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COUNTABLE STAR-COVERING PROPERTIES

YAN-KUI SONG

Department of Mathematics, Faculty of Science, Shizuoka University

December 21, 1999

ABsTRAcT. We introduce two new notions of topological spaces called a countably
starcompact space and a countably absolutely countably compact ( $=$ countably $\mathrm{a}\mathrm{c}\mathrm{c}$ )
space. We clarify the relations between these spaces and other related spaces and
investigate topological properties of countably starcompact spaces and countably acc
spaces. Some examples showing the limits of our results are also given.

1. INTRODUCTION

By a space, we mean a topological space. Let us recall that a space $X$ is countably
compact if every countable open cover of $X$ has a finite subcover. Fleischman defined
in [4] a space $X$ to be starcompat if for every open cover $\mathcal{U}$ of $X$ , there exists a
finite subset $B$ of $X$ such that $St(B,\mathcal{U})=X$ , where

$St(B,\mathcal{U})=\cup\{U\in \mathcal{U} : U\cap B\neq\emptyset\}$ .

He proved that every countably compact space $X$ is starcompact. Conversely, van
Douwen-Reed-Roscoe-Ree [2] proved that every starcompact $’\tau_{2}$-space is countably
compact, but this does not hold for $T_{1}$ -spaces (see Example 2.5 below). Strength-
ening the definition of starcompactness, Matveev defined in [5] a space $X$ to be
absolutely countably compact $(=acc)$ if for every open cover $\mathcal{U}$ of $X$ and every
dense subspace $D$ of $X$ , there exists a finite subset $F$ of $D$ such that $St(F,\mathcal{U})=X$ .
Every acc $T_{2}$-space is countably compact ([5]), but an acc $T_{1}$ -space need not be
countably compact (see Example 2.4 below). These definitions motivate us to de-
fine the following spaces:

Definition 1.1. A space $X$ is countably starcompact if for every countable open
cover $\mathcal{U}$ of $X$ , there exists a finite subset $B$ of $X$ such that $St(B,\mathcal{U})=X$ .

1991 Mathematics Subject Classification. $54\mathrm{D}20,54\mathrm{B}10,54\mathrm{D}55\backslash \cdot$

Key words and phrases. countably compact, starcompact, countably starcompact, countably
$\mathrm{a}\mathrm{c}\mathrm{c}$ .

Typeset by $A_{\mathcal{M}}S-\mathfrak{t}[\mathrm{E}\mathrm{X}$

数理解析研究所講究録
1126巻 2000年 79-87 79



Definition 1.2. A space $X$ is countably absolutely countably compact ( $=$ countably
$acc)$ if for every countable open $c$over $\mathcal{U}$ of $X$ and every dense subspace $D$ of $X$ ,
there exists a finite subset $F$ of $D$ such that $St(F,\mathcal{U})=X$ .

The purpose of this paper is to clarify the relationship among these spaces and to
consider topological properties of a countably starcompact space and a countably
acc space. lkom the definitions and above remarks, we have the following diagram,
where $Aarrow B$ means that every $A$-space is a B-space:

countably compact

$\downarrow$

acc $arrow$ starcompact $arrow \mathrm{c}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{y}$ starc.ompact

$\downarrow$ $\downarrow T_{2}$

countably acc countably compact

DIAGRAM 1

The cardinality of a set $A$ is denoted by $|A|$ . For a cardinal $\kappa,$

$\kappa^{+}$ denotes the
smallest cardinal greater than $\kappa$ . Let $\mathfrak{c}$ denote the cardinality of the continuum, $\omega$

the first infinite cardinal and $\omega_{1}=\omega^{+}$ . As usual, a cardinal is the initial ordinal and
an ordinal is the set of smaller ordinals. For ea$c\mathrm{h}$ ordinals $\alpha,$

$\beta$ with $\alpha<\beta$ , we write
$(\alpha, \beta)=\{\gamma : \alpha<\gamma<\beta\},$ $[\alpha, \beta)=\{\gamma : \alpha\leq\gamma<\beta\}$ and $[\alpha, \beta]=\{\gamma : \alpha\leq\gamma\leq\beta\}$ ,
Other terms and symbols will be used as in [3].

