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Abstract

In this paper, we discuss equi-continuous semigroups of class (Cy) and infinite dimensional
stochastic processes generated by functions of the Lévy Laplacian following our recent results.

1. Introduction

An infinite dimensional Laplacian, the Lévy Laplacian, was introduced by P. Lévy [17]. This
Laplacian was discussed in the framework of white noise analysis initiated by T. Hida [4]. L.
Accardi et al. [1] obtained an important relationship between this Laplacian and the Yang-Mills
equations. It has been studied by many authors ( see [1, 2, 3, 5, 7, 8, 13, 15, 16, 18, 21, 22, 23,
24 etc]).

In the previous papers [25,26] we obtained stochastic processes generated by the powers of an
extended Lévy Laplacian and also in [29] we obtained stochastic processes generated by some
functions of the Laplacian.

The purpose of this paper is to present recent developments on stochastic processes associated
with functions of the Lévy Laplacian acting on white noise distributions based on the idea in
[26,27,29,30].

The paper is organized as follows. In Section 2 we summarize some basic definitions and results
in white noise analysis. In Section 3 we introduce a Hilbert space as a domain of the extended
Lévy Laplacian which is self-adjoint on the domain following our previous paper [27], and we
give an equi-continuous semigroup of class (Cy) generated by some functions of the extended
Lévy Laplacian. In Section 4 we give infinite dimensional stochastic processes generated by
those functions of the Lévy Laplacian. In the last section we give a homeomorphism to connect
the Number operator to the Lévy Laplacian and also give a relationship between the semigroup
generated by the Lévy Laplacian and an infinite dimensional Ornstein-Uhlenbeck process.
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2. Preliminaries

In this section we assemble some basic notations of white noise analysis following [7, 12, 15,
19].

We take the space E* = S'(R) of tempered distributions with the standard Gaussian measure
u which satisfies

[3* exp{i(z,£)} du(z) = exp (—%lflg> , &€ E=S8R),

where (-,-) is the canonical bilinear form on F* x E.

Let A = —(d/du)?+u®+ 1. This is a densely defined self-adjoint operator on L?(R) and there
exists an orthonormal basis {e,;v > 0} for L?(R) such that Ae, = 2(v + 1)e,. We define the
norm | - |, by |l = |APf|o for f € E and p € R, where | - |¢ is the L*(R)- norm, and let E, be
the completion of E with respect to the norm |- |,. Then E, ia a real separable Hilbert space
with the norm | - |, and the dual space E,, of Ey, is the same as E_, (see [10]).

Let E be the projective limit space of { E,; p > 0} and E* the dual space of E. Then E becomes
a nuclear space with the Gel'fand triple E C L?(R) C E*. We denote the complexifications of
L?*(R), E and Ep by LL(R), Ec and Ec ,, respectively.

The space (L?) = L?(E*,u) of complex-valued square-integrable functionals defined on E*
admits the well-known Wiener-1t6 decomposition:

(12) = P Ha,
n=0

where H, is the space of multiple Wiener integrals of order n € N and Hy = C. Let L (R)&"
denote the n-fold symmetric tensor product of L&(R). If ¢ € (L?) has the representation

=300 Lu(fn);, fn € L2C(R)®", then the (L?)-norm ||¢||o is given by

oo 1/2

lello = (Z nllfnlg) :
n=0

where | - |g is the norm of L2C(R)®".

For p € R, let ||¢|l, = |[['(A)P¢|lo, where I'(A) is the second quantization operator of A. If
p >0, let (E), be the domain of I'(4)?. If p < 0, let (E), be the completion of (L?) with respect
to the norm || - [|p. Then (E)p, p € R, is a Hilbert space with the norm || - [|,. It is easy to see
that for p > 0, the dual space (E),, of (E), is given by (E)_p. Moreover, for any p € R, we have
the decomposition

(E)P = @ Hr(zp)a
n=0

where HP is the completion of {I,(f); f € E%"} with respect to || - ||,. Here Eg" is the n-fold
symmetric tensor product of Ec. We also have HYP = {I.(f); f € E%';)} for any p € R, where
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E®" is also the n-fold symmetric tensor product of Ec ,. The norm |||, of o = 302 1 I,(fs) €
(E)p is given by

© 1/2
”W”p - <Z n"fnl?;) y Jn € E%r’;,)

n=0

where the norm of E®'; is denoted also by | - |p.

