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Soliton Equations exhibiting
“Pfaffian Solutions”

FRET JEHEZE (Ryogo Hirota)
FoRET mRE R (Masataka Iwao)
PROREERET  -A<Gh (Satoshi Tujimoto)

Soliton equations whose solutions are expressed by pfaffians are briefly discussed. In-
cluded are “Discrete-time Toda equation”,“Modified Toda equation of BKP type”, the
coupled modified KdV equation and “Coupled modified equation of derivative type”
etc. The Bécklund transformation of the discrete BKP equation in biliner form is de-
scribed in detail in Appendix. :

1 Introduction
Pfaffian is known as a square root of an anti-symmetric determinant of order 2n:

det |aji|1<jh<on = [pf(a1, a2, -, aza)]*.

We have, for example, for n=1

0 a2 2
= a,az) .
a0 |=Pflar02)
Hence
Pf(ah az) = Q2.
For n=2,
0 a2 a14
a; O o4 2
= [a12034 — Q13024 + G14023)".
(41 Q42 0
Hence

pf(a1, az,as, G4) = a12034 — Q13024 + A14G23.

A square root of a determinant of a matrix M of order n which is a sum of a unit matrix
E and a product of anti-symmetric matrices A and B is expressed by a two-component

pfaffian:

det|E+ A X B| = [pf(al,az,---,an,bl,bg,---,bn)]z,
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where

pf(aj, ax) = ajx = —agj,
pf(bj,bg) = bjx = —bg;,
Pf(aj, bk) = 5j,k

and where §; is Kronecker’s delta.

We have, for example, for n=3

1 00 0 aig Qi3 0 blg 513
E+AxB=|010 |+ a1 0 ags b1 O bog
001 asy as2 0 b31 b32 0

1+ a12b91 + a13ba a13b32 a12b93
= agsba1 1+ ag1bia + agsbaz ag1b13
asgba1 asi1bi2 1+ as1biz + aszzbos

Accordingly we find
det IE + A x B| = [—-1 + ai2b12 + a13biz + a23b23]2-

On the other hand using the expansion rule of the pfaffian

2n

pf(Ch Coy 0y cZn) = Z(—l)j—lpf(cla cj)pf(c2) C3, ", é]: e 70211),
=1
we obtain
pflay,as,as, by, be,bs) = —1 + a12b12 + a13b13 + ag3bos.
Hence

detlE+A X BI = pf(a17a2)a37b11b27b3)2‘

The two-component pfaffian plays an important role in expressing soliton-solutions of
the coupled modified KdV equations and “Coupled modified equation of derivative
type” described below. _

We shall show that soliton-solutions of the following equations are expressed by pfaffi-

ans.

(i) Discrete-time Toda equation

62 [exp(Wi, — Var) +exp(Vy — W)l + (1 — 267)
B2lexp(Wir — Vimy) + exp(Vi2y — Wiki)] + (1 — 26%)°
Vit =Vt = Woky =W

wmtt — Wt =log
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(i) Modified Toda equation of BKP type

B+ Vs
1 -
g,B Ot([ +In 1) In In+1?
d
Ei*tfn = Va1 = Va.
(iii) Coupled modified KdV equation

8 ' a’Uj 831)‘ R
at’UJ*f-@[ Z Cj,kUjvk]—a—;-l-aT;:O, j=12,...,N.

1<j<k<N

(iv) Coupled modified KdV equations of “derivative type”

0

;| O
(,_)th+6[ > ¢ipDavj - vk ZJ—I—%:O, j=1,2,...,N.

1<j<k<N
We have the discrete KP equation
[21 exp(D1) + z2 exp(Dy) + 23 exp(Ds)|f - f =0

where Dy, Do, D3 and 21, 29, 23 are bilinear operators and constants,respectively.
Soliton solutions to the KP equation are known to be expressed by determinants [1].
While the discrete BKP equation is expressed by

[21 exp(D1) + 22 exp(Dy) + 2z exp(D3) + 24 exp(Da)]f - f =0

where Dy, Dy, D3, Dy and 21, 29, 23, 24 are bilinear operators and constants, respectively,
satisfying the relations

Di+Dy+D3+Dy = 0,
z21+2+23+24 = 0.

Solutions to the discrete BKP equation are well parametrized by parameters a,b and
¢ which are the intervals of the coordinates I, m,n [2]. We rewrite the discrete BKP
equation using these parameters: :

(a+d)(a+c)b—o)r(l+1,m,n)r(l,m+1,n+1)
+b+c)(b+a)c—a)r(l,m+1,n)T(l+1,mn+1)
+(c+a)c+b)(a—b)r(l,mn+1)T({+1,m+1,n)

+(a=b)(b—c)(c—a)r(l,m,n)T(l+1,m+1,n+1)=0.