2. RELATIONS AMONG SPACES

In this section, we consider the relations among countably acc spaces, countably
starcompact spaces and other related spaces.

Proposition 2.1. Every countably compact space is countably $acc$ and every count-
ably $acc$ space is countably starcompact.

Proof. Let $X$ be a countably compact space. Let $\mathcal{U}$ be a countable open cover
of $X$ and let $D$ be a dense subspace of $X$ . Then, there exists a finite subcover
$\{U_{1}, U_{2}, \ldots U_{n}\}$ of $\mathcal{U}$ , since $X$ is countably compact. Pick a point $x_{i}\in U_{i}\cap D$ for
$i=1,2,$ $\ldots n$ . Then, $St(\{x_{1}, x_{2}, \cdots, x_{n}\}, \mathcal{U})=X$ , which shows that $X$ is countably
$\mathrm{a}\mathrm{c}c$ . Hence, every countably compact space is countably $\mathrm{a}cc$ . It follows immediately
from the definitions that every countably $a\mathrm{c}\mathrm{c}$ space is countably starcompact. $\square$

Proposition 2.2. For a $T_{2}$ -space $X$ , the following conditions are equivalent:

(1) $X$ is countably compact;
(2) $X$ is countably $acc$ ;
(3) $X$ is countably starcompact.
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COUNTABLE STAR-COVERING PROPERTIES

Proof. The implications (1) $\Rightarrow(2)$ and (2) $\Rightarrow(3)$ are true by Proposition 2.1. It
remains to show that (3) $\Rightarrow(1)$ . $\mathrm{S}\mathrm{u}p$pose that $X$ is not countably compact. Then,
there exists an infinite closed discrete subset $D=\{x_{n} : n\in\omega\}$ in $X$ . For each
$m\in\omega$ , let $D_{m}=\{x_{n} : 2^{m}\leq n<2^{m+1}\}$ ; then $|D_{m}|=2^{m}$ . Since $X$ is a $T_{2}$ -space,
there exists a collection $\mathcal{U}_{m}=\{U_{n} : 2^{m}\leq n<2^{m+1}\}$ of pairwise disjoint open sets
in $X$ such that $U_{n}\cap D=\{x_{n}\}$ for each $n\in\omega$ . Take such a collection $\mathcal{U}_{m}$ for each
$m\in\omega$ and let

$\mathcal{U}=\{X\backslash D\}\cup\bigcup_{m\in\omega}\mathcal{U}_{m}$
.

Then, $\mathcal{U}$ is a countable $\mathrm{o}p$en cover of $X$ . Let $B$ be any finite subset of $X$ with
$|B|=k$ . Since $|B|<2^{k}=|\mathcal{U}_{k}|$ and $\mathcal{U}_{k}$ is disjoint, some $U_{n}\in \mathcal{U}_{k}$ does not intersect
$B$ . Then, $x_{n}\not\in St(B,\mathcal{U})$ , because $U_{n}$ is only member of $\mathcal{U}$ containing $x_{n}$ . Hence,
$X$ is not countably starcompact. This proves that (3) $\Rightarrow(1)$ . $\square$

Proposition 2.3. Every countably starcompact space $X$ is pseudocompact.

Proof. Let $f$ be a continuous real-valued function on $X$ , and let $U_{n}=\{x\in X$ :
$n-1<f(x)<n+1\}$ for each $n\in \mathbb{Z}$ . Then, $\mathcal{U}=\{U_{n} : n\in \mathbb{Z}\}$ is a countable open
cover of $X$ . Since $X$ is countably starcompact, there exists a finite subset $B$ of $X$

such that $St(B,\mathcal{U})=X$ . Since $\mathcal{U}$ is point-finite, the set $\{U\in \mathcal{U} : U\cap B\neq\emptyset\}$ is
finite, say $\{U_{n_{1}}, U_{n_{2}}, \ldots U_{n_{k}}\}$ . If we put $M= \max\{|n_{i}|+1 : i=1,2, \ldots k\}$ , then
$|f(x)|\leq M$ for each $x\in X$ . Hence, every continuous real-valued function on $X$ is
bounded, which means that $X$ is pseudocompact. $\square$

