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Normal Toeplitz matrices on C"

FALRFEEMAR HH 5 (Takashi Yoshino)

In this lecture, we gave an another proof of the characterization given in

[1] and also in [2] of the normal Toeplitz matrices on C".

For any positive integer n and for any a;, € C (j,k=1,2,---,n), let
a1 Q2 -+ Q1n
az1 Q22 -+ Azgn "
A= . . . = (ajx) on C
Up1 Ap2 - Up,n
and let
n times
0 0 1\
1 0
W = :
0 1
1 0 0
Then
Apn ' Op2 0njl
WAW = : : : (1)
Qon - Q22 Q21
aip - A12 Q11

Let A= (@p41-knt1—j) and let YA = (ax ;). Then, by (1), we have

WAW =1t(;A) = ,(*A) (2)

and  J(AB) = LW ABW) = "{(WAW)(WBW)}

=YW BW) Y(WAW) 5 +B A, (3)
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If T is a Toeplitz matrix on C”, then

tT'—ZT
and T*T) = T (T*) = TT* 5
(T'T) = /T (") = ®)
and, in particular, we have

T*T ; Toeplitz matrix Z:) ATy =TT

= T ; normal
(5)
Since ((T*T—TT*) = (T*T)—+(TT™) = TT*—T*T, we have the following
by (4).

Theorem 1. For a Toeplitz matrix T on C", T' is normal if and only if

T*T — TT* is a Toeplitz matrix.

Henceforth we assume that the Toeplitz matrix T on C” is represented as

follows ;
ag a_y1 - A_n+1
a
T=1 "
a1
p—1 -+ @ Qg
where @, (j = 0,%£1,42,.--,%(n — 1)) are some complex numbers. Then

7
T*T = (tj k), where tjr= ) Gm—jlm—k, and T*T —TT* = (a; ), where
m=1

. n
®jk = z : Um—j0m—k — § Ak —mGj—m

m=1 m=1
and hence, by Theorem 1, we have the following.

Theorem 2. The Toeplitz matrix T' on C" is normal if and only if, for

any,jvkzlaza"' 772’_17
(6)

A—jG—f — QkAj = Ap—jAn—k — O (n—k)Q—(n—j)-
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Let n — k instead of k in (6). Then, for any j,k=1,2,--- ,n — 1, we have

A_jQ_(p—k) — Qp—kQj = Qp—jAk — G Q_(p—j)- (6-1)

Let £ = j in (6) and (6-1) respectively. Then, for any 7 =1,2,--- ,n — 1,

we have
la—jl* = laj* = lan—;I* = la_u—p (6-2)
and @ a_(y—j) = Upp_;a; (6-3)
and hence |a_;| = |a,—j| or |a_;| = |a;]|
. a_j; = ei"’f@
ie., " for some ¢;, ¥; € [0,27). (6-4)
or a_j= e¥s Up—j

Ifa_;= ei"”jﬁj, then, by (6-3), we have
0= e a0 (n—j) = Tnjt; = €0 (a—(u—j) — € Tn ;)
and
a_;j = €“%a; (a; #0) implies A (n_j) = €= (6-5)
And ifa_; = ewjan_j, then, by (6-3), we have
0= e‘id’jw_j(L-_(,L;j) —Up_ja; = e“i’/’fﬁ;{:j(a_(n_j) — e“/’faj)
and
a_j = ewﬂ'anﬁ (@n—j #0) implies a_(,—j) = ¥ a; (6-6)

a_; = €*ia; (aj # 0)

| . then, by (6), (6-5) and
Q_j = e“/)ka'n,—k, (an_k —_7£ O) en Y ( ) ( ) an

In particular, if {
(6-6), we have

ey i it it
{ a_j = e¥ia; = ¢e'¥ie (3 If’k)an_] =e f/kan_J

iy T o
or a_g = €Wka,_j = eVre s Pi)ay = e ar.



and

— ot )
a-j =¢€ Wan_j

{ aj =€ (¢ #0) 67)

. implies
a_p = €% a,_ (an— #0) P {

or a_jp =¢e¥ia.

Lemma 1. Under the conditioh (6),ifa; #0, ap #0, ap—j #0, an—k #0
and if g—a:—JI # |*2=£|, then, for some ¢, ¥ € [0,27),

a_j = €e*¥aj a_j; = e“/’an-j
.7 or ”
a_p = e*¥Pag - = €¥ap—k.