The projective limit space (E) of spaces (E)p, p € R is a nuclear space. The inductive limit
space (E)* of spaces (E),,p € R is nothing but the dual space of (E). The space (E)* is called
the space of generalized white noise functionals. We denote by < -,- > the canonical bilinear
form on (E)* x (E). Then we have

[e o]

< 8,0 >=Y " nl(Fy, fa)

n=0

for any & = 3" ° (I,(Fp) € (E)* and ¢ = 300, I,(fn) € (E), where the canonical bilinear
form on (E&™)* x (EE") is denoted also by (-, -).
Since exp(-,£) € (E), the S-transform is defined on (E)* by

Ste)9) = e (—5(60)) < Bexp(8) >, ¢ Fo.

3. An equi-continuous semigroup of class (Cp) generated by a function of the Lévy
Laplacian

Let & be in (E)*. Then the S-transform S|®| of ® is Fréchet differentiable, i.e.

S[@](§ + n) = S[@](&) + S[@]'(&)(n) + o(n),

where o(7) means that there exists p > 0 depending on & such that o(n)/|n|, — 0 as |n|, — 0.

We fix a finite interval T in R. Take an orthonormal basis {(,}32, C E for L?(T) satisfying
the equally dense and uniform boundedness property ( see [7,15,16,18,24, etc] ). Let Dy, denote
the set of all ® € (E)* such that the limit

N-—
ALS[D](¢) = lim -]—t,—z [2]"(€)(Cns Cn)

exists for any { € E¢ and is in S[(E)*]. The Lévy Laplacian Ay is defined by
ALd = S"1ALSD

for & € Dy,. We denote the set of all functionals ® € Dy, such that S[®|(n) = 0 for all y € E
with supp(n) C T¢ by DL.
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A generalized white noise functional

d = A Flug,. .. uy) : €012 . giana(un) . gy € DT (3.1)

feLLR)®*NLLR)®", ar € Rk =1,2,.
is equal to
/ flus,. .., up) : €91%1) ... glanun) - gy
™"
and the S-transform S[®] of ® is given by
S[®](¢) = / Flu)ei®s) | giant(un) gy (3.2)
Tn

This functional is important as an eigenfunction of the operator Ayr. In fact, we have the
following result:

Theorem 1.[27] A generalized white noise functional ® as in (3.1) satisfies the equation
2
T 7] 2 Z a2d. (3.3)

We set n
D, = {/ OV ) . dque DI fe EC(R)®n}
™ v=1

for each n € N and set Dy = C. Then D,, is a linear subspace of (E)_, forany p > 1, and A is
a linear operator from D,, into itself such that [|A;®||_p = I—%’,—[||<I>|| _p for any & € D,,. We define -

a space D,, by the completion of Dy, in (E)_, with respect to ||-||_p. Then for each » € NU{0},
D,, becomes a Hilbert space with the inner product of (E)_,. For each n € NU{0}, the operator
Ap can be extended to a continuous linear operator Ar, from D, into itself satisfying

_— n —
IAL®|_p = |—7—:||}<I>||_p for any ® € D,,.

The operator A, is a self-adjoint operator on D,, for each n € N U {0}.

Proposition 2. [27] Let ® =Y ;72 ®n, ¥ = > 2o ¥, be generalized white noise functionals
such that ®, and U, are in D,, for eachn € NU{0}. If ® = ¥ in (E)*, then &, = ¥,, in (E)*
for each n € N U {0}. '

Let an(n) = Ze 0 (—%) . Proposition 2 says that 5%, ®,,®, € D,, is uniquely deter-
mined as an element of (E)*. Therefore, for any N € N U {0}, we can define a space E_, v
by

E_,n= {Z ®, € (E); Z aN(n)H@nH2_p < 00,®, € D,,n=0,1,2,.. }
n=0

n=0
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with the norm ||| - |||—p,~ given by

0o 1/2 o
11| -py = (z aN<n>||<x>nuzp> 8-S 6, cE
n=0 —

n=0

for each N € NU{0} and p > 1. For any N € NU{0} and p > 1, E_, y is a Hilbert space with
the norm ||| [[]p,v- |

Put E o = [In>1 E—pn with the projective limit topology and define E_, _« by its dual
space. If we introduce a Hilbert space E_, n by the dual space of E_, 5y with the norm

Il [||—p,~n given by

(S 1/2 [ele}
N8|, = (z aN(nrln@nuap) 6= G, e B .
n=0

n=0

Then, for any N > 1, we have the following inclusion relations:
E pow CE N1 CEpNCE 1 C(E)pCE_p 1CE_, NCE_j, N 1CE__w.