Summing up the above results, we have the following diagram, where the im-
plications (1) $-(6)$ hold for arbitrary spaces and the inverses of implications (2)$-(5)$

also hold for $T_{2}$-spaces:

acc

$\downarrow(1)$

countably $c$ompact $rightarrow(2)$ countably acc

$\downarrow(3)$ $\downarrow(4)$

$\mathrm{a}ccarrow(6)$ starcompact $arrow(5)$ countably starcompact

$\downarrow T_{2}$

countably compact

DIAGRAM 2

In the rest of this section, we give examples which show the implications (1)$-(6)$

in Diagram 2 cannot be reversed in the re$a1\mathrm{m}$ of $T_{1}$-spaces. The first one shows
that the inverses of the implications (2) and (3) do not hold for $T_{1}$ -spaces.
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Example 2.4. There exists an $accT_{1}$ -space which is not countably compact.

Proof. Let $\kappa$ be an infinite cardinal and $A$ a set of cardinality $\kappa$ . Define $X=$

$\kappa^{+}\cup A$ . We topologize $X$ as follows: $\kappa^{+}$ has the usual order topology and is an
$\mathrm{o}p$ en subspace of $X$ , and a basic neighborhood of $a\in A$ takes the form

$G_{\beta}(a)=(\beta, \kappa^{+})\cup\{a\}$ , where $\beta<\kappa^{+}$ .

Then, $X$ is a $T_{1}$-space which is not countably compact, because $A$ is infinite discrete
closed in $X$ . To show that $X$ is absolut$e1\mathrm{y}$ cormtably conipact, let $\mathcal{U}$ be an open
cover of $X$ . Let $D$ be the set of all isolated points of $\kappa^{+}$ . Then, $D$ is dense in $X$ and
every dense $s$ubspace of $X$ includes $D$ . Thus, it is suffices to show that there exists
a finite subset $F\subseteq D$ such that $St(F,\mathcal{U})=X$ . Since $\kappa^{+}$ is absolutely countably
compact, there is a finite subset $F’\subseteq D$ such that $\kappa^{+}\subseteq St(F’, \mathcal{U})$ . For each $a\in A$ ,

there is $\beta(a)<\kappa^{+}$ such that $G_{\beta(a)}(a)$ is included in some member of $\mathcal{U}$ . If we
choose $\beta\in D$ with $\beta>\sup\{\beta(a) : a\in A\}$ , then $A\subseteq St(\beta,\mathcal{U})$ . Let $F=F’\cup\{\beta\}$ .
Then, $St(F, \mathcal{U})=X$ . Hence, $X$ is absolutely countably compact, which completes

the proof. $\square$

The second example shows that the inverses of the implications (3), (4) and (6)

in Diagram 2 do not hold for $T_{1}$-spaces.

Example 2.5. There exists a starcompact $T_{1}$ -space which is not countably $acc$ .

Proof. Let $Y=(\omega+1)\cross\omega_{1}$ , where both $\omega+1$ and $\omega_{1}$ have the usual order topologies
and $Y$ has the Tychonoff product topology. Let $X=\omega\cup Y$ . We topologize $X$ as
follows: $Y$ is an open subspace of $X$ ; a basic neighborhood of a point $n\in\omega$ takes
the form

$O_{\alpha}(n)=\{n\}\cup((n, \omega]\cross(\alpha, \omega_{1}))$ where $\alpha<\omega_{1}$ .

