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ON 2-HYPONORMAL OPERATORS

RsE Ay (BE) = X (Woo Young Lee)

The purpose of this talk is to make a brief survey of recent research related to 2-lvponormal
ODErators.

Let H and K be complex Hilbert spaces, let £(H, K) be the set of bounded linear operators from
H to K and write £L(H) := L(H,H). An operator T' € L(H) is said to be normal if T*T = TT*,
hyponormal if T*T > T'T*, and subnormal if T' = N|3;, where N is normal on some Hilbert space
K O H. Thus the operator T is subnormal if and only if there exist operators A and B such that

T = (g g) is normal, i.e.,

[[*,T) == T*T — TT* = AA®
(0.1) A*T = BA*
[B*,B] + A*A = 0.

An alternative description of subnormality is given by the Bram-Halmos criterion, which states that
an operator 7' is subnormal if and only if

> (Tiz;, Tix;) > 0

4,3
for all finite collections g, z1,- -+ ,zx € H ([Br],[Con, I1.1.9]). It is easy to see that this is equivalent
to the following positivity test:
I T Y
T TT ... T**T ‘
(0.2) : . AR >0 (all £ > 1).
TF TR ... TR

Condition (0.2) provides a measure of the gap between. hyponormality and subnormality. In fact,
the positivity condition (0.2) for ¥ = 1 is equivalent to the hyponormality of T, while subnormality
requires the validity of (0.2) for all k. Let (A, B] := AB — BA denote the commutator of two
operators A and B, and define T to be k-hyponormal whenever the k x k operator matrix

(0.3) My (T) = ([T, T)E,;

is positive. An application of the Choleski algorithm for operator matrices shows that the positivity
of (0.3) is equivalent to the positivity of the (k+1) x (k+1) operator matrix in (0.2); the Bram-Halmos
criterion can be then rephrased as saying that 7' is subnormal if and only if T is k-hyponormal for
every k£ > 1 ([CMX]). Now it is natural to ask whether k-hyponormal operators admit an extension
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T with one or more of the properties listed in (0.1). Recall ([At],[CMX],[CoS]) that T € L(H) is
said to be weakly k-hyponormal if

: k | .
LS((T,T?,...,T%)) == {Zaij ta=(ag,-,04) € C”}
j=1

consists entirely of hyponormal operators, or equivalently, M (T") is weakly positive, i.e., ([CMX])

: Aoz Aoz - ;
(0.4) (Mk(T)( : ), ( : )) >0 for z € Hand Ag,--- , A\, € C.

/\k:c )_\k:c

If kK = 2 then T is said to be quadratically hyponormal. Similarly, T' € L(H) is said to be polynomially
hyponormal if p(T') is hyponormal for every polynomial p € C[z]. It is known that k-hyponormal =
weakly k-hyponormal, but the converse is not true in general. The classes of (weakly) k-hyponormal
operators have been studied in an attempt to bridge the gap between subnormality and hyponor-
mality ([Cul],[Cu2],[CF1], [CF2],[CF3},[CLL],[CL1],[CL2],{CL3],[CL4],[CMX], [DPY],[McCP}). The
study of this gap has been only partially successful. For example, such a gap is not yet well de-
scribed for Toeplitz operators on the Hardy space of the unit circle: in fact, even subnormality for
Toeplitz operators has not yet been characterized (cf. [Hal], [Cowl], [CoL]). For weighted shifts,
positive results appear in [Cul] and [CF3], although no concrete example of a weighted shift which
is polynomially hyponormal but not subnormal has yet been found (the existence of such weighted
shifts was established in [CP1] and [CP2]). '

The following notion was introduced in [CL4].
1. Definition. An operator T' € L(H) is said to be weakly subnormal if there exist operators
A€ L(H',H) and B € L(H') such that the first two conditions in (0.1) hold: [T™,T] = AA* and
A*T = BA*. The operator T is said to be a partially normal extension of T'.

Clearly,
(1.1) subnormal = weakly subnormal => hyponormal.

However the converses of both implications in (1.1) are not true in general (see [CL4]).

