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ON THE COLORED JONES POLYNOMIALS OF SOME SIMPLE
LINKS

KAZUO HABIRO
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1. INTRODUCTION

This note is a report on my talk given at the workshop “Recent
Progress Towards the Volume Conjecture;’ which was held at Inter-
national Institute for Advanced Studies in March, 2000, and was sup-
ported by Research Institute for Mathematical Sciences, Kyoto Univer-
‘sity. I wish to thank the participants for conversation and comments.

We describe below a way to calculate the colored Jones polynomials
of some. “simple” links, such as the trefoil and the figure eight knots,
the Whitehead and the Borromean links. Similar calculations have
been performed by other authors, see [Le].

In our calculation, we use a basis in the Kauffman bracket skein
module of the solid torus, which is a modification of some bases used
in [BHMV] and [B]. We give only outlines here; the details will be

given in a paper in preparation [HJ.
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2. KAUFFMAN BRACKET SKEIN MODULES

Let us recall the definition of the Kauffman bracket skein module B
of a connected oriented 3-manifold.

Let A be an indeterminate and let Z[A, A~!] be the Laurent poly-
nomial ring. We set a = A% We use g-integers, g-factorials and g¢-

binomial coefficient in a:

for integers n, <.

Let M be a connected oriented 3-manifold. Let £(M) denote the
free Z[A, A~']-module generated by the set of ambient isotopy classes
of nonoriented framed links in M. The Kauffman bracket skein module
B(M) of M is defined to be the quotient of £(M) by the following
relations.

1. LUU = —[2]L, where U is an unknot and LI denote split union,

2. ()= A0 (§ + A-1(X).

We have B(S°%) & B(B®) = Z[A, A™'] and we define for a framed link
L in §2 (or in B3), the Kauffman bracket (LY € Z[A, A1 by L = (L)

in B(S?%). In particular, we have (§) = 1.

3. RESULTS

Here we list our results of calculations. In the following the links are

assumed to be framed with framings zero.
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Let 3; denote the trefoil knots with negative crossings (and hence of
positive signature), and let —3, denote the mirror image of 3;. Let 4,
denote the figure eight knot. See Figure 1. We have

n

(€n)s, = Z(—l)iai(i+3)(a _ a~1)2i_[_n_[%ﬂz:]'1_]!
(1) (€n)-3, = ;(~1)ia"i(i+3) (a — a—l)zi%

The same formula for 4; has been obtained by T. Le [Le].
Let W_ and W, denote the Whitehead links and let @ denote the

Borromean rings as shown in Figure 2. We have
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min(m,n)

_ i 3ii43) (o _ g1 slm+i+ Yln 49+ 11!
femsentue, = 3 (10— o+ 1)
min(m,n) . . .

. B ¥ (g _ g1 [m+ i+ 1)!n+ ¢ + 1]!)!
(em en)w. = ; i ) [m —i)![n — 4]'[2p + 1]!

min(l,m,n)

enemeng = 3. (a—atysltitilimt it Wintid LY,

pars (I —i){fm — i]![n — <]!([2p + 1]!)?
Note that the six sums above can be regarded as the sums of the
form Y o2, with the convention that 1/[p]! =0 if p < 0. A systematic

study on similar formulae for more general links will be performed in

[H].

4. THE KAUFFMAN BRACKET SKEIN MODULE OF THE SOLID TORUS

We use the Kauffman bracket skein module B = B(V) of the solid
torus V = S x D2. For details, see [BHMV].

We use the familiar commutative Z[A, A~']-algebra structure of B.
B is a polynomial algebra Z[A, A~Y][z], where z is represented by the
framed knot K in V which winds just once along the core of V.

Let Be¥*" denote the Z[A, A~']-subalgebra of B generated by 2?,
and set B°d = zB®°", Then the direct sum decomposition B =
Beven @ B°% gives a Z/2-graded algebra structure oﬁ B.

In [BHMV] the natural basis {e;]i = 0,1,2,...} of B is defined in-
ductively by eo = 1, e; = z and ze; = e;_1 + ej41 for j > 1. We have
e; € B if j is even and, e; € B°% otherwise. Each e; corresponds
to the (i + 1)-dimensional irreducible representation of the quantum

group Uy(sly).

37



38

ON THE COLORED JONES POLYNOMIALS OF SOME SIMPLE LINKS

5. THE PAIRING

Let L =L;U---UL,, be an ordered nonoriented framed link in a

3-manifold M. A Z[A, A~'|-linear map
B ®zia,4-1] "+ Oz[4,4-1] B — BM),u1 ®... Q0 Um — (U1,...,Un)L,

introduced in [BHMV], is defined by setting (z'1,...,2")[ to be the
element of B(M) obtained from L by replacing each component L; with
I; parallel copies of L;. In particular, if M is S® or B3, then the above
map is regarded as Z[A, A~]-valued.

Let Hopf = Hopf; U Hopf2 be the nonoriented Hopf link with fram-
ings zero. The element (u1, ug)nopt is denoted simply by (u1,ug). Thus

we have a Z[A, A~!]-linear map
(,): B®za,4-11 B — Z[A, A7)

Clearly (,) is symmetric: (u,v) = (v,u).

We also define a Z[A, A~!]-linear map () = (unknot: B — Z[A, A71].
We have, for each z € B, (z) = (z, 1).