Then, $X$ is a $T_{1}$ -space. To show that $X$ is starcompact, let $\mathcal{U}$ be an open cover of
X. Then, there exists finite subset $F_{1}$ of $Y$ such that $Y\subseteq St(F_{1}, \mathcal{U})$ , since $Y$ is
countably compact. For each $n\in\omega$ , there is $\alpha_{n}<\omega_{1}$ such that $O_{\alpha_{n}}(n)$ is included
in some member of $\mathcal{U}$ . If we choose $\alpha_{0}<\omega_{1}$ with $\alpha_{0}>\sup\{\alpha_{n} : n\in\omega\}$ , then
$\omega\subseteq St(\langle\omega, \alpha_{0}\rangle, \mathcal{U})$ . Let $F_{0}=F_{1}\cup\{\langle\omega, \alpha_{0}\rangle\}$ . Then, $X=St(F_{0},\mathcal{U})$ , which shows
that $X$ is starcompact.

Next, we show that $X$ is not countably $\mathrm{a}\mathrm{c}\mathrm{c}$ . Let $D=\omega\cross\omega_{1}$ . Then, $D$ is dense
in $X$ . Therefore, it is suffices to show that there exists a countable open cover $\mathcal{V}$

of $X$ such $\mathrm{t}\mathrm{h}.\mathrm{a}\mathrm{t}St(A, \mathcal{V})\neq X$ for any finite subset $A$ of $D$ . Let us consider the
countable open $c$over

$\mathcal{V}=\{Y\}\cup\{O_{0}(n) : n\in\omega\}$ .

Let A be any finite subset of $D$ . Then, there exists $n\in\omega$ such that $([n, \omega]\cross\omega_{1})\cap A=$

$\emptyset$ . Hence, $n\not\in St(A, \mathcal{V})$ , since $O_{0}(n)$ is only element of $\mathcal{V}$ such that $n\in O_{0}(n)$ . This
shows that $X$ is not countably $\mathrm{a}\mathrm{c}c$ . $\square$

The third example shows that the inverses of the implications (1) and (5) in
Diagram 2 do not hold for $T_{1}$ -spaces.
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Example 2.6. There exists a countably $accT_{1}$ -space which is not a starcompact
space.

Proof. Let $X=\omega_{1}\cup A$ , where $A=\{a_{\alpha} : \alpha\in\omega_{1}\}$ . We topologize $X$ as follows: $\omega_{1}$

has the usual order topology and is an open subspace of $X$ , a $\mathrm{b}\mathrm{a}s$ic neighborhood
of a point $a_{\alpha}\in A$ takes the form

$O_{\beta}(a_{\alpha})=\{a_{\alpha}\}\cup(\beta, \omega_{1})$ where $\beta<\omega_{1}$ .

Then, $X$ is a $T_{1}$ -space. To show that $X$ is countably $\mathrm{a}\mathrm{c}\mathrm{c}$ , let $\mathcal{U}$ be a countable open
cover of $X$ . Let $D$ be the set of all isolated points of $\omega_{1}$ . Then, $D$ is dense in $X$ and
every dense subspace of $X$ includes $D$ . Thus, it is suffices to show that there exists
a finite subset $F\subseteq D$ such that $St(F,\mathcal{U})=X$ . Since $\omega_{1}$ is absolutely countably
compact, there is a finite subset $F’\subseteq Ds\mathrm{u}c\mathrm{h}$ that $\omega_{1}\subseteq St(F’,\mathcal{U})$ . Let $\mathcal{V}=\{U\in$

$\mathcal{U}$ : $U\cap A\neq\emptyset$ }. For each $U\in \mathcal{V}$ , there exists a $\beta_{U}<\omega_{1}$ such that $(\beta_{U}, \omega_{1})\subseteq U$ .
Since $\mathcal{V}$ is countable, we can choose $\beta\in D$ with $\beta>\sup\{\beta_{U} : U\in \mathcal{V}\}$ . Thus,
$A\subseteq St(\beta, \mathcal{V})\subseteq St(\beta,\mathcal{U})$ , since $\beta\in U$ for each $U\in \mathcal{V}$ . Let $F=F’\cup\{\beta\}$ . Then,
$X=St(F,\mathcal{U})$ , which shows that $X$ is countably $\mathrm{a}\mathrm{c}\mathrm{c}$ .

Next, we show that $X$ is not starcompact. Let us consider the open cover

$\mathcal{V}=\{\omega_{1}\}\cup\{O_{\alpha}(a_{\alpha}) : \alpha<\omega_{1}\}$ .

