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-APPROXIMATIONS AND INFINITE DIMENSIONAL SPACES

$K$

服部泰直 (Yasunao Hattori)

島根大総合理工

1. INTRODUCTION
Throughout the present note, by the dimension we mean the covering dimen. We shall consider characterizations of classes of infinite dimensional
sion
spaces in terms of $K$-approximations and discuss some questions related to the
characterizations. In [DMS], Dydak-Mishra-Shukla introduced a concept of a Kapproximation of a mapping to a metric simplicial complex and characterized ndimensional spaces and finitistic spaces in terms of -approximations. Let $X$ be
a space, $K$ a metric simplicial complex and : $Xarrow K$ a continuous mapping. A
mapping $g:Xarrow K$ is said to be a $K$-approximation of if for each simplex
and each $x\in X,$ $f(x)\in\sigma$ implies $g(x)\in\sigma$ . A $K$-approximation $g:Xarrow K$ of is
called an -dimensional $K$-approximation if $g(X)\subset K^{(n)}$ and a finite dimensional
$K$-approximation if $g(X)\subset K^{(m)}$ for some
natural number $m$ , where $K^{(m)}$ denotes
the $m$-skelton of $K$ .
The concept of finitistic spaces was introduced by Swan [Sw] for working in fixed
point theory and is applied to the theory of transformation groups by using the
cohomological structures (cf. [AP]). For a family of a space $X$ the order ord
for each $x\in X$ and
of
is defined as follows:
. We say a family has finite order if ord
ord
for
$X$
some natural number . A space is said to be finitistic if every open cover of $X$
has an open refinement with finite order. We notice that finitistic spaces are also
called boundedly metacompact spaces (cf. [FMS]). It is obvious that all compact
spaces and all finite dimensional paracompact spaces are finitistic spaces. More
precisely, we have a useful characterization of finitistic spaces.
$\mathrm{d}\mathrm{i}\mathrm{m}$

$\mathrm{K}$

$f$

$\sigma\in K$

$f$

$f$

$n$

$\mathcal{U}$

$\mathrm{o}\mathrm{r}\mathrm{d}_{x}\mathcal{U}=|\{U\in \mathcal{U} :

$\mathcal{U}$

$\mathcal{U}=\sup\{\mathrm{o}\mathrm{r}\mathrm{d}_{x}\mathcal{U} :

x\in X\}$

$\mathcal{U}$

x\in U\}|$

$\mathcal{U}=n$

$\mathcal{U}$

$n$

Proposition A [H2], [DMS]. A paracompact space $X$ is finitistic if and only if
there is a compact subspace $C$ of $X$ such that $\dim F<\infty$ for evew closed subspace
$F$ with $F\cap C=\emptyset$ .

The dimension-theoretic properties of finitistic spaces are investigated by several
authors (cf. [DPJ, [DS], [DT], [DMS] [H2] and [H6]). In particular, Dydak-Mishraproved the following.
Shukla
$([\mathrm{D}\mathrm{M}\mathrm{S}])$

Theorem A [DMS]. For a paracompact space
(a) $\dim X\leq n$ .
(b) For every metric simplicial complex
$Xarrow K$ there is
-dimensional

an.

$n$

$K$

$X$

the following are equivalent.

and every continuous mapping
mnimaiion 9
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continuous mapping :
(c) For every metric simplicial complex $K$ and
$Xarrow K$ there is an
-dimensional $K$ -approximation of such that
$f$

$evel^{\sim}/l$

$n$

$g|f^{-1}(K^{(}n))=f|f-1(K^{()}n)$

Theorem

$\mathrm{B}$

$f$

$g$

.

[DMS]. For a paracompact space

$X$

the following are equivalent.

.
(a) $X$ is a finitistic
(b) For evew metric simplicial complex $K$ and every continuous mapping :
$Xarrow K$ there is a
finite dimensional $K$ -approximation of .
metric simplicial complex $K$ and every con(c) For eve integer $m\geq-1$ ,
tinuous mapping $f:Xarrow K$ there is a finite dimensional K-approximation
$\mathit{8}pace$

$f$

$g$

$eve\uparrow’ y$

$r\tau J$

$g$

$f$

of such that $g|f^{-1}(K^{(}m))=f|f-1(K^{()}m)$ .
$f$

In \S 2, we extend Theorem A to a class of metrizable spaces that have strong large
transfinite dimension. In \S 3, we shall discuss some questions related to strongly
countable-dimensional spaces and finitistic spaces. We denote the set of natural
numbers by N. We refer the reader to [E] and [N] for basic results in dimension
theory.