[

Solutions are expressed by the pfaffian [2],[3]:
7(l,m,n) =pf(1,2,3,---,2N),
where the elements of the pfaffian are
pf(4, k) = cjx
+ ni:l [p;(1,m, s+ 1)¢r(l,m, s) — ¢;(,m, s)dx(l,m, s + 1)]

§=—CC
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and &.(1.m.n) are a linear combination of “exponential functions in discrete space”
J ) b

(1—apu)l 1—bp, m(l_Cpu)n
1+ap,” " 1+0bp,” "1+cp,

namely

1_a‘pu l 1-— bpu)m(l—cPu)n

(L,
) Zaw 1‘*‘@?# 1+bp,” "14cp,

2 Soliton Equations Generated by the Bilinear BKP
Equation

The followings are well-known soliton equations generated by the discrete BKP equa-
tion.

(a) Sawada-Kotera equation
D (D +D;)f - f =0,

2

0
U= 25-—2—logf,

U + 15(’(1,3 + ’U/U'zz)a: + Uggzzz = 0.

(b) Model equation of shallow-water wave

D,(D; — D:D?+ D,)ff =0,

2

0
U = 2m10g‘f’

. utd:v’ =0.

T

Up ~— Uggt — SUU + Uy

Here we add two more examples.
(1) Discrete-time Toda equation.

Let
3
D, = §6Dt; 21 =1,
1 2
D2 - —EéDt, Z9 = -1+ 20 s
1
D = Dy— §5Dt, z3 = —6,
1

D4 = —Dn - §5Dt, 24 = —-(52.

Then

1 1 1
[eﬁDt+§5Dt + e—&Dt+§6Dt _ 2e—§§Dt

_52(€Dn—%5pt 4+ e~ Dn—36D: _ 26-%6&)]]0 - f=0,
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which is rewritten as
1 . .91 9 . 9l
cosh “2*(5Dt[SlIlh §6Dt — §*sinh iDn]f . f = 0. (1)

The bilinear form indicates that 1-soliton solution is the same as that of the discrete-
time Toda equation

1
[sinh? 56Dt — §?sinh? %Dn]f -f=0.

The bilinear equation(1) is transformed into the nonlinear difference-difference equation
in the ordinary form

8 lexp(Wm 4+ V™) + exp(V,™ — W) + (1 — 262)
62[exp(Wm + V2 ) +exp(Vi2y — Wiky)] + (1 — 26%)°
V:L_}_l_v'r:n: Tﬁ—l—W;n)

wmtt — Wl = log

through a series of dependent variable transformations

fr=o,
Amdy =17,
Andrt = 57,
Ap Syt =W,
DSy = V",

where A is the forward difference operator defined by

B f = 8724 = 17,
Anf;Ln = fsz'Z’i-l - f;Ln

(2) Modified Toda equation of BKP type.

Let
1
D1 = 5(6D$ -+ EDy), 21 = 1,
1
Dz = 5(5D$ - GDy), 22 = -1 +,B5€,
D3 = —-D,— %(5Dm +e€Dy), 23 = —ae— B0,
Dy = D, — %(5Dz —eD,), 2= ce.
Then

{ ¢3(6Dz+eDy) _ o5(8Dz—eDy)

+a6[epn-§(w,—epy) . e—Dn-—%(éDz-i—eDy)]

+ﬁ5€[e%(5Dz"€Dy) — e_D“_%(‘SDZ"'ny)]}f -f=0,
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which is rewritten as

2 .1 .1
5 sinh —2—6Dz sinh §€Dyfn “ In

1
—ageeDy sinh é—éDman N -

_I@[e%(‘sDz+€Dy)fn+l . fn——l — e%(aDm“ny)‘fn . fn] =0.
In the limit of small §, ¢ we have

D:z:Dyfn : fn = aDa:fn+l ' fn—l +ﬁ(fn+1fn—1 - frf)

The bilinear equation is transformed into the ordinary form

0 B+ Va
1 = in 7 in+41,
05 B T ol L) I e
0
a—yln - Vn—l - 1/n;
through the transformation
fn - esn)
82
Vn = 7 a8 ~n
amays

5}
In - _a_i(sn—-l - Sn)a

which we call “modified Toda equation of BKP type”. The bilinear form of the modified
Toda equation of BKP type

DeDyfn- fa = aDgfats - faot + B(fasrfa-1 — £2),

suggests that a new equation may be obtained by replacing the term

fn+1f'n.—l - fz
by
Da:fn+1 : fn—l-

We shall replace the term g;gx by D.g; - g5 in order to obtain a coupled modified KdV
equation of “derivative type”.
The well-known modified KdV equation

3

9 .0 *
a’l)"}‘ﬁ’l] -a—m’l)—l‘é—x—fs’l)—o,

is transformed into the bilinear form

(De+D3)f-g9=0,
Diff:2g2l



29

through the dependent variable transformation

v="19.

f

A coupled modified KdV equation is obtained by considering the following coupled
form of the modified KdV equations [4].