Let $A$ be any finite subset of $X$ . Then, there exists $\alpha<\omega_{1}$ such that $A\cap((\alpha, \omega_{1})\cup$

$\{a_{\beta} : \beta>\alpha\})=\emptyset$ . Choose $\beta>\alpha$ . Then $a_{\beta}\not\in St(A, \mathcal{V})$ , since $O_{\alpha}(a_{\alpha})$ is only
element of $\mathcal{V}$ containing $a_{\alpha}$ for each $\alpha\in\omega_{1}$ . This shows that $X$ is not starcom-
pact. $\square$

Remark 1. Pavlov [8] proved that a countably compact space need not be $\mathrm{a}c\mathrm{c}$ even
if it is a normal $T_{2}$-space.

3. DISCRETE SUM AND SUBSPACES

We begin with a proposition which follows immediat $e1\mathrm{y}$ from the definitions of
a countably starcompact space and a countably acc space:

Proposition 3.1. The discrete sum of a finite collection of countably starcompact
(resp. countably $acc$) spaces is countably starcompact (resp. countably $acc$).

It is well-known that a closed subspace of a countably compact space is countably
compact. However, a similar result does not hold for starcompactness, countable
starcompactness and countable acc property. In fact, the following example shows
that these properties do not preserved by taking regular closed subspaces.

Example 3.2. There exists an $accT_{1}$ -space having a regular-closed subspace which
is not countably starcompact.

Proof. Let $S_{1}=\omega\cup R$ be the Isbell-Mr\’owka space [7], where $\mathcal{R}$ is a maximal almost
disjoint family of infinite subsets of $\omega$ such that $|\mathcal{R}|=\mathrm{c}$ . $\mathrm{S}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{e}S_{1}$ is not countably
compact, $S_{1}$ is not countably star$c$ompact by Proposition 2.2.
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Let $S_{2}=\mathrm{c}^{+}\cup A$ , where $A$ is a set of $c$ardinality $\mathrm{c}$ . We topologize $S_{2}$ as fol-
lows: $\mathrm{c}^{+}$ has the usual order topology and is an open subspace of $S_{2}$ , and a basic
neighborhood of $a\in A$ takes the form

$G_{\beta}(a)=(\beta, \mathrm{c}^{+})\cup\{a\}$ , wher$e\beta<\mathrm{c}^{+}$ .

We assume that $S_{1}\cap S_{2}=\emptyset$ . Let $\varphi$ : $\mathcal{R}arrow A$ be a bijection. Let $X$ be the
quotient space obtained from the discrete sum $S_{1}\oplus S_{2}$ by identifying $\mathrm{r}$ with $\varphi(r)$

for each $r\in \mathcal{R}$ . Let $\pi$ : $S_{1}\oplus S_{2}arrow X$ be the quotient map. It is easy to check that
$\pi(S_{1})$ is a regular-closed subset of $X$ , however, it is not countably starcompact,
since it is homeomorphic to $S_{1}$ .

Next, we show that $X$ is $\mathrm{a}\mathrm{c}c$ . For this end, let $\mathcal{U}$ be an $\mathrm{o}p$en cover of $X$ . Let $S$ be
the set of all isolated point$s$ of $\mathrm{c}^{+}$ and let $D=\pi(S\cup\omega)$ . Then, $D$ is dense in $X$ and
every dense subspace of $X$ includes $D$ . Thus, it is suffices to show that there exists
a finite subset $F$ of $D$ such that $X=St(F, \mathcal{U})$ . By the proof of Example 2.4, $S_{2}$ is
$\mathrm{a}\mathrm{c}\mathrm{c}$ . Since $\pi(S_{2})$ is homeomorphic to the space $S_{2},$ $\pi(S_{2})$ is $\mathrm{a}\mathrm{c}\mathrm{c}$ , hence, there exists a
finite subset $F_{0}$ of $\pi(S)$ such that $\pi(S_{2})\subseteq St(F_{0},\mathcal{U})$ . On the other hand, since $\pi(S_{1})$