2. CHARACTERIZATIONS

OF INIFINITE-DIMENSIONAL
SPACES BY MEANS OF $K$-APPROXIMATIONS

We begin with the definition of strong small transfinite dimension introduced by
, where
is a
Borst [B]. For each ordinal number , we write
$X$
non-negative
is a finite ordinal. For a normal space and a
limit ordinal and
integer , we put
$\alpha=\lambda(\alpha)+n(\alpha)$

$\alpha$

$\lambda(\alpha)$

$n(\alpha)$

$n$

$P_{n}(X)=\cup$

{ :
$U$

$U$

is an open set of $X$ such that

$\dim\overline{U}\leq n$

}.

Let $X$ be a normal space and be either an ordinal number or the integer-l.
:
sind of $X$ is defined as follows
small transfinite
The
.
(i) sind $X=-1$ if and only if
(ii) sind $X\leq\alpha$ if $X$ is expresed in the form $X=\cup\{P_{\xi} : \xi<\alpha\}$ , where
$\alpha$

$dimen\mathit{8}ion$

$\mathit{8}tmng$

$([\mathrm{B}])$

$X=\emptyset$

$P_{\xi}=Pn(\xi)(x\backslash \cup\{P_{\eta} :

If sind

$X\leq\alpha$

for some

\eta<\lambda(\xi)\})$

$\alpha$

.

, we say that

$X$

tmnsfinite dimension.
has strong large transfinite dimension if

has strong small

Recall from [H4] that a normal space $X$
$X$ has both large transfinite dimension and strong small transfinite dimension. (See
[E] and [N] for the definition of large transfinite dimension.) We use the following
characterization of spaces that have strong large transfinite dimension. A normal
space $X$ is said to be strongly countable-dimensional if $X$ is a union of countably
many finite dimensional closed subsets.
Lemma 1 [H3, Propositions 2.2 and 2.3]. Let $X$ be a
strong large transfinite dimension if and only if
$ha\mathit{8}$

countable-dimensional.

space. Then $X$
finitistic and strongly

$metr\dot{\tau}Zable$

$Xi\mathit{8}$
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The following is a main result. For a space
$D(X)=$

{ :
$D$

$D$

$X$

we denote

is a closed discrete subset of $X$ }.

Theorem 1. For a met Mable space $X$ the following are equivalent.
(a) $X$ has strong large transfinite dimension.
(b) There is a function
: $D(X)arrow\omega$ such that for every metric simplicial
complex $K$ and eve continuous mapping
: $Xarrow K$ there is a Kapproximation of such that
for each $D\in D(X)$ .
(c) For every integer $m\geq-1$ there is a function
: $D(X)arrow\omega$ such that
$K$
for every metric simplicial complex and evew continuous mapping :
$Xarrow K$ there is a finite $dimen\mathit{8}ional$ K-approximation
of such that
$g(D)\subset K^{(\psi(D)})$
$g|f^{-1}(K(m))=f|f^{-1}(K(m))$
.
for each $D\in D(X)$ and
$\varphi$

$f$

$7\mathrm{u}_{J}$

$g$

$g(D)\subset K^{(\varphi(D))}$

$f$

$\psi$

$f$

$g$

$f$

Corollary 1. For a paracompact space $X$ the following are equivalent.
(a) $X$ is a strongly countable-dimensional space.
(b) There is a
:
such that for every metric simplicial complex
$K$ and
mapping : $Xarrow K$ there is a K-approximation
of such that $g(x)\in K^{(\varphi(x))}$ for each $x\in X$ .
(c) For every integer $m\geq-1$ there is a function $\psi:Xarrow\omega$ such that for every
metric simplicial complex $K$ and every continuous mapping
: $Xarrow K$
there is a $K$ -approximation of
that $g(x)\in K^{(\psi(x)})$ for each $x\in X$
and $g|f^{-1}(K(m))=f|f^{-1}(K(m))$ .
$funcu_{\mathit{0}}n\varphi$

$Xarrow\omega$

$eve\uparrow \mathrm{Y}/continuouS$

$f$

$g$

$f$

$f$

$g$

$f\mathit{8}uch$

See [H5] for the proof of the theorem.

3. QUESTIONS

RELATED TO

THEOREM 1

Concerning the theorem in the previous section, we can ask the following.
Question 1. Are the conditions (a) and (b) in the theorem equivalent for paracompact spaces?

