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Let H be a separable complex Hilbert space with an inner product (, ). A convex
cone Ht in H is said to be selfdual if Ht = {¢ € H|(§,n7) > 0Vn € H*}. The set of
all bounded operators is denoted by L(H). For A, B € L(H) we shall write

AdB if (B-A)(HY)CH'.

Since H is algebraically spanned by H™, the relation “<” defines the partial order on

L(H). For example, let
A
ot — { ( ;) ‘,\1,... An 20},

An
which is a selfdual cone in C*. Then A = ()\;;) > O if and only if )\,] Zv 0 for

i,j =1,--- ,n. We have had many results of such positive matrices(see [HJ, Chapter

8]).
The next example is a set of all n-by-n positive semi-definite matrices denoted by

Mt which is considered as a selfdual cone in C". For an n-by-n matrix A, let denote
A: X — AXA* X € M,,.

Then A > O for all A € M,.

The following proposition is valid for a general selfdual cone.



32

Proposition 1. Let H be a Hilbert space with a selfdual cone HY. Then for bounded
operators on H we have the following properties:
(1) IfO<Q Ay 2By and O < Ay 9 By, then O <4 A1 Ay < B1By. In particular, if
O 9 A4 B, then A™ 4 B™ for every natural number n.
(2) It is not true that A,B > O and O I A< B imply A* < B3,
(3) If O QAL B, then O 4 A* < B*.
(4) IfA,A"1 BB~ >0 and A< B, then B~1 9 A~
(5) FOSASB, then || A< B .

Proof. (1) By assumption A;(H*) C H* and (B; — 4;)(H*t) C Ht hold for 1 = 1,2.
Since '

B1B; — AjA; = B1(By — A3) + (By — Ay)A,,

we obtain the desired inequality.
(2) Consider the case where H = C%, H* = C?*. Put for a sufficiently large number
A and a sufficiently small positive number u
(24X 1—p
T\l—p 242

2 1
-(12) »
Then A* 4 B¥ and

_ (5 4 _(CHENT+ (1 =) 224+ N)(1—p)
A‘<4 5>SB“< 2(2+A)(1—»5 (2+A)2+(1—#u)2)'

W
=

A

(3) Let A(H*) C ‘H*. Then we have (A*¢,n) = (£, An) > 0 for all £,n € H*. The
selfduality of H* shows that A* > O. By substituting B — A for A, we obtain the
desired property.

(4) If A < B, then from (1)

B™'=A"T"AB' 9 A7'BB = A7
(5) For A D> O, put
I A ll+=sup{]| A& [I;]| € |<1,€ € HT}.

Suppose O 4 A d B. Note that if n —¢ € H* for £,n € H™T, then || £ ||<|| n ||, because
I II* =1 € 1= (n—€,m+€) 2 0. Since || A |+ <|| B ||+, it suffices to show || - [+ =] - ||
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It is known that any element { € H can be written as £ = §; — €2 + (€3 — €4),& L
£2,€ L &4, for some & € HY. Then || € ||?= Yo, || & ||*. Noticing that A > O, we
see that

i .
1A | =|| A& — A&; + (A& — A&y |P= ) || A& |I° ~2(A6y, A&) — 2(As, ALs)

=1

<|| Aéy + A&y +i(Abs + A& |1P=]| A& + &) I + 1| A(és +€0) I
<TAWN & +E 1P +HITAIRI &+E =l AIGNEN.

It follows that || A ||<|| A ||+. The converse inequality is trivial. O

We shall next deal with a selfaual cone associated with a standard von Neumann
algebra. Let (M, H,J,H") be a standard form of a von Neumann algebra in the sense
of Haagerup [H]. Namely,

(i) JE=¢, e HT,

(ii) IMJ = M/,

(i) JXJ =X*, X € Z(M),

(iv) XJXJ(HT) C HT, X e M.
Every von Neumann algebra has a standard representation. In pa.rticﬁlar, suppose
that M is a von Neumann algebra with a cyclic and separating vector & € H, i.e.
Méy = M€y = H. Put See X & = X*&,VX € M. Then S, is a closable conjugate
linear operator on H, and the closure of Sg, is also denoted by Sg¢,. Let Sg, = Jg, A;fo

be a polar decomposition of Sgo, where J¢, is an isometric involution on H and Ag, =

SZOSEO' Put
HE = {XJe X Te bl X € M}~ = {Af X*X&|X € M},

which is a selfdual cone in H. Then (M,H,J¢, ,’HZ)) is a standard form.