is homeomorphic to $S_{1}$ , every infinite subset of $\pi(\omega)$ has an ac$c$umulation point in
$\pi(S_{1})$ . Hence, there exists a finite $s$ubset $F_{1}$ of $\pi(\omega)$ su$c\mathrm{h}$ that $\pi(\omega)\subseteq St(F_{1},\mathcal{U})$ .
For, if $\pi(\omega)\not\subset St(B,\mathcal{U})$ for any finite subset $B\underline{\subseteq}\pi(\omega)$ , then, by induction, we can
define a sequence $\{x_{n} : n\in\omega\}$ in $\pi(\omega)$ such that $x_{n}\not\in St(\{x_{\mathrm{i}} : i<n\},\mathcal{U})$ for each
$n\in\omega$ . By the property of $\pi(S_{1})$ mentioned above, the sequence $\{x_{n} : n\in\omega\}$ has
a limit point $x_{0}$ in $\pi(S_{1})$ . Pick $U\in \mathcal{U}$ such that $x_{0}\in U$ . Choose $n<m<\omega$ such
that $x_{n}\in U$ and $x_{m}\in U$ . Then, $x_{m}\in St(\{x_{i} : i<m\},\mathcal{U})$ , whi$c\mathrm{h}$ contradicts the
definition of the sequence $\{x_{n} : n\in\omega\}$ . Let $F=F_{0}\cup F_{1}$ . Then, $X=St(F,\mathcal{U})$ .
Hence, $X$ is $\mathrm{a}c\mathrm{c}$ , which completes the proof. $\square$

4. MAPPINGS

It is well-known that a continuous image of a countably compact space is count-
ably compact (see [3]) and a continuous image of a star$c$ompact space is starcompact
(see [2]). Similarly, we have the following proposition.

Proposition 4.1. A continuous image of a countably starcompact space is count-
ably starcompact.

Proof. Suppose that $X$ is a countably starcompact space and $f$ : $Xarrow Y$ a continu-
ous onto map. Let $\mathcal{U}$ be a countable open cover of $Y$ . Then, $\mathcal{V}=\{f^{-1}(U) : U\in \mathcal{U}\}$

is a countable open $c$over of $X$ . Since $X$ is countable starcompact, there exists a
finite set $B\subseteq X$ such that $St(B, \mathcal{V})=X$ . Let $F=f(B)$ . Then, $F$ is a finite set of
$Y$ and $St(F,\mathcal{U})=\mathrm{Y}$ . Hence, $\mathrm{Y}$ is countably starcompact. $\square$

Matveev showed in [5, Example 3.1] that a continuous image of an acc spac$e$

need not be $\mathrm{a}\mathrm{c}\mathrm{c}$ . Now, we give an example showing that a continuous image of an
acc $T_{1}$ -space need not be countably $\mathrm{a}\mathrm{c}\mathrm{c}$.
Example 4.2. There exist an $accT_{1}$ -space $X$ and a continuous map $f$ : $Xarrow Y$

onto a space $\mathrm{Y}$ which is not countably $acc$ .

Proof. Let $X_{1}=(\omega+1)\cross\omega_{1}$ with the Tychonoff product topology, where both
$\omega+1$ and $\omega_{1}$ have the usual order topologies. Then, $X_{1}$ is $\mathrm{a}c\mathrm{c}$ by [5, Theorem 2.3],
since $\omega+1$ is a first countable, compact space and $\omega_{1}$ is acc by [5, Theorem 1.8].

84



Let $X_{2}=\omega_{1}\cup\omega$ . We topologize $X_{2}$ as follow$s:\omega_{1}$ has the usual order topology
and is an open subspace of $X_{2}$ , and a basic neighborhood of $n\in\omega$ takes the form

$G_{\beta}(n)=(\beta, \omega_{1})\cup\{n\}$ , where $\beta<\omega_{1}$ .