{ (Dt+D§:)f 'gj = O: fOI‘j: 1,2,"'1\[, (2)

Dz?f - f =2 1<jch<n Cikdigrs

which is transformed into the ordinary form

0 ov;  Pvj
6 . . J J —
ot * [1<J§§ch’kvjvk] oz M O3 0
through the transformation
vy =2,
Tf

The multisoliton solution to eq.(2) is expressed by “two-component pfaffians”[4]:

f:pf(a’l’a27”'7a'L7bl,627"',bL)7
gJ:pf(d())al)a'?:”'7aL7b1)b27'",bL;Cj)7 fOI'j:].,Q,"',N,

where the elements of pfaffians are defined as follows

i3

pf(bn,a,) = —?———exp(n,,) forn=1,2,3,.

pﬂ Dv
pflay,a,) = exp(My + v
(ap,a) = Y (M ),

pfau,by) = b,
_ Cjk’ bu € Bj
pf(bu,by) TR eXp('f]u +1), { b€ By |’

u v

1, ifb, € B,
pf(bu,Cj) E{ 0, if bl:¢BJk

pf(otherwise) = 0.

A coupled modified KdV equation of “derivative type is obtained by replacing the
coupling terms of product form

cikgiges  (Cik = Chy)
by coupling terms of derivative type

cikDzgs - Gk, (Cjk = —Cj)-
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We obtain
(Dt+D:?:)ng:07 fOI‘jzl,Q,N, (3)
D2f - f =21 <jcnen GeDzgs - Grs
which is transformed into the ordinary form
0 ov; v
E’Uj + 6[ Z Cj,k(Dm’Uj : ’Uk)]—a—ml + 5;:‘3]‘ =0.

1<j<k<N

through the transformation
_ 9%

V; = f
The multisoliton solution to eq.(3) is expressed by the same form as that of the coupled
modified KdV -equation [5]:
f :pf(a‘17a2> T ',GzL,bl,bQ, e ’bL)a
gj :pf(do'lal;a?)'")aL:blab%'”abL:Cj): fOI'j-_— 1721'“:N7
where the elements of pfaffians are the same as those of the modified KdV equation
except the element

Cik b, € B; ,
pf(bu, b)) = "pz ipg exp(nu + M), { bu c BZ } , (e = cxj),
K v ) v
is replaced by
Cik b, € B;
i) =2 optr,+n), { PEP (=)

In conclusion we have shown that soliton-solutions of the following equations are
expressed by pfaffians.

(i) Discrete-time Toda equation
8% [exp(Wary — Vo) + exp(Vy" — Wit)] + (1 — 26%)
S exp(Wr — Vi) + exp(Vity — Wiky)] + (1 - 26%)°

m—+1 m __ m m
Vo =Vt =W, - W

Wt — Wt = log

(ii) Modified Toda equation of BKP type

d B+ Vs
21 — I _
dt Og B _ a([n + In_l) In In—}—l;
d
_In = V¥Vn-1 " Vn.
7 Vo1 — V4
(iii) Coupled modified KdV equation
9] ov;  OPuy o
gvj + 6[137;31\[ cmvjvk]% + -553— = 0, ] = 1, 2, ceey N.

(iv) Coupled modified equations of “derivative type”

0 O, v,
&'Uj -+ 6[ Z ijsz'Uj . ’Uk]-—vj— -+ —&

—0, j=1,2,...,N.
1<j<R<N Oz 0z3
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A Backlund Transformation of the Discrete BKP
Equation
In this appendix we describe in detail how to obtain the Backlund transformation of

the discrete BKP equation in bilinear form.
The Bécklund transformation which relates a solution f of the discrete BKP euqation

[21exp(D1) + 22 exp(Ds) + 23 exp(D3) + 24 exp(Dy)]f - f =0
with another solution f’ of the same equation
[21exp(D1) + 2 exp(Ds) + z3exp(D3) + z4exp(Dy)]f - f/ =0
is obtained by considering the following quantity P
P = {[z1 exp(D1) + 2, exp(D2) + 23 exp(D3) + z4exp(Dy)]f - f}
x{[z3 exp(Ds3) + zsexp(Da)]f’ - f'}
—{[zs exp(Ds) + zsexp(Dy)] f - f}
x{[z1exp(D1) + 2z exp(D2) + z3 exp(Ds) + z4exp(Dy)]f' - '}
=0
and using the exchange formula
(€71 - (™S - 1) = ebPrPIhPrDo)f . fr]. [e=3Pr-Da)p . g1 (4)
In fact we find
(P f- 1) e f) = (P f - f)(ePF - f)
_ e%(D1+D3){[e%(D1—D~3)Jc - F]- [e—%(Dl—Ds)f ] - [e-%(Dl—Ds)f - F- [e%(Dl—Ds)f}