The following theorem provides a clue for a model of 2-hyponormal operators.

2. Theorem ([CL4, Lemma 2.1]). IfT € L(H) is 2-hyponormal then T' has a linear (not necessarily
bounded) extension T on H®H satisfying the equality T*Tf = TT*f for all f € H. More precisely,

(2.1) P (r‘g [T :.S‘VTP):H@H—»H@H,

where S : ker{T*, T & ran[T™*, T] — H is defined by

[T*,T)3Tg if f=I[T*Tlig withg € ran[T*T]

@2) 5f = { 0 if fe€ ker[T , 1.
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Moreover if [T*, T has closed range (e.g., if [T*,T) is finite rank) then T' is weakly subnormal.

Recall that given a bounded sequence of positive numbers o : ag,a1,--- (called weights), the
(unilateral) weighted shift W, associated with o is the operator on #*(Z,) defined by Wee, =
Onenta for all n > 0, where {e,}22, is the canonical orthonormal basis for £2. It is straightforward
to check that W, can never be normal, and that W, is hyponormal if and only if o, < o4y for
all n > 0. If W, is a weighted shift with weight sequence a = {an}pZ(, then the moments of W,
are usually defined by By := 1, Bn41 := anfBy (n > 0) [Shi]; however, we prefer to reserve this term
for the sequence 7, := B2 (n > 0). A criterion for k-hyponormality can be given in terms of these
moments ([Cul, Theorem 4]): if we build a (k+ 1) x (k + 1) Hankel matrix A(n;k) by

Tn T+t  --- Tntk
(2.3) Ay = | T T T s,
7n.+k Tntktl - Ind2k
then.
(24) W, is k-hyponormal <= A(n;k) >0 (n>0).

In particular, for a strictly increasing, W, is 2-hyponormal if and only if

Tn Yn+1  Tn42
(2.5) det | Ynt1 Y42 iz | 20 (n2>0).
Tn+2 Tn+3  In+4

In [CL4] it was shown that 2-hyponormal weighted shifts are weakly subnormal operators pos-
sessing partially normal extensions which are hyponormal.

3. Theorem ([CL4, Theorem 1.2]). Let a = {an}32, be a weight sequence. If W, 1is a 2-
hyponormal weighted shift on H = ¢2(Z.), then Wy is weakly subnormal. Moreover, there erists a

partially normal extension W on K :=H & H such that
(i) Wg\zs hyponormal;
(i) o(Wy) = 0(W,); and
(i) |[Wall = [[Wall-

In particular, if a is strictly increasing then Wa can be obtained as

7.7 (Wa [Wa*7Wa]%

8.1) Weo = 0 Ws ) on K:=H&H,

where Wg is a weighted shift whose weight sequence {6} given by

2 2
az -«
n+1 n . .
Brn=o0ny[—5—=— Mm=0,1,---; a = 0).
a2 —oZ_,

In addition, if W, is 3-hyponormal then W, can be chosen to be weakly subnormal.

We now meet a natural question:



Question A. Is every 2-hyponormal operator weakly subnormal ¢

Towards an affirmative answer we must find a partially normal exténsion T. As a candidate one

might suggest, in view of (2.1), that ‘
' il

- T [T*,T]z \ -

0 S )

where $ is a continuous linear extension of S in Theorem 2. The key missing step is then to show
that § is bounded. ‘

On the other hand, do there exist hyponormal weighted shifts which are not weakly subnormal?
To answer this question, we first give an outer propagation property of weakly subnormal weighted
shifts.

4. Theorem ([CL4, Theorem 4.3]). Let T = W, be a weighted shift with weight sequence o =
{an}2 . Assume that T' is weakly subnormal. If oy = 0y for some n > 0 then anik = a, for
all k> 1.