We have an easy answer the question, i.e., the implication
does not
$m\leq
n,$
$m,$
fact,
[Vo] constructed a compact
hold. In
for each
with
space $X_{m,n}$ such that $\dim X_{m,n}=m$ and Ind $X_{m,n}=n$ . Let $X$ be the topological
. Then $X$ does not have large transfinite dimension
of
(and hence $X$ does not satisfy
). Since $\dim X=1$ , it follows from Theorem
A that for every metric simplicial complex $K$ and every continuous mapping :
$Xarrow K$ there is a 1-dimensional K-approximation
of . Hence $X$ satisfies the
condition (b).
$(\mathrm{b})\Rightarrow(\mathrm{a})$

$n\in \mathrm{N}$

$\mathrm{s}\mathrm{u}\mathrm{m}\oplus^{\infty}n=1X1,n$

$X_{1,n},$

$\mathrm{V}\mathrm{o}\mathrm{p}\check{\mathrm{e}}\mathrm{n}\mathrm{k}\mathrm{a}$

$n\in \mathrm{N}$

$(\mathrm{a})$

$f$

$g$

$f$

Now, we consider the following condition which is weaker than (a).
is a strongly countable-dimensional space satisfying the following condition
(K) (cf. [P]):
(K) There is a compact subspace $C$ of $X$ such that $\dim F<\infty$ for every closed
subspace $F$ of $X$ with $F\cap C=\emptyset$ .
$(\mathrm{a}’)X$
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for normal
We consider the relations between (a), (b) in Theorem 1 and
(paracompact) spaces.
In
\S 7.3 , Engelking reformulated the class of spaces that have strong small
transfinite dimension by use of a new dimension function transfinite dimensional
kernel trker. He called a space that has transfinite dimensional kernel as a shallow
space. One should notice that a normal space $X$ is a shallow space if and only if
$X$ has strong small trandfinite dimension and sind
if sind $X$ is a limit
otherwise.
ordinal and sind
separately.
implications
four
We shall consider
$(\mathrm{a}’)$

$]$

$[\mathrm{E},$

$X=\mathrm{t}\mathrm{r}\mathrm{k}\mathrm{e}\mathrm{r}X$

$X=\mathrm{t}\mathrm{r}\mathrm{k}\mathrm{e}\mathrm{r}X+1$

I.

$(\mathrm{a})\Rightarrow(\mathrm{a}’)$

.

Fact 1 ( , Theorem 7.1.23]). If a weakly paracompact, strongly hereditarily normal
space $X$ has large transfinite dimension Ind $X$ , then $Xsati\mathit{8}fies$ the condition $(K)$ .
$[\mathrm{E}$

Fact 2 ( , Theorem 7.3.13]; [Hl, Thcorem 1.2] for metrizable spaces). If a weakly
paracompact perfectly no rmal shallow space $X$ , then $X$ is a strongly countabledimensional space.
$[\mathrm{E}$

We can ask the following.

Question 2. Can we drop the perfectness in Fact 2?

We have a partial answer the question.
Theorem 2. Let $X$ be a
. If $X$ is a shallow space, then

$heredita?\dot{\mathrm{V}}ly$

$\mathit{8}pace$

$X$

weakly paracompact and hereditarily normal
is a strongly countable-dimensional space.

Proof. We show by the transfinite induction on sind

$X=\alpha$

.

Case 1. Suppose that is a limit ordinal number. We notice that $X$ is expresed
. We
in the form $X=\cup\{P_{\xi} : \xi<\alpha\}$ , where $P_{\xi}=P_{n(\xi)}$
is an open covering of
. Then
put $G_{\xi}=\cup\{P_{\eta} : \eta<\xi\}$ for
$X$ and sind
is strongly countable. By the inductive assumption,
. Hence it follows from [ , Theorem 5.2.17] that $X$ is
dimensional for each
strongly countable-dimensional.
. Then
Case 2. Suppose that $\alpha=\beta+1$ . Let
. By the inductive assumption, is strongly countable-dimensional.
sind
of by finite dimensional closed sets.
Hence there is a countable cover
and $\dim P_{\alpha}=n(\alpha)<\infty$ .
is a closed set of $X$ such that
Since
closed in $X$ and
for each $i\in$ N. Then it follows that
We put
$\dim E_{i}\leq\max\{\dim Fi, \dim P\alpha\}$ . Hence $X$ is strongly countable-dimensional.
$\alpha$

$(X\backslash \cup\{P_{\eta} :

$\xi<\alpha$

$\{G_{\xi} :

\eta<\lambda(\xi)\})$

\xi<\alpha\}$

$G_{\xi}\leq\xi<\alpha$

$G_{\xi}$

$\xi<\alpha$

$\mathrm{E}$

$\mathrm{Y}=X\backslash \cup\{P_{\xi} :

\xi<\lambda(\alpha)\})$

$\mathrm{Y}$

$\mathrm{Y}\leq\beta<\alpha$

$\{F_{1}, F_{2}, \ldots\}$

$Y$

$X=\mathrm{Y}\cup P_{\alpha}$

$P_{\alpha}$

$E_{i}$

$E_{i}=F_{i}\cup P_{\alpha}$

$\square$

Corollary 2. Let $X$ be a hereditart weakly paracompact, strongly hereditarily
normal space. Then the implication $(a)\Rightarrow(a’)$ holds.
$ly$

Question 2’. Do Theorem 2 and the corollary hold for weakly paracompact normal
spaces?

