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- Quantum Doubles of Hopf *-Algebras

BRKE - B - BESH
. Introduction

Hopfalgebra A=(A, m, 8, ¢, k) IZBNVWT. m & product, & I coproduct. £
I% counit. x l% antipode #F3>7. Hopf algebra A AVinvolution * ZH 5,
coproduct & A% *-preserving TdH B & &, Hopf *-algebra &IEIIN 5. Hopf *-
algebra A @ dualconvolutionalgebra A’ 21X T ZTIXAKRD involution 2% %
5 ‘ '
<a, p*>=<k(a)*,¢>, a€e@, ¢pe@.

paired Hopf *-algebras ( A, B) &lid. (4, B) 7% Hopf algebras & L T®D
pairing TH BT TR, A, B @ involution A% L & FHRIZBIFR B@ZLTY
5LEERND.
»5%2 5 AD Hopf algebra A I dual convolution algebra A’ LPISMHZEER
dual object ZH DT ENHBNTWS. —DId coquasitriangular &WNWD 7 FAD
Hopf algebra A I1Z%9" 5 paired Hopf algebra U T&H Y. quantum group A
7)) quantuni enveloping algebra IZfH¥4 9 %. ® 3 —DId cosemisimple Hopf algebra
A IZ%E B reduceddual A4 THSD. A 13—MIC Hopfalgebra T2 < .
& Y JA VY multiplierHopf algebra &35 77 5 A D object TH . £z TNid quantum
group A @ dualquantumgroup IZAH¥T 5.

 paired Hopf algebras (A, U) & 5 V>l paired multiplier Hopf algebras (4, & )
7 5 quantumdouble & FE{X315 % L VY Hopf algebra & % V) i3 multiplier Hopf algebra
MEFETED I EDNHSNTWS, £72. VanDaeleZFZ X U . paired multiplierHopf
algebras (A, A ) B5 ZHS5—DF L multiplier Hopf algebra THID HD &
pairing 272 T HDNEETES. T OMEELHEIX quantum double @ dual version
C. double groupconstruction EFEIIN T 3.
A 7% coquasitriangularHopfalgebra T#H 5 & ¥, pairedHopfalgebras (A, U) I
A&7z At 5 double group construction [IEH TERW. T DO/HAXDHMI,
coquasitriangularHopfalgebra A H SHER I NS quantumdouble Ap< A AU
D% (A, U) 12X double group construction DIXAYTH B L ZEERTDH T
Lizdh 5. R, real coquasitriangular compact Hopf *-algebra I L C. ZDH 7
DOBEFERZTILELIRBRS.
. ZOMNXT Y. Nakagami & DOFLFERFFE [KY2], A. Van Daele, Y. Zhang &

- DFFERFE [KVZ] T—EM&> T3,
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I-1. Coquasitriangular Hopf Algebras

EF. (c.f [M] [KS]).
Hopfalgebra A =(A, m, 5, &, k) 7 coquasitriangular (CQT) TH 5 &1L, KD
(0),(1), (i) 2729 A LD bilinearform s NETTBEEXEZSS.

(o) Jinverse s of s intheconvolution algebra L(A®A,C)
1) s(ad,b) =s(a®d, §0b))
s(a,bb’) =s(8(a),b’®b)
(sid A EENHFDED skew pairing)

() Z e Caay bay) by, =Z e a0y b)) daybea,-
(' quasicommutativity )

CQTHopf*-algebra (A, s) 7" real(resp.anti-real) TH D &1L, skew pairing s
n

s(a*,b*) =s(b,a) (resp. s(a*,b*) =s5s"'(a, b))
W= d EERn.,
PRIERY7Z Yang-Baxter 1751 R (ge C- {0} ) 5, FRT-formalim ( c.f. [RTF])
ZHWTHE S 1% Hopfalgebra ld coquasitriangular (CQT) T#H 5. £7z. g: real
DEE (A s) Preal IHIT gl =1 ©&ZF (A, 5) B anti-real E/55>TW3S.
CQTHopfalgebra (4, s) IZxL T,

i;ae A—> s(a, - )e A,

jiae BA—s s (-, a)e A,

U ; thesubalgebraof A  generatedby i(A), j(A)

LT3,

' Sweedler DELF 8(a)= X ,aq,,®a, EE>TNS.
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U & Hopf algebrapairedwith Aa.
i, j. ;A— U I Hopfalgebrahomomorphisms.

X512 A4 A realorantireal CQT Hopf*-algebra 7251, U d Hopf *-algebra
pairedwith A, F7z i & j I& Hopf *-algebrahomomorphism &73%.