The space E_,  includes D,, for any n € N U {0}. The operator AL can be extended to a
continuous linear operator defined on E_, _,, denoted by the same notation AL, satisfying
IAL®|||-pn < ||1®|]]-p,N+1, ® € E_pn41, for each N € Z* = Z \ (—1,1). Any restriction of
AL is also denoted by the same notation Ay. With these properties, we have the following:

Theorem 3. The operator Ay restricted on E_, n11 15 a self-adjoint operator densely defined
on E_, n for each N € Z* and p > 1. '

Proof: We can apply the same proof of Theorem 2 in [27] to this theorem. O

Let { X;;t > 0} be a stochastic process and cx, (z) be a characteristic function of X;. For each
t > 0 we consider an operator G[X;| on E_, _, defined by

G[X,])® = ni;)cxt (I%) &,

for ® =320 Pn € E_p _. Forany & =372 1 &, in E_, _, there exists N € Z* such that
® € E_, v. Then, for any ¢t > 0,p > 1, the norm [||G[X;]®|||_p,n is estimated as follows:

n ()

0
< S anv@)l|®al2, = (11811128
n=0

2

lIGIXell2,y = Y on(n)
n=0 -p

where ay(n) means a_y(n)~! for N < 0.
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Thus the operator G[X| is a continuous linear operator from E_j, _ into itself. Moreover we
have the following:

Proposition 4. Let {Xy;t > 0} be a stochastic process. Then the family {G[X;];t > 0} is an
equi-continuous semigroup of class (Co) if and only if there exists a complez-valued continuous
function h(z) of z € R such that h(0) = 0 and cx,(z) = M2t for all t > 0.

Proof: If there exists a complex-valued continuous function k(z) of z € R such that cx,(z) =
M@t then it is easily checked that G[Xo| = I, G[X3]G[X] = G[Xi] for each t,s > 0. Moreover
we can estimate that

I1G[X:]® — Gl X @lI1Z p v

(o) n n 2
ool (1) - () 0
< 43 an()l|@allZ, = 4@, x < oo

n=0

for each t,tg > 0, N € Z* and ® = Y22, &, € E_, n. Therefore, by the Lebesgue convergence

theorem, we get that
tlintl G[Xi]® = G[X4,|® in E_p
—t0

for each ty > 0 and ® € E_, _oo. Thus the family {G[X];¢ > 0} is an equi-continuous semigroup
of class (Cg). Conversely, if {G[X;];¢ > 0} is an equi-continuous semigroup of class (Cp), then

n

it is easily checked that cxg, (ﬁ,—') = 1, cx, (%) cx, (%) = CXyys (*—T—) for any ¢,s > 0 and
lim; 44 Cx, (|—"T—!) = CXy, (%) for any tg > 0 and n € N. Therefore, by the continuity of cx,(z)
of z, we have that cx, = 1, cx,cx, = Cx;4, for any t,s > 0 and lim; 4, cx, = cx,, for any
to > 0. Consequently, there exists a complex-valued function h(z) of z € R such that 2(0) =0
and cx,(z) = eM?)t. Since cx,(2) is a characteristic function, the function k(z) is continuous. O

For any p > 1 and complex-valued continuous function k(z), z € R satisfying the condition:
(P) there exists a polynomial r(z) of z € R such that |h(2)| < r(|z|) for all z € R,

the operator h(—Apr) on E_, _ is given by

h(=B0)® =2,k (%) By, for & =2, Bp € E_p oo
Theorem 5. If h(z) in Proposition 4 satisfies the condition (P), then the infinitesimal gen-
erator of {G[Xy];t > 0} is given by h(—ApL).