Lemma 2. Under the condition (8), if a; # 0, ax # 0, dn_j £0, Gk #0

and if 22=i £ 22=k then
a;j ak
a_; = ea; a_; =€e%a,_;
J Py __J_ and also - ” /
a_j = e*¥ay a_p = €e€¥a,_
implies that, for any m =1,2,--- ,n —1,
Ay = €%, (and a_,, = é¥a,_m respectively).

Lemma 3. Under the condition (6), if a; # 0, ax # 0, an -5 # 0, (n—k 7& 0

and 1f|a" | = [=2=£] = [ %], then

{ a—j = ei(pja; = eid)jan_j { Up—j = ei((‘pj_d)j)a—j and { Yi = Pk |
or ;= .

a_p = EPRay = eVran i, Ak = ei(¢k—¢k)a‘lz

In particular, i

L G — ey .
{a_J—e 1 = eVia,_;

a_y = e¥iag = €¥iq, .

Lemma 4. Under the condition (8), if a_; = €*¢@; (a; # 0) and if a,—j = 0,
then

e = €%am (m=1,2,--- ,n—1).
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Lemma 5. Under the condition (6), if a_; = e¥a,,_; (a,—; # 0) and if

a; = 0, then

Gm=€%n_m (M=1,2,--- ,n— 1).

Theorem 3. ([1], [2]) The Toeplitz matrix 7' on C” is normal if and
only if, for some 6 € [0, 27), ' '

A—m = eigm (m =1,2,--,n— 1) (type I)
or am=6%y, m (m=1,2---,n—1) (typeII).

Proof. By Theorem 2, we have only to prove that the equation (6) implies
(type I) or (type II) because (6) is satisfied clearly for each case of a_’s such
as (type I) and (type II).

(case 1) If dj =0(=12---,n—1),thena_j =0 (j =1,2,---,n—1) by
(6-4) and hence (type I) and (type II) occur at the same time.

(case 2) If there exists j such that a_; = €*°a; (a¢; # 0) and that a,—; = 0,
then, by Lemma 4, (type I) occurs.

(case 3) If there exists j such that a_; = e a,_; (@n-; # 0) and that a; = 0,
then, by Lemma 5, (type II) occurs.

- If aj =0, then, by (6-3), a=ja_(,—;) =0 and we have a_; = 0 or a_(,,_;) =
0. In the case where a_; # 0, by (6-4), a_j =€e¥ig;=0or a_; = eia,_; and
we have a(,,— ;) # 0 and hence (case 3) occurs. In the case where a_,_;) # 0, by
(6-4), a_(n—j) = ei%"i&'{:j‘ Or U_(j—j) = e¥n-iaq; = 0 and we have A(p—j) # 0
and hence (case 2) occurs. Therefore we may consider the case that a_; =
a_(n—j) = 0. And then, by (6), we have @, ja,_r =0 (k =1,2,--- ., n—1)
and we may assume a,-; = 0 because, in the other case, (case 1) occurs. And

henceforth we may assume that
aj =0 implies a,—; =0 andthen a_j;=a_(,_;)=0 (#)
by (6-4). And hence

the equations of (type I) and (type II)

are satisfied for each j such as a; = 0. (b)



And henceforth we may assume that there exists some jp such that a;, # 0
and a,_j, # 0. Then, by (6-4), (6-5) and (6-6), we have

(case 4)

(case 5)

(case 6)

(case 7)

i . i
{a__JO—e 70050 or {a*JO“e 70 An— o

= eWPieF = eWioga.
A—(n—jo) = €770 ln—jq A—(n—jo) = €770 0jq-

If a; = O for all j # jo, then a,—j = a_j = a_(,—j) =0 for all 5 ;é Jo
by (#) and (type I) or (type II) occurs by (b).

o o |,

ajy

then, by Lemmas 1 and 2, (type I) or (type II) occurs because (LJ1 # 0

implies a,_;, # 0 by (}).

If there exists some j such that aj, # 0, )a’;J7°| = Ia’;] B2 | = | 22|
0 2

and that “2=fe £ 2z then, by Lemmas 3 and 2, (type I) or (type

IT) occurs because (LJ2 7é 0 implies @y —j, 70 by ().

If there exists some j; such that aj, # 0 and that

An— jo

If |a';;0j°] = |a;:1| = Ia?”J[ and azm“’ = ———U'Z_;j for all j # jo such as

a;j # 0, then, by Lemma 3 and by (b), (type I) and (type II) occur at
the same time because a; # 0 implies a,—; # 0 by (f).
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