By the proof of Example 2.4, $X_{2}$ is ac$c$ .
Let $X=X_{1}\oplus X_{2}$ be the discrete sum of $X_{1}$ and $X_{2}$ . Then, $X$ is $ac\mathrm{c}$ by

Proposition 1.3 [5].
Let $Y=X_{1}\cup X_{2}$ . We topologize $Y$ as follows: $X_{1}$ is an open subspace of $Y$ ; a

basic neighborhood of a point $\beta<\omega_{1}\subseteq X_{2}$ takes the form

$O_{\gamma,m}(\beta)=([m, \omega]\cross\omega_{1})\cup(\gamma, \beta]$ , where $\gamma<\beta$ and $m\in\omega$ .

a basic neighborhood of a point $n\in\omega$ takes the form

$O_{\alpha}(n)=([n, \omega]\mathrm{x}\omega_{1})\cup(\alpha, \omega_{1})\cup\{n\}$ , where $\alpha<\omega_{1}$ ;

To show that $Y$ is not countably $\mathrm{a}\mathrm{c}\mathrm{c}$ . Let $D=\omega\cross\omega_{1}$ . Then, $D$ is dense in
$Y$ . Therefore, it is suffices to show that there exists a countable open cover $\mathcal{V}$ of $Y$

such that $St(A, \mathcal{V})\neq Y$ for any finite subset $A$ of $D$ . Let us consider the countable
open cover

$\mathcal{V}=\{X_{1}\cup\omega_{1}\}\cup\{O_{0}(n) : n\in\omega\}$ .

Let $A$ be any finite subset of $D$ . Then, there exists a $n\in\omega$ such that $([n, \omega]\cross\omega_{1})\cap$

$A=\emptyset$ . Hence, $n\not\in St(A, \mathcal{V})$ , since $O_{0}(n)$ is only element of $\mathcal{V}$ such that $n\in O_{0}(n)$

for each $n\in\omega$ , which shows that $Y$ is not countably $\mathrm{a}\mathrm{c}\mathrm{c}$ .
Let $f$ : $Xarrow Y$ be the identity map. Then, $f$ is continuous. This completes the

proof. $\square$

Recall from [5 or 6] that a continuous mapping $f$ : $Xarrow Y$ is varpseudoopen
provided $\mathrm{i}\mathrm{n}\mathrm{t}_{Y}f(U)\neq\emptyset$ for every nonempty open set $U$ of $X$ . In [5], it was proved
that a continuous varpseudoopen imag$e$ of an acc $\mathrm{s}p$ace is $a\mathrm{c}\mathrm{c}$ . Similarly, we prove
the following proposition.

Proposition 4.3. A continuous varpseudoopen image of a countably $acc$ space is
countably $acc$ .

Proof. Suppose that $X$ is a countably $\mathrm{a}c\mathrm{c}$ space and $f$ : $Xarrow Y$ is a continuous
varpseudoopen onto map. Let $\mathcal{U}$ be a countable open cover of $Y$ and $D$ a dense
subspace of $Y$ . Then, $\mathcal{V}=\{f^{-1}(U) : U\in \mathcal{U}\}$ is a countable open $c$over of $X$ , and
$f^{-1}(D)$ is a dense subspace of $X$ since $f$ is a varpseudoopen map. Hence, there
exists a finite set $B\subseteq f^{-1}(D)$ such that $St(B, \mathcal{V})=X$ . Let $F=f(B)$ . Then,
$F$ is a finite set of $D$ and $St(F,\mathcal{U})=Y$ , which shows that $Y$ is a countably acc
space. $\square$

Now, we consider preimages. It is well-known that a perfect preimage of a
countably compact space is countably compact (see [3, Theorem 3.10.10]) but a
$p$erfect preimage of an ac$c$ space need not be acc (see [1, Example 3.2]). Now, we
give an example showing that

(1) a perfect preimage of a starcompact space need not be starcompact,
(2) a perfect preimage of a countably starcompact space need not be countably

starcompact, and
(3) a perfect preimage of a countably acc space need not be countably $\mathrm{a}c\mathrm{c}$ .
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Our example uses the Alexandorff duplicate $A(X)$ of a space $X$ : The underlying set
of $A(X)$ is $X\cross\{0,1\}$ ; each point of $X\cross\{1\}$ is isolated and a basic open neighborhood
of $\langle x, 0\rangle\in X\cross\{0\}$ is a set of the from $(U\cross\{0\})\cup((U\cross\{1\})\backslash \{\langle x, 1\rangle\})$ , where $U$

is an open neighborhood of $x$ in $X$ .