5. Example ([CL4, Example 4.4]). With the aid of Theorem 4 we can find examples of operators
which are hyponormal (even quadratically hyponormal) but not weakly subnormal: for example, if

o= = \/g, Oy = Zi; (n>2) (cf. [Cul, Proposition 7]),

then W, is quadratically hyponormal but not weakly subnormal. , O

Now one might expect an inner propagation (and hence full propagation) for weakly subnormal
weighted shifts. But we don’t know if this is the case. In fact we were unable to decide if every
weakly subnormal weighted shift is 2-hyponormal. If a weighted shift 7" has a partially normal
extension 7' of the form (3.1) then we can see ([CL4, the proof of Theorem 1.2]) that T should be
2-hyponormal. But it is not evident that whenever a hyponormal weighted shift T has a partially
normal extension f, T should be of the form (3:1) up to unitary equivalence. Thus we would like
to pose the following: '

Question B. Is every weakly subnormal weighted shift 2-hyponormal ¢

Let’s turn our attention to 2-hyponormality of Toeplitz operators. Recall that the Hilbert space
L?(T) has a canonical orthonormal basis given by the trigonometric functions e,(z) = 2", for all
n € Z, and that the Hardy space H2(T) is the closed linear span of {e, : n =0,1,...}. An element
f € L*(T) is said to be analytic if f € H?*(T), and co-analytic if f € L?(T) © H?(T). If P denotes
the orthogonal projection from L?(T) to H?(T) and J is the unitary operator from L?(T) © H?(T)
onto H?(T), then for every ¢ € L®(T), the operator T,, on H?(T) defined by

T,g:=P(pg) (g€ H*T))

is called the Toeplitz operator with symbol ¢. It is well known that analytic Toeplitz operators are
subnormal.

The study of subnormal Toeplitz operators was originated from P.R. Halmos’s Problem 5 (cf.
[Hal|,[Ha2]): Is every subnormal Toeplitz operator either normal or analytic ¢ As we know, this
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question was answered in the negative by C. Cowen and J. Long [CoL|. But it is still open which
Toeplitz operators are subnormal ¢ The hyponormality of Toeplitz operators has been studied by M.
Abrahamse [Ab], C. Cowen [Cowl1],[Cow2], P. Fan [Fa], C. Gu [Gu], T. Ito and T. Wong [ItW], T
Nakazi and K. Takahashi [NT], D. Yu [Yu], K. Zhu [Zh], D. Farenick, the author, and his collabora-
tors (cf. [FL1},|[FL2],[CL1],[HKL],[KL]). An elegant theorem of C. Cowen [Cow3] characterizes the
hyponormality of a Toeplitz operator T, on H' %(T) by properties of the symbol ¢ € L*®(T). K. Zhu
[Zh] reformulated Cowen’s criterion and then showed that the hyponormality of T,, with polynomial
symbols ¢ can be decided by a method based on the classical interpolation theorem of I. Schur [Sch].
Now it seems to be interesting to understand the gap between k-hyponormality and subnormality
for Toeplitz operators. As a candidate for the first question in this line we posed the following

([CL1},[CL3}):
Question C. Is every 2-hyponormal Toeplitz operator subnormal ?

In [CL3], the following was shown:

6. Theorem ([CL3, Corollary 6]).: If T, is 2-hyponormal and if @ or @ is of bounded type (i.e., ¢
or @ is a quotient of two analytic functzons) then T, is normal or analytic.

In view of Theorem 6, it would be interesting to consider which 2-hyponormal Toeplitz operators
are subnormal. The first inquiry involves the self-commutator. Subnormal operators with finite rank
self-commutators have been studied by many authors ([Al], [McCYal, Mo}, [OTT], [Xil], [Xi2]). In
1975, I. Amemiya, T. Ito and T. Wong [AIW] showed that if T, is a subnormal Toeplitz operator
with rank-one self-commutator then ¢ is a linear function of a Blaschke product of degree 1. More
generally, B. Morrel [Mo] showed that a pure subnormal operator with rank-one self-commutator is
unitarily equivalent to a linear function of the unilateral shift. Very recently, in {CL4], it was shown
that every pure 2-hyponormal operator with rank-one self-commutator is a linear function of the
unilateral shift. On the other hand, J. McCarthy and L. Yang [McCYa] have classified all rationally
cyclic subnormal operators with finite rank self-commutators. However it is still open which are the
pure subnormal operators with finite rank self-commutator. Related to thls, in [CL3] we formulated
the following:

Question D. If T, is a 2-hyponormal Toeplitz operator with nonzero finite rank self—commutdtor,
does it follow that T, is analytic ¢ ‘

On the other hand, there exists a gap between 2——hypohormality and quadratic hyponormality for
weighted shifts (cf. [Cul]) However we have not been able to decide whether there exists a gap
between 2-hyponormality and quadratic hyponormallty for' Toeplitz operators.