Proof Letp > 1andlet ® = Y02 ®, € E_, . Then, there exists N € Z* such that
® € E_, n. Let d, be the degree of the polynomial 7 in the condition (P). Then we note that

‘(eh(l%t)t -1 h(%)) o,

2

=Y an-q4,(n)

_pyN'—d’f’ n=0

Jeie=2-

—P
(3.4)
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Since e}t is a characteristic function, we note that Re[h(z)] < 0. By the mean value theorem,
for any ¢t > 0 there exists a constant 6 € (0,1) such that

()| <o (1.

eh(l_%>t -1

t

Therefore we get, that

2

1®al2,

Ik I e )

dr (%)2 ®ali2,-

2
Since there exists a positive constant C, depending on r such that ay_g.(n)r (I_%I) <.Cran(n),

AN

we have - )
n
S an_a, (0)r (m) 18412, < co. (3.5)
n=0
By (3.4), (3.5) and
h(75)t
L le VT -] n _
tg| ()| =
the Lebesgue convergence theorem admits
X,)® - ® —a I
lim GXie - h(-AL)® =0.
t—0 t —p,N—dy

Thus the proof is completed. O
4. Stochastic processes generated by functions of the Lévy Laplacian

In this section, we give stochastic processes generated by functions of the extended Lévy
Laplacian by considering the stochastic expression of the operator G[X3].

Let {X};t > 0} be a stochastic process such that {G[X;];¢ > 0} is an equi-continuous semi-
group of class (Cp) and satisfies the condition of Theorem 5. Take a smooth function 7y € E

with np = Wlﬂ—‘ on T. Put GT}(/t] = SG[X;]S~! on S[E_p ] with the topology induced from E_,

—

by the S-transform. Then by Theorem 5, {G[X;];t > 0} is an equi-continuous semigroup of
class (Cy) generated by the operator h(—A7), where Az means SALS™1.

Let {X;;t > 0} be an E-valued stochastic process given by X; = € + Xyn, £ € E. Then we
have the following:
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Theorem 6. Let F be the S-transform of a generalized white noise functional in BE_p o. Then
it holds that

—

G| Xi|F(¢) = E[F(Xy)|Xo =¢], £€E.

Proof: Put F(€) = [p= f(u)e ) ... ¢#un)du with f € Eg". Then we have
E[F(X4)|Xo =& = E[F(¢{+ Xer)]
_ / F(u)ef®) . .. B[ THTX gy
TTL
= M) P = CXIF(E).

Let F = "% o F, € S[E_p,c0)- Then for any n € NU{0}, F;, is expressed in the following form:
Fp(€) = lim / f[N](u)e’f(“l) el gy
N—oo Jpm

where (fI¥])y is a sequence of functions in Eg". Hence we have

[o o]

E[|Fa(€ + Xunr)l]

n=0
= ZE [ﬁmN_m lan IV (u) e ) ... giblun) giXinr(w) .. ,ez‘xm(un)duu
n=0

o0

= Y dm [ s s
nZON—mo ™

= > IF(l-
n=0

Since F, € S[E_p ], there exists some &, € E_j o such that F, = S[®,] for any n. By the
characterization theorem of the U-functional (see [12,20,21, etc]), we see that

STIFOI € Y 11@all-plleellp
n=0 n=0

1/2

o) 1/2 &)
{zaN(n)—l} {ZaN(n)H@nnip} liellp < oo,
n=0 n=0

AN

for all £ € F and some N > 1, where p¢(z) =: exp{(z,£)} : . Therefore by the continuity of
G|X;] we get that
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o0

E[F(¢+ Xunr)] = E[Fn(€ + Xinr)]

n=0
— > GEIR©
n=0

= G[XJF(¢).

Thus we obtain the assertion. O

Theorem 6 says that the infinite dimensional stochastic process {Xi;t > 0} is generated by
h(—Ap).
For any ® € (E)* and 7 € E, the translation 7,® of ® by 7 is defined as a generalized white

noise functional 7,® whose S-transform is given by S[r,®|(¢) = S[®](£ + 1), £ € Ec. Then we
can translate Theorem 6 to be in words of generalized white noise functionals.

Corollary 7. Let ® be a generalized white noise functional in E_p . Then it holds that

G[X:]®(x) = E[rx,y ®(2)]-

By Corollary 7 we can see that {7Tx,p.;t > 0} is an operator-valued stochastic process and
{E|7xnr);t > 0} is an equi-continuous semigroup of class (Cp) generated by h(—Ar).

