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{k}$ . Then

$\sum_{u\in C}\tilde{f}(u)(X_{0}+3X1)n-wt(u)-k(X0-x1)^{wl}\{u)-k\perp$

$=$ $\frac{(-1)^{kn-k}4}{|C|}\sum_{v\in G}\tilde{f}(v)X^{n-wt(v}-kX^{wt\mathrm{t}^{v})k}\mathit{0}1)-$.

Remark. This corollary is an analogue result of Theorem 2.1 in [2] for
Z4-codes.

For a Z4-code $C$ we denote by $\Gamma(C)$ the set of all Lee compositions
(no, $n_{1},$ $n_{2}$ ) of $C$ satisfying one of the following conditions:

1. $n_{1}=0$ .
2. $n_{1}$ $>$ $0$ and there is no pair of Lee compositions of $C$

$((a_{0}, a_{1}, a_{2}), (b_{0}, b_{1}b_{2})))$ such that

(1) $a_{1}=b_{1}=0,$ $a_{2}>0,$ $b_{2}>0$ , and $a_{2}+b_{2}=n_{1}$ , or
(2) $a_{1}=b_{1}=2(n_{1}-a_{2}-b_{2})$ and $n_{2}\geq n_{1}-a_{2}-b_{2}>0$ .

3. $n_{1}>0$ and there is no pair of Lee compositions of $C$ of type (1)
and there are pairs of Lee compositions of $C$ of type (2) in 2. For
any Lee composition of $C$ of type (2) in 2, $(n-n2-a_{2}-b2,n1,$ $n2-$
$n_{1}+a_{2}+b_{2})$ is not a Lee composition of $C$ .

Let $(n_{0}, n_{1}, n_{2})\in\Gamma(C)$ . By the definition of $\Gamma(C)$ , two codewords of $C$

with the Lee composition (no, $n_{1},$ $n_{2}$), which have the same support must
be scalar multiples of each other. This is the reason of the introduction of
$\Gamma\langle C$). We can use Theorem 1 in Theorem 3 by this property of $\Gamma(C)$ .
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For non-negative integers $i,j,$ $a,$
$b$ , and $l$ , define

$P_{l}^{(n-2k)}(i-k)$ $:=$ $\sum_{m=0}^{l}3^{l-m}(-1)m$

; the Krawtchouk polynomials,

$Q^{k}(i,j ; a, b)$ $:=$

,
$\sum_{\gamma s_{1}t\geq 0}$

$\mathrm{x}(-1)^{\prime+\theta}$ ,

where
$:= \frac{i!}{(i-j1-j_{2})!j1!j_{2}!}$ .

$P_{l}^{(k)}n-2(i-k)$ is the coefficient of $x_{0}^{n-}2k-\iota_{x_{1}}l$ in $(x_{0}+3x_{1})^{n-k-i}(x_{0}-X_{1})^{ik}-$

and $Q^{k}(i,j;a, b)2^{a}$ is the coefficient of $x^{n-k-a}-bX01abX_{2}$ in $(x_{\mathit{0}}+2x1+X2)^{n-i-}j-k(X\mathit{0}-$

$X_{2})^{i}(x0-2x_{1}+X_{2})^{j}$ .
Now we state the main theorem.

Theorem 3 Let $C$ be a $\mathrm{Z}_{4}- code$ . For $1\leq k\leq t$ , define

$\Lambda_{1}(k)$ $:=$ $\{(a, b)\in\{1, \ldots , n\}^{2}|0\leq a>a+b\leq n-kandn_{1}(v)orb>n2(v)$

for any $v\in C^{\perp}$
$\}$ ,

$\Lambda_{2}(k)$ $:=$ $\{c\in\{0, \ldots , n-2k\}|c+k$ is not a Hamming weight of $C^{\perp}\}$ ,

$\Lambda_{3}(k)$ $:=$ $\{(n_{1}(u), n_{2}(u))|u\in C$ and $k\leq wt(u)\leq n-k\}$ .

Define matrix:

$M_{1}(k)$ $:=$ $(Q^{k}$ $(i,j ; a, b))_{(a,b)},$ $(i,j)\in \mathrm{M}\mathrm{a}\mathrm{t}_{\Lambda_{1()}}k\cross\Lambda_{3}(k)(\mathrm{R})$ ,

$M_{2}(k)$ $:=$ $(P_{\mathrm{c}}^{(n-2}k)(i+j-k))_{C},$
$(i,j)\in \mathrm{M}\mathrm{a}\mathrm{t}_{\Lambda_{2()\cross}}k\Lambda_{3}(k)(\mathrm{R})$ ,

$M(k)$ $:=$ $[M_{2}(k)M_{1}(k)]$ .

Suppose that the rank of $M(k)$ is equal to its column length $(=\neq\Lambda_{3}(k))$

for any $k(1\leq k\leq t)$ . Then, the support of the codeword8 with Lee compo-
sition $(n_{0}, n_{1}, n_{2})\in\Gamma(C)$ with $t\leq n_{1}+n_{2}\leq n-t$ forms a t-design.
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Proof: For $k(1\leq k\leq t)$ and $f\in \mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{k}$ , define

$A_{ij}:=$
$\sum_{u\in C}\tilde{f}(u)$

,
$B_{ij}:= \sum_{v\in C^{\perp}}\tilde{f}(v)$

,

$n_{2}n_{1}/u)=u)=ij$
$n_{2}n_{1}((vv)=i)=j$

$B_{ij}^{(k.m,m}-)$

$:=$

$n_{2}v \in\sum_{n_{1\{\begin{array}{l}vv\end{array}\}}}f^{(m}k-,m)$$(v)C^{\perp}=j$

.