Question E. Does there e:mst a quadratically hyponormal Toeplitz operator which is not 2—-hyponormal 7

REFERENCES
[Ab] M.B. Abrahamse, Subnormal Toeplitz operators and functions of bounded type, Duke Math. J. 43 (19786},
597-604.
1Al A. Aleman, Subnormal operators with compact selfcommutator, Manuscripta Math. 91 (1996), 353-367.

[ATW] 1. Amemiya, T. Ito, and T.K. Wong, On quasinormal Toeplitz operators, Proc. Amer. Math. Soc. 50
(1975), 254-258.

[At] A. Athavale, On joint hyponormality of operators, Proc. Amer. Math. Soc. 103 (1988), 417-423.

[Br] J. Bram, Subnormal operators, Duke Math. J. 22 (1955), 75-94.



[Con]
{CoS]
[Cowi]
[Cow?2]
[Cow3]
[CoL]
[Cu1l]
[Cu2]
[CF1]
[CF2]
[CF3]
{CL1]
[CL2]
[CL3]
(CL4]
[CMX]
[CP1]

[CcP2|
[DPY]

[Fa]
[FL1]

[FL2]
(Gul
[Hal]
[Ha2]
[HKL]
[ItW]
[KL]

[McCYa)
[McCP]

[Mo]
[NT]

[OTT]

J.B. Conway, The Theory of Subnormal Operators, Math. Surveys and Monographs, vol. 36, Amer. Math.
Soc., Providence, 1991.

J.B. Conway and W. Szymanski, Linear combination of hyponormal operators, Rocky Mountain J. Math.
18 (1988), 695-705."

C. Cowen, More subnormal Toeplitz operators, J. Reine Angew. Math. 367 (1986), 215-219.

, Hyponormal and subnormal Toeplitz operators, Surveys of Some Recent Results in Operator
Theory, I (J.B. Conway and B.B. Morrel, eds.), Pitman Research Notes in Mathematics, Vol 171, Longman,
1988, pp.(155-167).

, Hyponormality of Toeplitz operators, Proc. Amer. Math. Soc. 103 (1988), 809-812.

C.C. Cowen and J.J. Long, Some subnormal Toeplitz operators, J. Reine Angew. Math. 351 (1984), 216-
220.. '

R.E. Curto, Quadratically hyponormal weighted shifts, Int. Eq. Op. Th. 13 (1990), 49-66.

, Joint hyponormality:A bridge between hyponormality and subnormality, Operator Theory: Op-
erator Algebras and Applications (Durham, NH, 1988) (W.B. Arveson and R.G. Douglas, eds.), Proc.
Sympos. Pure Math., vol. 51, part II, American Mathematical Society, Providence, (1990), Part 11, 69-91.
R.E. Curto and L.A. Fialkow, Recursiveness, positivity, and truncated moment problems, Houston J. Math.
17 (1991), 603-635.

, Recursively generated weighted shifts and the subnormal completion problem, Int. Eq. Op. Th. 17
(1993), 202-246.

, Recursively generated weighted shifts and the subnormal completion problem, II, Int. Eq. Op. Th.
18 (1994), 369-426.

R.E. Curto and W.Y. Lee, Joint hyponormality of Toeplitz pairs, Memoirs Amer. Math. Soc. (to appear).
, Flatness, perturbations and completions of weighted shifts (preprint 1999).

, Subnormality and k-hyponormality of Toeplitz operators: A brief survey and open gquestions
(preprint 2000).