2sinh %(m + Da)[esPr=Po)f . 1) [emiPr=Da)g . p] (5)
‘Using eq(5) and noting that D; + Dy + D3 + Dy = 0 we rewrite P as
P =222z sinh%(Dl + D;)[e3P1=Ds) ¢ . #] . [e=2(P1=Ds) f . il

—22z924 sinh %(Dl + Ds)[exP2Da) f . ¢ [em2(D2=Da) f . p1

~22y245inh 3 (Dg + Dy) PP - ). (e3PPI f . p]

+2252; sinh %(Dz + Ds)[ea PP f . f1] - [m#(PaDa) . 1]
= ZSinh%(Dl + Ds)

{nzled PP f - f] [ex PP f L g
2P ] [ PPOf L )
+2sinh %(D2 +Dy)

{2223[6%(D2‘D3)f . f’] . [e—%(Dz*Ds)f . f/}
_zlz4[e%(D1—D4)f . f’} i [e—%(D1~D4)f . f/]}
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Here we conjecture that the following equations constitute the Backlund transformation
of the discrete BKP equation '

1

a1 exp(5 (D1 — D) + a2 exp(~5 (D1 = D)

+asexp(5(Ds — Do) +asexp(—5 (D2 = DI £ =0, ()
lbvexp(; (D — D) + by exp(—5(D; — Dy))

thyexp(z (Ds — D) + brexp(—(Dy— DI - £/ =0, (7

where new parameters a;, az, as, a4, b1, b2, bs and by are to be determined.
Using eq.(6) we have

sinh %(D1 + Dy)
—2(D2 = DIf - 1)

'{[aQ EXp(—-;‘(Dl - D3)) + aglexp(%(Dz — D4)]f . f/} =0

{len exp( (D — Ds)) + s expl

which gives a relation
sinh %(D1 + Dy)
{ara2fexp(; (Dy ~ D) - f]-[exp(—5 (D = Do) f - ]
~asaexp(3 (D2~ Da)f - f]-leop(~5(Dz = D)) - 11}
— sinh %(D1 + Ds)
{arasfexp(3(Ds — Ds)) - #1]- lexpl5 (D2 = D) - £
~asaifop(~ (D~ Do)f - £ lexp(~5(Ds = D) - f}. (®

We chose the following relations between the parameters

2123 2224
= - kl: (9)

103 a3Q4

Z923 Z124

223 _ A% _ 1
by boby (10

Then we find

P = 2k; sinh %(Dl + D3)
{a105]e3 PP f - 1] [THPDI . f] — aga[ed PP - f] - [T3 PO f - £}
+2ks sinh %(Dz + Ds)
{blbz[e%(Dz—Ds) f-f1- [e—%(DrDa) £ f —b3b4[e%(D1'D4) f-f- [6—%(D1—D4) -,
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which is, by using eq.(8),rewritten as

P = 2k, sinh %(D1 + Ds)
{araale3 PP f - 1 (3PP 1] — apay[emd PP f - f) - [emaPa PO )
+2ks sinh —21—(D2 + Ds)
{babole2 PPV - ] (e3PPI f - ] bybylem3 PP f . 1 [em3 PP f o p1),
On the other hand we have the operator identy
PP DDl f1). [ehPamDa f
= PR DD f1] (3PP f (1)
Using the identiy(11) we obtain
P = 2sinh%(D1 + Ds)

{(k1a1a3 + kzblbs)[eé(DlmD@f : f/] ) [e%(DZ_D4)f : f/]
—(kraza4 + kazbcL)[@_%(Dl_Da)f - f- [e”%(Dz_D‘L)f -1}
which vanishes if

kiaiaz + kabibz = 0, (12)
k1a2a4 -+ k2b2b4 = 0.

Substituting egs.(9) and (10) into the above relations we find that they are satisfied if
21a3bo + 290903 = 0. (13)
Hence the Bicklund transformation of the discrete BKP equation are given by
o exp(5(Ds = Ds)) + azexp(— (D1 — D)
+asep(5(Dy = D) +agexp(—5(Dy = DI £ =0, (14

(brex0(3(D2 = D) + by exp(—5 (D — D)

1 1
+b3 eXP("Q‘(Dl — D4)) +bs GXP(—g(Dl —Dy))If - f'=0, (15)
provided that parameters satisfy the relations
21234304 — 2924Q109 = 0,
2223b3b4 - 2124b1b2 = 0,
290203 + z1a3by = 0.

Finally we note that equations (14) and (15) exhibit soliton solutions provided that
the parameters satisfy the conditions

CL1+CL2+G,3+CL4 = 0,

by +by+bs+by = 0.
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