Proposition 2. Let (M, H,J,Ht) be a standard form of a von Neumann algebra.
Given an element A € M, the following conditions are equivalent:

(1) A>O.

(2) A€ Z(M) and A > O.

Proof. Suppose A > O,A € M. Choose an arbitrary element £ € H. Then one can
write as £ = & — &3 +1(€3 — &4), & € HT such that M&; L M, M& L ME,. We ten
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have

4
(46,6) = D (4, 6) 2 0.

Hence A > O. Moreover,since J€ = £; — €, —1(€3 — €4), we get

(JAJTE,€) = (JE ATE) = Z(éi,Aen = (€, A¢€).

=1
It follows that A = A* = JAJ € M'. The converse implication is immediate. [
Let H},n € N, be a family of selfdual cones in ‘H,, where H, means H ® M,(=
M,(H)). Put st : A A*, A € M, ,,, where M, ,, means a set of all n-by-m matrices.

We write J, m = J ® st. We call (M, H, 'H;‘,‘ ,n € N) a matrix ordered standard form,
if for every A€ M@ M, n, '

AJp mAJm(HE) CHE

holds. Every von Neumann algebra can be represented as a matrix ordered standard
form(see [SW2]). In the case where M has a cyclic and separating vector as above,

put for each n € N
(Hﬁo)jz- = E{[‘X’i‘fﬁo){jJﬁo‘SO Zj:l[Xi € Mj}.

Here TG denotes the closed convex hull. Then (M,H,(He,)7) is a matrix ordered
standard form. Such a von Neumann algebra associated with (He, ), n € N, is ﬁ.niquely

determined. Given a matrix ordered standard form (M, H,H;}), put, for A € M
At = AJAJE for all € € H.

If A € M, then A is completely positive, and we shall write A > O. In fact, we
obtain for [€;;] € H},n e N

A®idnaléij] = [Ati;] = [ATATE;)
= (A®idy)Jn(4A ®id,)Ja[6:5] € HE.

It is immediate that for A € L(H), A > O implies A > O. The sufficient and
necessary condition that A > O is equivalent to A >, O for all A € L(H) is that M

is abelian(see [M, Corollary 1.6]).
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Proposition 3. For a matriz ordered standard form (M, H, H}), suppose A € L(H),
A>0,A> O. If A has a closed range and the support projection of A is completely
positive, then for all € R, A% >, O.

Proof. Let P be a support projection of A. Put ' = PM|py. Since P is completely
positive, we see from [MN, Lemma 3] that (M, PH, P,/H;}) is a matrix ordered stan-
dard form. By assumption, PA = AP > O, B> O, and PA maps a selfdual subcone
PH* in PH') onto itself. It follows from [C, Theorem 3.3] that there exists an element
B € Nt such that PA = BJBJP. Hence

A* =B*“JB*JP >, O
for every real number a. O

Theorem 4. With (M, H, H}) as above, let O < A 4 B/A € L(H),B € M. If
B is injective and has o dense range, then there exists an element C € Z(M)t with
| C |€ 1 such that A = CB. In particular, if M is factor, then one can choose a
scalar A with 0 < A < 1 such that A = AB.

Proof. Consider the polar decomposition B = U|B| of B. By assumption U is a unitary
element of M, and so U > O and U* > O by Proposition 1 (3). Hence we may assume

IB1|
B to be positive semi-definite. Let B = / AdE) be a spectral decomposition of B.
0 .

