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Let be a diffeomorphism on a closed smooth manifold $M$ and A a compact
of
is a dominated splitting
invariant set of . We say a splitting
and
when
and
are $Df$ invariant and there exists a positive nunlber
such that
$f$

$E_{1}\oplus E_{2}$

$f$

$E_{1}$

$TM|_{\Lambda}$

$C$

$E_{2}$

$\lambda<1$

$||Df^{n}|_{E_{1}}(_{Z})||\cdot||Df^{-n}|_{E(}3f^{n}(z)||<C\lambda^{n}$

for any point in A and any positive integer . We also say a diffeomorphism
of
is projectively Anosov when there exists a dominated splitting
$TM$ . One of the example of projectively Anosov diffemorphisms is an Anosov
diffeomorphism ( $i.e$ Diffeomorphisms which possess a hyperbolic splitting on
the whole manifold. See [2] for example). Another example of projectively
Anosov diffeomorphisms is the DA diffeomorphism given by Smale [5]. More
examples are given in the next section. We remark that projectively Anosov
diffeomorphisms are not structurally stable in general. An example is seen in
the deformation from an Anosov diffeomorphism to the DA diffeomorphism.
One of the motivation for studying two-dimensional projectively Anosov diffeomorphisms is that they are the discrete analogue of three-dimensional projectively Anosov flows. It is known that any orientable close three-dimensional
manifolds possess projectively Anosov flows. Moreover, projectively Anosov
flows on three-dimensional manifolds are related to contact structures of the
manifold (See [1], [3]).
diffeomorphisms on $M$ with
topology and
Let Diffr(M) be the set of
projectively Anosov diffeomorphisms. We
the subset consisting of
by the projectively Anosov diffeomordenote the subset
of
and
phisms such that the dominated splitting
are
satisfies that
. It can be shown that
and
orientable and $Df$ preserves the orientations of
. We
is open in Diffr(M) and
is open and closed in
define an equivalence relation between projectively Anosov diffeomorphisms.
$n$

$z$

$E_{1}\oplus E_{2}$

$f$

$C^{r}$

$C^{r}$

$C^{r}$

$\mathrm{P}\mathrm{A}^{r}(M)$

$\mathrm{P}\mathrm{A}^{r}(M)$

$\mathrm{P}\mathrm{A}_{+}^{r}(M)$

$E_{1}\oplus E_{2}$

$f$

$E_{1}$

$\mathrm{P}\mathrm{A}^{r}(M)$

$\mathrm{P}\mathrm{A}_{+(M)}^{r}$

$E_{1}$

$E_{2}$

$E_{2}$

$\mathrm{P}\mathrm{A}^{r}(M)$

be projectively Anosov diffeomorphisms on a
Definition 1. Let
and
-isotopic when there exists a continmanifold $M$ . We say
and
is
uous map $H:[0,1]arrow \mathrm{P}\mathrm{A}^{r}(M)$ such that $H(0)=f_{1},$ $H(1)=f_{2}$ . We call $H$ a
-isotopy between
and .
$f_{1}$

$f_{2}$

$f_{2}$

$f_{1}$

$C^{r}\mathrm{P}\mathrm{A}$

$f_{1}$

$C^{r}\mathrm{P}\mathrm{A}$

$f_{2}$
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A projectively Anosov diffeomorphism is called regular if all periodic
points of are hyperbolic. By Kupka-Sniale’s theorem, regular projectively
Anosov diffeomorphisms are generic in
.
Our aim in this paper is to construct an
-isotopy invariant of
regular
projectively Anosov diffeomorphisms on
. To construct it, we have to define
of the space of circles and the natural action of the diffeomorphism on it. Let
be in
and
the dominated splitting associated to . We
denote the set consisting of
immersions of
to
such that $Dc(TS^{1})\subset$
by
.
a
diffeomorphisnl of
naturally acts on
Imm
by
, we define the space Circ
of circles tangent
to
by Circ
. The space Circ $(E2)$ has the
natural topology induced from that of Imm
.
For a continuous loop :
, let Circ
be the set consisting of
such that is homotopic to . If
is homotopic to , we can
define the action
of on Circ
by
.
We say a continous loop
on
is simple when 7 is not homotpic to
$(t - \gamma’(nt))$ for any integer $n\geq 2$ and any continuous loop
. If
is
regular and a continuous loop on
satisfies
, we define the index
of periodic point
by
of
$f$