A % quantum Lie group && X5 & &, U 13 quantum enveloping algebra 1Z4H
“LLTW5S.

II-2.  Quantum Doubles of Coquasitriangular Hopf Algebras

CQT Hopf algebra ( A, s ) LT, REHTF>VILAQ A RO E S 12
Hopfalgebrastructure % E#HT DI EMNTES ¢

product (a®b)(c®d)=Z 4, 5 (Byy €1y Sbay Cay) A2, ® b5y d,
unit 1®1,

coproduct 5=0,,(82® 8g) (o & flipZ&EHT)

counit £=£gq® &3 .

antipode K(a®b)=X ;4 by a1y S by ) Kag) ® x(b,)

coalgebra structure |d tensor coalgebra A ® A L L TDENTHSHAY, algebra
structure 13 s ZAWVNT twist SN TS Z &ICHERE. TD Hopfalgebra 2 &< I
Apa A &ML,

(A, s ) B real £/=1% anti-real CQT Hopf *-algebra THIUL, A< A I
involution; '
(a® b)*=b*® a* (for real s )

@®b) =X 0 Sbiy a1y 5 (bsy G3) A" ®b,)*  (foranti-real s)

ZEI/ETE Avs A 13 Hopf *-algebra &£725.

FH. (K-Nakagami) (realoranti-real) CQTHopf(*-)algebra A IZHL T,
3 unital (*)-algebrahomomorphism f: A< A— AQ U.



S 51T A 7 factorizable THDEE, ELFOEEFITEY. LD F 13 injective
ERB.

Z Z°C CQT Hopf algebra ( A, s ) A3 factorizable T % &3, quantum (inverse)
Killing form (soo)s e (A® AY ( o Wdflip ) ?'nondegenerate T&H % & &
zWND,

Real CQT Hopfalgebra A 7% compact T compactquantum Lie group (D EI%E) 12
L LTS EE, £O quantumdouble Ap< A 13 A OBERLICH-5. =5
IZ A 7' factorizable TH B & &, LOFHIIBERIL A A OHE AQ U 5
A5, THITERMEO—RILITHYE L TW3B, Podles-Woronowicz 131z 4R
SHREIMH A —b L, compact quantum Lie group SU,2) D#ERIELELT
quantum Lorenz group ZEZ L 7z. I Podles %7412  quantum Lorenz group 7%
SUq(Z) >t SU(2) THHZEEZRAE L.

CQT Hopf algebra (A, s) PH/F 5N D skew paired Hopf algebras (U, A ),
(WP, A), (A, W?), (A, U) *DENENITH LT, k& @RI LT, Quantum
Double U< A®, UPpa A, A UP, APpa U DHERTEZ. T
(A, s) A real £7zid anti-real CQT Hopf *-algebra THIUL, TN 513 Hopf *-
algebra &72%.

P Iz, ATIE A OB, A3 A ORME flip LTEB NS Hopf
algebra %17 .

3 Tensor coalgebra structure & twist X 17= algebra structure £ X 5. FED twist
WKBELTIE, #lRE, xed, ped LT,

Sx®p)=Z%, o, xx,)Qx,ec A®A,
m=(mg ® maw)oS,,; (ARA QAR AP) —s A'QA,
ETBHE mid AOAT O associativeBEEFERTS. ZOFE DD algebra

71

AQAT X AD<AP EENAND. Upa AP [T A>aA°P D subalgebra TH 5.
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FogmickNiE, Hopf(*-algebra fIA>a A) D algebra(*-)structure I tensor
algebra A® U O subalgebra & L TDEILTH H7AY, coalgebrastructure I3—
BRIZ A® UF°P O tensorcoalgebrastructure & twist L7zdDTHB. RO ERN

FEBHTES

EH. f OfER (A< A) & QuantumDouble Up< AP |3 Hopfalgebra el
T pairing 2729, T O pairing {3 A 7Y factorizable TH 5 & X, FhtDE&ZE
IZFR ¥, nondegenerate TH 5. |

IlI-1. Cosemisimple Hopf Algebras

%3, Hopfaigebra A BT BRD3IDDRE
(@) A 1 cosimplesubcoalgebras DEFI.

(ii) A DHEE D corepresentation I5EE FIH.

(iii) 3h: leftinvariantfunctionaf on A s.t. A(1)=1.

BEWCEETHD, ChiEREN2EE A 13 cosemisimple THDHEE .
cosemisimple Hopfalgebra A T4 L T,
A ={¢p,=h-a); ac? }(={ha); acA })C®H,

EBE. TRELE A O reduceddual ZIER. A 13 semisimplealgebra TH V.
dual convolutionalgebra A&’ @ ideal TH3 I &AWL RND.