Example: Let {X;;¢t > 0} be an additive process with the characteristic function cx,(z) of
X for each ¢ > 0 given by

_ :, _22 ZU 1 _ 5. izu __
cx,(z) = exp [t {zmz 52 + it (e 1 zzu) dv(u) + /!utzl (e 1) dv(u) }] ,

where m € R,v > 0 and v is a measure on R satisfying v({0}) = 0 and [g (1 A|u}?)dv(u) < co.
Then the function

h(z) = imz — 2,zz + (eiz“ —1- izu) dv(u) +
2 Juj<1

ZU
. (e - 1) dv(u)
satisfies conditions of Proposition 5 and the condition (P). Therefore {G[X}];¢ > 0} is an equi-
continuous semigroup of class (Co) generated by h(—Ap). The stochastic process {+ Xinr;t >
0} is also generated by h(—Ap).

In particular, if {X];t > 0}, 0 < v < 2, is a strictly stable process with the characteristic
function cxx(2) of X given by exa(z) = e 2" then {¢& + X[nr;t > 0} is generated by
—(=AL).
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5. A relationship to an infinite dimensional Ornstein-Uhlenbeck process

Put
wmwz{w:§jum»ewxzywmkﬁmhﬁ<m,wwuwch:mLG}
n=0 n=0«

for ¢ > 0 and N > 0. Define a space [E|q n by the completion of [E]q n with respect to the
norm || - H given by

oo 1/2
el s = (‘;0 an(n)e /2|fn|§>

for p = 3°%°  I,(fn) € (E)*. Then [E], n is a Hilbert space with norm || - H . It is easily

checked that [E], y C (E), for any q > 0. Put [Eloon = Ng>o [Elg,n With the prOJectlve limit
topology and also put [Eloo,co = y>1 [E]oo,n with the projective limit topology.

Define an operator K on [E]s o0 by
K[®] = §S[@)(e%))-

Then we have the following;:

Proposition 8. Let p > 1. Then the operator K is a continuous linear operator from [E]o 0o
into E_y o

Proof. Let p > 1. Then for each £ > 1 we can calculate the norm IHK[cp]H]Q_p’N of K[p] for
© = nr0In(fn) € [Eloo,c0 as follows:

K2, » i an ()l (€)™ 1, fu)ll2,
n=0

2

1
> (P @ @e,)
lv|=¢ "

IN

)

iaN(n)iZ! Z H(Zk +2)7%
n=0

=0 k‘l, ,k‘g—() _]

where v = (vq,...,v,) € NU{0}, |v] = 1+ Aup, vl = 11! ...l and Fy = [ga f(0)® = 16uy’du.
Since there exists g > 0 such that

0o £ 2

> 1@k + 2)~2P

k1, kp=0j=1

2, ’
< Ifnlf,n”(Z$) <z<2k+2)—2p|ek|2_q),

lv|=¢ k=0

1
Z _'(Fllyek1®"'®ekz>
e
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we get that

> 2 oo —2(p+q)
NERNIP oy < an(n)e™ Lizo@R4 75000, ¢ 2
n=0

b 2
< > an(m)e™ 2 ful2.
n=0
This is nothing but the inequality:

NEAllll-pn < Ml

Thus the proof is completed. O

Regarding K as an operator from [E]s, o onto K [[Eloo,00)s it is a bijection. Define a norm
I['ll“‘l%q)N on K[{E]OO,OO] by

[8]-p,q.x = \IK12I2  + (1121112,
for ® € K[[E]oo,00]- Let K_p g N be the completion of K[[E]c, 0| with respect to []_p 4 n- With
the projective limit space K_, = N, Nx K_p g n and the inductive limit space K_o, = Up K-p,
we have the following:

Propositon 9. The operator K is a homeomorpism from |E|o o onto K_o.

The operator K implies a relationship between A, and the number operator A" on (E)* given
by ‘

o0

No = Z nln(fa) for & =730 ,1.(fa) € (E)*.

n=0

The operator K implies also a relationship between the semigroup {G[X}];t > 0} and the
E*-valued Ornstein-Uhlenbeck process:

t
U =etz+ \/i/ e~ =)dB(s), t>0,
0

where {B(t);¢ > 0} is a standard E*-valued Wiener process starting at 0. Since [E]u oo is in
(E), we can apply the same proofs of Proposition 5 and Theorem 6 in [27] to get the following
results.

Proposition 10. For any ¢ € [Eloo 0 we have

ALK[g] = —l—;:lK[N[so]]-
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Theorem 11. For any ¢ € [Elo 00 we have

G[X{1K[¢l(z) = K[E[p(Ujz))]]-
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