Example 4.4. There exists a perfect onto map $f$ : $Xarrow Y$ such that $Y$ is an $acc$

$T_{1}$ -space, but $X$ is not countably starcompact.

Proof. Let $Y=\omega_{1}\cup\omega$ . We topologize $Y$ as follows: $\omega_{1}$ has the usual order topology
and is an open subspace of $Y$ , and a basic neighborhood of $n\in\omega$ takes the form

$G_{\beta}(n)=(\beta, \omega_{1})\cup\{n\}$ , where $\beta<\omega_{1}$ .

By the proof of Example 2.4, $Y$ is an acc space.
Let $X=A(Y)$ . Then, $X$ is not countably starcompact, since $\omega\cross\{1\}$ is countable

discrete, open and closed in $X$ and countable starcompactness is preserved by open
and closed set.

Let $f$ : $Xarrow Y$ be the projection. Then, $f$ is a perfect onto map. This completes
the proof. $\square$

5. PRODUCTS

It is well-known that the product of a countably compact space and a compact
space is countably compact. However, the product of an acc Tychonoff space with
a compact $T_{2}$-space need not be acc (see [5, Example 2.2]). Also, in [4, Example
3], an example was given showing that the product of a starcompact $T_{1}$ -space with
a compact metric space need not be starcompact. Now, we show that the $s$ame
example also $s$hows that the product of a countably starcompact (resp. countably
$\mathrm{a}\mathrm{c}\mathrm{c})T_{1}$-space with a compact metric space need not be countably starcompact
(resp. countably $\mathrm{a}\mathrm{c}\mathrm{c}$ ).

Example 5.1 (Fleischman). There exist an $accT_{1}$ -space $X$ and a compact metric
space $Y$ such that $X\cross Y$ is not countably starcompact.

Proof. Let $X=\omega_{1}\cup A$ , where $A=\{a_{n} : n\in\omega\}$ . We topologize $X$ as follows: $\omega_{1}$ has
the usual order topology and is an open $s$ubspace of $X$ , and a basic neighborhood
of each $a_{n}\in A$ takes the form

$G_{\beta}(a_{n})=(\beta, \omega_{1})\cup\{a_{n}\}$ , where $\beta<\omega_{1}$ .

Then, $X$ is an acc $T_{1}$ -space By the proof of Example 2.4. Let $Y=\omega+1$ with the
usual order topology. Then, $Y$ is a compact metric space.

Next, we prove that $X\cross Y$ is not countably starcompact. Let $U_{n}=[n, \omega_{1})\cup\{a_{n}\}$

and $V_{n}=(n, \omega]$ for each $n\in\omega$ . Let

$\mathcal{U}=\{U_{n}\mathrm{x}V_{n} : n\in\omega\}\cup\{X\cross\{n\} : n\in\omega\}$.

Then, $\mathcal{U}$ is a countable open $c$over of $X\cross Y$. Let $F$ be a finite subset of $X\cross Y$ .
Then, there exists a $n\in\omega$ such that $(X\cross\{n\})\cap F=\emptyset$ . Hence, $\langle a_{n}, n\rangle\not\in St(F,\mathcal{U})$ ,
since $X\cross\{n\}$ is only element of $\mathcal{U}$ such that $\langle a_{n}, n\rangle\in X\cross\{n\}$ for each $n\in\omega$ .
This completes the proof. $\square$
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Remark 2. By Example 5.], we can see that
(1) an open perfect preimage of a starcompact space need not be starcompact,
(2) an open perfect preimage of a countably starcompact space need not be

countably starcompact, and
(3) an open perfect preimage of a countably acc space need not be countably

$\mathrm{a}\mathrm{c}c$ .
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