Bl . N L .a
Put P, = / dE) for n € N. Then one sees that P, / I and P,AP, < P,BP,
1

by Proposition 1 (1). Since P,BP, is invertible on P,H, where the inverse shall be
denoted by (P,BP,)™!, we have

0 < P AP (P B < P,

There then exists an element ¢, in an order ideal Zp ,,; of a selfdual cone PH?* with
| en ||€ 1 such that P,AP,(P,BP,)"1¢ = c,¢ for all ¢ € P,H. By [I, Theorem
VIL.1,2 3)] we obtain that ¢, € Z(PnM|P"H)+- Since PnZ(M)Isn = Z(PnMpn), we
can find an element C, € Z(M) such that ¢, = anC'nPnﬁ for all £ € P, H. Since
P,B = BP,,n € N, we have

pn+lcn+lpn+1£ = f)n+1AI:’n+1(pn+11§13n+1)—113n§
- An+1APn(pnBPn)_1€ = Pncnpné
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for all £ € P, H. Since {PnCn]Sn} is a bounded sequence, one can define
C¢ = lim P,C,P,¢, £ € H.
Thus C € Z(M)™, || C ||< 1 and we get

A =s-lim PnAPn

n—oo

—=s- lim P,C,P,AP,

n—0o0

= CB.
This completes the proof. O

Now, consider two matrix ordered standard forms (M @, 7O, ’HSH) and (M3,
HP, 7'{512)+) with respective canonical involutions J) and J(?). Given an arbitrary

element ¢ € HO, let R, be a right slice map of HD @ H® into H? such that
RE(£I ® nl) — (6,,6)"7,,6, € H(l),n, € H(Q)'
For any element z € H(Y) @ H(?), we put

(2)(€) = Ryme(z), € € HO.

Then ®(z) is a map of Hilbert-Schmidt class of H() to H(?). A set of all maps
of Hilbert-Schmidt class of H®) to H(? is denoted by HS(HM, H?). A set of all
conipletely positive maps of (H(1), 'H,(SHJ) to (’H(Z),'H%ZH) in HS(HM , H®) is denoted
by CPHS(HW+  H®+). Here H = {t[gi;]7 L, 1651752, € HOTY is a selfdual
cone corresponding to M@ We shall here write HO+ @ HP* for a selfdual cone
corresponding to M) @ M?), Tt was shown in [MT, SW1] that

HO+ @ HOF = {z € HD @ H®|@(z) € CPHS(HO  HPH).

Thus
d: HO @H®® 5 HS(’H(I),’H(Z))

is an isometry mapping H(I+ @ H(2+ onto CPHS(H(D’*',, HP+), In fact, ® is isomet-
ric. Suppose that HS(H!), H(?)) has an inner product

(A, B) =) (Aex, Bey),
k=1
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where {e} is a complete orthogonal basis of H(1). Noticing that {J(Me;} is a complete
orthogonal basis of H(!), we obtain for a complete orthogonal basis {fi} of H?®

(@(TWe; ® f;),2(TWer @ fj1))

=) (2(JMe; ® fi)(ex), B(JPVewr ® fir)(ex))

x
[ry

(Rywe,(TWei ® fi), Rywe, (T WMew ® fir))

((J(1)6i7 J(l)ek)fja (J(l)ei,7 J(l)ek)fj’)

(s I0Je

1

Il
o>

i1 0551,

for 4,7,4',j' = 1,2,---. Therefore, (3(MD @ M@)®~1 HS(HWD HP), &(JD @
J@)@=1 CPHS(HMW*' H®+)is a standard form. Using the Radon-Nikodym theorem

for L2-spaces [S, Theorem 1.2], we obtain the following proposition:

Proposition 5. Let (M, H,H}) be a matric ordered standard form. Then (3(M'®
M@~ HS(H, H),®(J ® J)®~1,CPHS(H*, H*) is a standard form which is isomor-
phic to (M' @ M\H Q@ H,J ® JyHT ® H*) by the identification ® : HQ H —
HS(H,H)defined as above. If A,B € HS(H,H)such that O <., A J¢p B, then there
exists an element C € (M’ @ M)t with || C ||< 1 such that A= 8CP~1B.
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