$f$

$\mathrm{P}\mathrm{A}_{+(M)}^{r}$

$C^{2}$

$\mathrm{P}\mathrm{A}$

$\mathrm{T}^{2}$

$f$

$E_{1}\oplus E_{2}$

$\mathrm{P}\mathrm{A}_{+}^{r}(\mathrm{T})2$

$f$

$C^{1}$

$E_{2}$

$S^{1}$

$\mathrm{T}^{2}$

$C^{1}$

$\mathrm{I}\mathrm{m}\mathrm{m}_{E_{2}}(S^{1}, \mathrm{T}^{2})$

$S^{1}$

$s$

$\mathrm{S}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{e}_{1}-$

$E_{3}(S^{1}, \mathrm{T}^{2})$

$E_{2}$

$crightarrow c\mathrm{o}s$

$(E_{2})$

$(E2)=\mathrm{I}\mathrm{n}\mathrm{l}\mathrm{m}_{E_{2}}(S^{1}, \mathrm{T}^{2})/\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{1}(S^{1})$

$E_{3}(S^{1}, \mathrm{T}^{2})$

$S^{1}arrow \mathrm{T}^{2}$

$(E2, \gamma)$

$\gamma$

$[c]\in \mathrm{C}\mathrm{i}\mathrm{r}\mathrm{c}(E2)$

$c$

$f$

$\Gamma_{F,\gamma}$

$f\mathrm{o}\gamma$

$\gamma$

$(E_{2,\gamma})$

$\gamma$

$\Gamma_{f\gamma},[c]=[f\mathrm{o}C]$

$\mathrm{T}^{2}$

$\gamma$

$f\in \mathrm{P}\mathrm{A}_{+}^{2}$

$\gamma’$

$\mathrm{T}^{2}$

$f\mathrm{o}\gamma\simeq\gamma$

$\gamma$

$[c]$

$\mathrm{i}\mathrm{n}\mathrm{d}[c]$

$\mathrm{i}\mathrm{n}\mathrm{d}[c]:=\#$

$\mathrm{r}_{f,\gamma}$

{ $t\in S^{1}|c(t)$

is a repelling periodic point of

$f$

}.

Main results are the followings:
Main Theorem A. Let
be regular and
:
a simple
continuous loop satisfying that
. Then
is a $CW$ complex
urith the cells
indexed by Per
such that
is -cell if
.
Moreover. if
in addition, then Circ
is compact.
$S^{1}arrow \mathrm{T}^{2}$

$f\in \mathrm{P}\mathrm{A}_{+}^{2}(\mathrm{T}^{2})$

$\gamma$

$f\mathrm{o}\gamma\simeq\gamma$

$\{(e_{[c}], \lambda_{[C]})\}$

$\mathrm{C}\mathrm{i}\mathrm{r}\mathrm{C}_{\gamma}(E2)$

$(e_{[c]} , \lambda_{[c]})$

$(\Gamma_{f,\gamma})$

$k$

$\mathrm{i}\mathrm{n}\mathrm{d}[c]=k$

$(E_{2\gamma},)$

$0<\#\mathrm{p}_{\mathrm{e}\mathrm{r}}(\Gamma_{f\gamma},)<\infty$

Corollary. If and
inequality holds:
$f$

$\gamma$

satisfy the assumption

of the

above, then the following

$\#\{[c]\in \mathrm{P}\mathrm{e}\mathrm{r}(\Gamma_{f,\gamma})|\mathrm{i}\mathrm{n}\mathrm{d}[c]=k\}\geq \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}H_{k}(\mathrm{C}\mathrm{i}\mathrm{r}\mathrm{c}(E2, \gamma))$