ST, cosemisimple Hopf algebra A ) reduced dual A ICIE A & dual pair
12722 & 5 (regular) multiplier Hopf algebra D RSB A 5°.

4 afunctional h onaHopf*-algebra A 7% leftinvariant TH3 &1
(1®h)(5@)=h(a)l, ac?

DEZZEND. »

5 multiplierHopfalgebra A  [3—#&IZ nonunital T\ coproduct {3 multiplier

algebra M(?AL ®A) O homomorphism T® 2. multiplier Hopf algebras DFH
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ae A, ped ITHLT,

ma)b=ab, a(@Eb=(@ox” ® 1)) be A
T ma), #(p)e LA) EFHBTDHE. 7, 7 BENTH 44 O LA)
EAD faithfull 72%FH. 7 133 512 multiplieralgebra M(A) DOEB|cHik
TES. 5 n, 7 2RV,

A, A CcLA), A®A, A ®A, MA ®A)c L AR A),

FBLEEZ UB n, 1 BEKTS.

Kac-Takesakioperator: We L( AQA) %

W : a®b—> 8(b)(a®1)
TEET S E W L invertible TR,

W, W,; =W, ;W,,W,, (Pentagonalequation.)
c W(1®a)W!'=68()
W (1@ @ W =8°%p), W (o®1) W= (p)

~

=L, W =coW'leo ThHH.

i-2.  Cosemisimple Hopf Algebras [Z3%}9" % Double Group Construction &
Quantum Doubles

FEHE. (Double group construction) tensoralgebra ARA P DFEE m & X,

IZDOWTIE, [V] 2.
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5 =AdW_o(8,85°%,) ;A®A —> M(ARA QARA)
E= 871@ Eq cop
K= (Kg ® Kieop)oAdW' € L(A A )

EERTBHE, (ﬁ@fl”", m, 8, x, ¢) V% (regular)multiplierHopfalgebra &£72%.
“hz AxAcr &mn<.

Z ZIZT coproduct & &
5(a®p)=Ad(W,,W,W,) (1®18®a®¢)

EHMIF. FD coassociativity Vd Kac-Takesaki operator W, W @ Pentagonal
equation {IZfK > T 5.

—75\ p4 ORI &FBRIZL T quantum bouble A A® BEHRTE, Zhid
ABbaA® @D ideal THD. ZHUITHEL T,

723, algebra A <@ | tensor multipliercoalgebrastructure®® ® & T, (regulan
multipier Hopf algebra &732%. & HIZ AX A°r, ApaA® | multiplier Hopf
algebra & L T pairing 27279,

V. Compact Hopf *-Algebra @ Quantum Double

Hopf*-algebra A LI non-zerq positive leftinvariantfunctional h 2% % & &,
A VX compact THBHEWD. TDOE&E h Id unique (up to scalar ), (faithfull,
bothsided invariant T& 5. Z 1% Haar measure &FEIEXI, LATRIS normalize =31
TN3HDET 3.

compact Hopf *-algebra [% cosemisimple TdH 5.
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A % compact Hopf *-algebra, % % Haarmeasure, (7, H) % A D &
IZB89 % GNS representation &4 5. Tl compactquantumgroup A DIFRIFE
BUZHE. Non-trivial REETH 2, 7 3 ARARETHIZL0bA S,

T(pla=(pox'®1)5(a), ¢eA, acA.

EEL< &y 7 1 HilbertspaceH 1281} 5 densesubspaced EEHKET 2 @
DIEFFFB (*-representation of A’ as a O*-algebra) £725%. LML, 7 O
reduceddual A ~DHFRIFAREZD ., KDL 57T von Neumannalgebras %% %
% .

~

M = n(RY’ M Z(AY’.

FEHE. A % compact/Z real coquasitriangularHopf *-algebra & L, U % §1I-1
TREFE S 7= Hopf *-algebra paired with a compact Hopf *-algebra A4 &35, =
DEE,. A Hfactorizable TH B T & &

{E@ @A) A ANY Y =MO M (={(x ®7) AR AN}’

BERNLT B 2 LIRS TH 3.

A 7} factorizable THHEE, TOFEHELD B - L. £HOME. X521k

Woronowiczalgebra & WS REBBEE TAD T, FEHOERVRITITZ Z 08D
2%, 3 quantum double A< A A% double group construction A X A <° DL

BYTHBIEETLTNS.

¢ ZIT {=®n)f(Ava A))Y, B RIEAER (7r®n)(f(ﬂl><1 A)) WY
% weak commutant Z %7,
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