, Towards @ model theory for 2-hyponormal operators (preprint 2000).

R.E. Curto, P.S. Muhly and J. Xia, Hyponormal pairs of commuting operators, Contributions to Operator
Theory and Its Applications (Mesa,AZ, 1987) (I. Gohberg, J.W. Helton and L. Rodman, eds.), Operator
Theory: Advances and Applications, vol. 35, Birkhduser, Basel-Boston, (1988), 1-22.

R.E. Curto and M. Putinar, Existence of non-subnormal polynomially hyponormal operators, Bull. Amer.
Math. Soc. (N.S.) 25 (1991), 373-378.

, Nearly subnormal operators and moment problems, J. Funct. Anal. 115 (1993), 480—497.

R.G. Douglas, V.I. Paulsen, and K. Yan, Operator theory and algebraic geometry, Bull. Amer. Math. Soc.
(N.S.) 20 (1989), 67-71.

P. Fan, A note on hyponormal weighted shifts, Proc. Amer. Math. Soc. 92 (1984), 271-272.

D.R. Farenick and W.Y. Lee, Hyponormality and spectra of Toeplitz operators, Trans. Amer. Math. Soc.
348 (1996), 4153-4174.

, On hyponormal Toeplitz operators with polynomial and circulant-type symbols, Int. Eq. Op. Th.
29 (1997), 202-210. ‘

C. Gu, A generalization of Cowen’s characterization of hyponormal Toeplitz operators, J. Funct. Anal.
124 (1994), 135-148.

P.R. Halmos, Ten problems in Hilbert space, Bull. Amer. Math. Soc. 76 (1970), 887-933.

, A Hilbert Space Problem Book, 2nd ed., Springer, New York, 1982.

1.S. Hwang, I.H. Kim and W.Y. Lee, Hyponormality of Toeplitz operators with polynomial symbols, Math.
Ann. 313 (1999), 247-261.

T. Ito and T.K. Wong, Subnormality and quasinormality of Toeplitz operators, Proc. Amer. Math. Soc.
34 (1972), 157-164.

I.H. Kim and W.Y. Lee, On hyponormal Toeplitz operators with polynomial and symmetric-type symbols,
Int. Bq. Op. Th. 32 (1998), 216-233.

J.E. McCarthy and L. Yang, Subnormal operators and quadrature domains, Adv. Math. 127 (1997), 52-72.
S. McCullough and V. Paulsen, A note on joint hyponormality, Proc. Amer. Math. Soc. 107 (1989),
187-195.

B.B. Morrel, A decomposition for some operators, Indiana Univ. Math. J. 23 (1973), 497-511.

T. Nakazi and K. Takahashi, Hyponormal Toeplitz operators and extremal problems of Hardy spaces, Trans.
Amer. Math. Soc. 338 (1993), 753—-767.

R.F. Olin, J.E. Thomson and T.T. Trent, Subnormal operators with finite rank self-commutator (preprint
1990).

75



[Sch]

(Shi]
(Xi1]
[xi2]

[yu]

(zh]

76

.I. Schur, Uber Potenzreihen die im Innern des Finheitskreises beschrankt, J. Reine Angew Math. 147

(1917), 205-232.

A. Shields, Weighted shift operators and analytic function theory, Math. Surveys 13 (1974), 49-128.

D. Xia, Analytic theory of subnormal operators, Int. Eq. Op. Th. 10 (1987), 880—903.

D. Xia, On pure subnormal operators with finite rank self-commutators and related operator tuples, liit.
Eq. Op. Th..24 (1996), 107-125.

D. Yu, Hyponormal Toeplitz operators on H 2(']I') with polynomwl symbols Na.goya. Math, J. 144 (1996),
179-182.

K. Zhu, Hyponormal Toeplitz operators with polynomial symbols, Int. Eq. Op. Th. 21 (1995), 376-381.

DEPARTMENT OF MATHEMATICS, SUNGKYUNKWAN UNIVERSITY, SUWON 440-746, KOREA
E-mail address: wylee@yurim.skku.ac.kr