II.

$(\mathrm{a}’)\Rightarrow(\mathrm{a})$

.
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It is known that a normal space $X$ is a shallow space if and only if every nonempty closed subspace $F$ of $X$ contains a non-empty normal open subspace of $F$
). Hence, by the Baire category theorem,
such that $\dim U<\infty$ ( , Problem 7.
it follows that every normal \v{C}ech-complete, strongly countable-dimensional space
implies the following.
is a shallow space.
$U$

$3.\mathrm{A}]$

$[\mathrm{E}$

This.

space satisfying the condition
Proposition 1. Let $X$ be a
strongly countable-dimensional space, then $X$ is a shallow space.
$no\uparrow mal$

$(K)$

. If

$X$

is a

be a compact subspace of $X$ such that $\dim F<\infty$ for every closed
subspace
is a compact strongly countableof $X$ with $F\cap C=\emptyset$ . Then
dimensional space. Hence
is shallow and hence $X$ is a shallow space by ,
Problem 7. ].

Proof. Let

$C$

$F$

$C$

’

$C$

$[\mathrm{E}$

$\square$

$3.\mathrm{H}$

As we mentioned above, there is a paracompact space $X$ such that $\dim X=1$ ,
but $X$ does not ve large transfinite dimension. This example leads the Ind. A normal space $X$ is strongly contable-dimensional
version of the condition
with respect to Ind (shortly $s.c.d$ .-Ind) if $X$ is a union of countably many closed
. Further, we introduce
subspaces
such that Ind $X_{n}<\infty$ for each
a notion similar to the condition (K).
$\mathrm{h}\mathrm{a}$

$(\mathrm{a}’)$

$X_{n},$

$n\in \mathrm{N}$

$n\in \mathrm{N}$

( -Ind) There is a compact subspace $C$ of $X$ such that Ind $F<\infty$ for every closed
subspace $F$ of $X$ with $F\cap C=\emptyset$ .
$\mathrm{K}$

We consider the following.
$(\mathrm{a}$

”

$)X$

is an s.c.d.-Ind space

$\mathrm{S}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{S}\mathfrak{h}^{r}$

ing the condition (K-Ind).

Then we have
Proposition 2. Let $X$ be a hereditarily no $?mal$ space. If $X$ is an $s.c.d$.-Ind space
the condition ($K$-Ind), then $X$ has large transfinite dimension Ind $X$ .
$sati\mathit{8}fying$

be a compact subspace of $X$ such that Ind $F<\infty$ for every closed
subspace $F$ of $X$ with $F\cap C=\emptyset$ . Since is an s.c.d.-Ind compact space, by ,
Theroems 1, 3], has large transfinite dimension. Then it follows from [ , Lemma
7.1.24] that $X$ has large transfinite dimension and Ind
C.

Proof. Let

$C$

$C$

$[\mathrm{F}$

$C$

$\mathrm{E}$

$X\leq\omega_{0}+\mathrm{I}\mathrm{n}\mathrm{d}$

Question 3. Does Proposition 2 hold for normal spaces?

Question 4 [ , Problem 3]. Does every compact space which can be represented
as the union of countably many subspaces which all have large transfinite dimension
have itrself large transfinite dimension?
$\mathrm{F}$

If Question 4 has an affrmative answer, then Question 3 does.

III.

$(\mathrm{a}’)\Rightarrow(\mathrm{b})$

.

By the proof of Theorem 1 (see [H5]), we have the following.
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Proposition 3. Let $X$ be a strongly countable-dimensional paracompact space. If
there is a compact
of $X$ such that has a countable character and
then $X$ satisfies the
Ind $F<\infty$ for every closed
of $X$ with
condition $(b)$ .
$C$

$sub_{\mathit{8}}paCeC$

$F\mathrm{n}o=\emptyset_{f}$

$sub_{\mathit{8}}paceF$

We do not know the proposition above holds for every s.c.d. paracompact space
satiswing the condition (K).

IV.

$(\mathrm{b})\Rightarrow(\mathrm{a}’)$

.

of Theorem 1 works well for paracompact spaces and it
The proof of
. (The metrizability is
shows that the condition (b) implies the condition
in Theroem 1). Hence the implication
used for the eqivalence between (a) and
holds for every paracompact space $X$ .
$(\mathrm{b})\Rightarrow(\mathrm{a})$

$(\mathrm{a}’)([\mathrm{H}5])$

$(\mathrm{a}’)$

$(\mathrm{b})\Rightarrow(\mathrm{a}’)$
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