By Theorem 1 and the remark after the definition of $\Gamma(C)$ , it is sufficient
to show that $A_{ij}=0$ for any $(i,j)\in\Lambda_{3}(k)$ . By Theorem 2 and its corollary
we have two kinds of equations:

$\sum_{i,j\geq 0}A_{i}j(x0+2X_{1}+x_{2})^{n-kii}--j(X0-x_{2})(X_{0}-2X1+x_{2})^{j}$

$=$ $\frac{(-1)^{k-k}4^{n}}{|C^{\perp}|}\sum_{i,j\geq 0}\sum_{m=0}^{k}B^{(}.m,k-m\rangle x_{01}|jx-mX2^{-km}in-k--jij+$

$\cross(x_{01}-x)^{m}(x_{0}-x2)k-m$ ,

$n- \sum_{l=k}^{k}\sum_{0i=}^{l}Ai,l-i(x_{0}+3x1)n-k-l(X_{0}-x_{1})\iota-k$

$=$ $\frac{(-1)^{k}4^{n-}k}{|C^{\perp}|}\sum_{j=k}^{k}\sum_{0i=}Bn-ji,j-ix_{01}^{n}-k-jx^{jk}-$ .

Comparing the coefficients, we have

$\sum_{i,j\geq 0}AijQ^{k}(i,j;a, b)2^{a}$

$=$ $\frac{(-1)^{a+}b4^{n-k}}{|C^{\perp}|}\sum_{i,j\geq \mathit{0}m}\sum^{k}B^{(m,k-}=0ijm)(-1)^{i+\mathrm{j}}$ ,

for any $(a,b)(0\leq a+b\leq n-k)$ , and

$\sum_{kl=}^{n-k}\sum_{i=0}^{l}A_{i,\iota_{-}}iP_{m}(n-2k)(l-k)$ $=$ $\frac{(-1)^{k}4^{n-}k}{|C^{\perp}|}\sum_{i=0}^{m+k}Bi,m+k-i$,
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for any $m(0\leq m\leq n-2k)$ .
By the definitions of $\Lambda_{1}(k)$ and A2 $(k)$ ,

. $\sum_{i,j\geq 0}AijQk(i,j;a,b)$
$=$ $0$ , for any $(a, b)\in\Lambda_{1}(k)$ ,

$\sum_{l=k}^{n-}k\sum_{i=0}A_{i,li}-P(n-2k)(l-k)lc$ $=$ $0$ , for any $c\in\Lambda_{2}(k)$ .

Hence we have

$M(k)$ $=$

We have that $A_{ij}=0$ for any $(i,j)\in\Lambda_{3}(k)$ because of the assumption of
the rank of $M(k)(1\leq k\leq t)$ . $\square$

4 An Application to the Lifted Golay Code

The lifted Golay code $G_{24}$ over Z4 is defined in [4]. $G_{24}$ is constructed from
the cyclic code with generator polynomial $x^{11}+2x^{10}+3x^{9}+3x^{7}+3x^{6}+$

$3x^{5}+2x^{4}+x+3$ by appending 3 to the last coordinate of the generator
vectors. $G_{24}$ is a self-dual code over Z4.

It is shown that $G_{24}$ contains some 5-designs by using computer in [8]
and [9] at first. Let $C’$ be a Z4-code with the same symmetrized weight
enumerator as $G_{24}$ . Recently, it is shown that the support of the codewords
with any given Lee composition of $C’$ forms a 5-design possibly with repeated
blocks in [5].

We apply Theorem 3 to $G_{24}$ (or $C’$). The symmetrized weight enumer-
ator of $G_{24}$ is given in [3]. We show it in Table 1. The last column in
Table 1 gives the value $\lambda$ in $t-(24, k, \lambda)$ design and $”*$” $\mathrm{m}\mathrm{e}\mathrm{a}\mathrm{n}\mathrm{s}$ that the Lee
composition (no, $n_{1},$ $n_{2}$ ) $\not\in\Gamma(G_{24})$ there.

18



We can see 1 $\langle^{(}\mathrm{i}_{24}$), $\Lambda 1(k),$ $\Lambda 2(k)$ , and $\Lambda_{3}(k)$ in Theorem 3 from this table.
For example,

$\Gamma(G_{24})$ $=$ $\{(11(16,’ \mathrm{o},8),(14, 8,2),(12,1),(9,12,3),(8,0,16)^{(}12,8,4),12,0,12),$ $\}$ ,

$\Lambda_{1}(5)$ $=$ $\{(17(2,,16(1,151)),’(2)|(1,,1(17,2)17),’(36), (1,’,17(1815),(1)),(3,161,18)),’((2,154,1\mathrm{s})),’\}$ ,

A2 (5) $=$ $\mathrm{t}\mathrm{o},$ $1,2,4,6\}$ ,
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$\Lambda_{3}(5)$ $=$

The ranks of $M(k)$ in Theorem 3 are computed by using computer.

Table 2

Hence $G_{24}$ (or a Z4-code with the same symmetrized weight enumerator as

$G_{24})$ contains 5-designs on Lee compositions:

$(16, 0,8)\mathrm{l}(14,8,2),$ $(12,8,4),$ $(12,0,12),$ $(11,12,1),$ $(9,12,3),$ $(8,0,16)$ .

Remark. It was shown that the support of the codewords with any given
Lee composition of the lifted quadratic residue code of length 32 over Z4
forms a 3-design possibly with repeated blocks in [5]. The symmetrized
weight enumerator of the code is given in [10]. Similarly we can show those
facts for some Lee compositions.
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