In [BHMV] a basis {@n}n>0 of B is defined by

n—1

Qn =[]z +a"" a7

1=0

In particular, Qo = 1. It satisfies the following properties:

L. <Qn7 6i> = (Qn7 Zi) - (Qn7Qz> =0if 0 < 1 < n.
2. (Qn, Qn)(= (Qn, 2") = (Qn, n)) # 0.
Namely the Q; form an orthogonal basis of B. The property (1) above

comes from the fact that (z + a**! +a™*"1,¢e;) = 0.
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We modify the definition of @,, above as follows.

n—1
R, = _[(z 4 g2t +a—2i—1)

=0

p

n—1
T, = —I(zz _ (_a2i+1 _ a—2i——1)2)

=0

Note that {R,}n>0 is a basis of B and that {S,}n>0 and {T},}n>0 are

bases of B***". The R,, and S, satisfy the following properties.

1. (Rn,e2) = (Rn, 2%) = (R, S:) = 0if 0 <4 < n.
2. <6n,Si> = (Zn,Si) = <R,—,,S.,> =0 if 0<n<i.
3. (R, Sn) = (—1)™(@ — a™1)*[2n + 1]

The above properties implies that the basis {Rn}n of B and the basis
{Sn}n of B™ are dual to each other up to multiplication by nonzero
factors. Similarly, {T,.}. is an orthogonal basis of B**". Blanchet
has defined similar but different bases of B°*® and B°% which are
orthogonal to each other [B].

In what follows we use only the R, basis.

Proposition 5.1. For eachn > 0,

. — Z":(__l),- [n%—if 1]&.

n-—1
=0
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6. THE TWISTING ELEMENT

Let k = Q(A) denote the quotient field of Z[A, A™1]. Let B, =
B ®za,a-11k. We set R, = R,,/[n]! € Bi. Let B’ denote the Z[A, A™})-
submodule of By generated by {R.}.>0. It is actually a Z[A, A71]-
subalgebra of Bj.

Set I, = R.B' C B'. Let B’ denote the projective limit im0 B' /1,

of

.. 2l gy, L g L g,

Proposition 6.1. Forn > 0 and a € B®*" we have (Rl,,a) € Z[A, A7Y].

Hence there is the natural well-defined pairing

(,): B' ®zia.a-1 B — Z[A, A7

We define an element w € B’ as follows.

oo

(3) w = Z(—l)”a%"(””)R;.

n=0

Let t: B — B the Z[A, A~']-linear map defined as one positive full
twist, see [BHMV]. Alternatively, ¢ is the unique Z[A, A~!]-linear map

defined by t(e,) = (—1)"A™™*+2 for n > 0.

Proposition 6.2. The element w is invertible in B’ with the inverse
-1 __ Z —in(n43) o
w = a”? R,.
n=0
We have for every x € B*"

(W, z) = (t*(2)).
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Proposition 6.2 may be rephrased that the element w gives a positive
full twist to even numbers of strings linking with w.

An element similar to w but based on the @, basis is defined in

[BHMV].

7. BORROMEAN RINGS

Let @ denote the Borromean rings.

Proposition 7.1. We have
(a — g~ 1)ni2ntll ifl =m=n,

mll

! / ]
(R, Ry B o =
b T Sal @) 0, otherwise.
8. SURGERY DESCRIPTIONS

In what follows we sometimes refer to framed links with zero framings

simply as ‘links’.

Definition 8.1. Let L be an m-component algebmicdlly split link in
S3, ie., a link in S% with all the linking numbers of components are
zero. In particular, a knot is algebraically split. A surgery description
of an algebraically split link L is a pair (Lo, J) of Lo and a framed link

J such that

1. J is disjoint from Ly,

2. J is an unlink,

3. Lo U J is algebraically split,

4. each component of J has framing +1,

5. the result from Lo of surgery on J is ambient isotopic to L.
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Proposition 8.2. Let L be an m-component algebraically split link
and let (Lo, J) be a surgery description of L. Let [ denote the number of
components of J and let f, € {1,—1} (p=1,...,1) denote the framing

of the pth component of J. Then we have, for a1,...,an € B,
(@1, s @m)r = (@1, .y amyw ™ w0 LU € Z[A, AT
(and the right hand side is well defined).

Remark 8.3. Proposition 8.2 can be stated in a stronger form. Details

will appear in [H].

9. CALCULATION OF THE COLORED JONES POLYNOMIAL OF THE

TREFOIL KNOT

Here we illustrate how to calculate the colored Jones polynomial -

(en)3, of the trefoil knot 3; with negative crossings. The polynomials
for other links listed in Section 3 can be calculated similarly.

The trefoil knot 3; has a surgery description (U, J; U J3) such that

1. UU J; U J; is the Borromean rings,

2. the framings of J; and J; are both —1.

Hence we have by Propositions 8.2 and 7.1

(Rn>31 - (R’n)wu w)@

= (a—a )" n]! Z Za%i(i+3)+%j(j+3) (R, R, R;'>@

= (@= a7 o - 2L

— an(n+3)(a_ a—1)2n[2n+ 1],
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By Proposition 5.1, we have

(en)a, = Z(_l)i {n ::f_t 1} (Ri)s,
S w1 ]
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