In fact, for a periodic point
unstable set
$W^{u}([c]:

of

$[c]$

$\mathrm{r}_{f,\gamma}$

with

$\mathrm{i}\mathrm{n}\mathrm{d}[C]=k$

.

and the period , the
$l$

\mathrm{r}f,\gamma)=\{[c’]\in \mathrm{C}\mathrm{i}\mathrm{r}\mathrm{C}_{\gamma}(E2)|_{narrow-\infty}\lim(\mathrm{r}_{f\gamma},)-\iota n([c’])=[c]\}$

is a manifold diffeomorphic to -dimensional open disk and the characteristic
map
is given by the map of which image is
.
$k$

$W^{u}([c];\mathrm{r}_{f},)\gamma$

$e_{[c]}$

Main Theorem B. Let
be regular and 7 :
continuous loop satisfying that
. Assume
-isotopic to , we have that
for any regular
and
,
Circ
where
means homotopy equivalence.
$f\in \mathrm{P}\mathrm{A}_{+}^{2}(\mathrm{T}^{2})$

$f\mathrm{o}\gamma\simeq\gamma$

$g\in \mathrm{P}\mathrm{A}_{+}^{2}(\mathrm{T}^{2})PA$

$S^{1}arrow \mathrm{T}^{2}$

a simple

$0<\#^{\mathrm{p}}\mathrm{e}\mathrm{r}(\Gamma_{f},)\gamma<\infty$

$f$

Then,

$0<\#\mathrm{p}_{\mathrm{e}\mathrm{r}}(\mathrm{r}_{g,\gamma})<$

$\infty$

$(E_{2}^{g}, \gamma)\simeq \mathrm{C}\mathrm{i}\mathrm{r}\mathrm{C}(E_{2}^{f}, \gamma)$

$\simeq$

We give some examples of projectively Anosov diffeomorphisms on 2-dimensional
torus and calculate Circ $(E2, f)$ for them.

96

-diffeomorphisms One of the most popular examples are DA-diffeomorphisms.
We construct them by deformation of Anosov automorphisms on 2-dimensional
. If we choose the deformation correctly,
torus around a fixed point.
-diffeomorphism can be a projectively Anosov diffeomorphism. For
the
is free homotopic to is
such that
-diffeomorphism , a loop
a
. Therefore,
null-homotopic. By Poincar\’e-Bendixon’s theorem, Fix
if it is defined.
Circ
$\mathrm{D}\mathrm{A}$

$\mathrm{S}\mathrm{e}\mathrm{e}-[5]$

$\mathrm{D}\mathrm{A}$

$f$

$\mathrm{D}\mathrm{A}$

$f\mathrm{o}\gamma$

$\gamma$

$\gamma$

$(\Gamma_{f\gamma},)=\emptyset$

$(E_{2,\gamma})\simeq\emptyset$

Algebraic type projectively Anosov diffeomorphisms The example in
[1, p.28] is a projectively Anosov diffeomorphism homotopic to identity. Espe-isotopic to any DA-diffeomorphisms.
cially, it is not
.
First, we identify the 2-dimensional torus and
for a real number
on the torus by
Define a diffeomorphism
$\alpha>1$ .
is well-defined and is a
See Figure 1. It is easy to check that
$\mathrm{P}\mathrm{A}$

$\Re^{2}\backslash \{(\mathrm{o}, 0)\}/(x, y)\sim(2x, 2y)$

$f_{\alpha}(x, y)=( \alpha, \frac{1}{\alpha}y)$

$f_{\alpha}$

$f_{\alpha}$

Figure 1: An Algebraic type projectively Anosov diffeomorphism
and yprojectively Anosov diffeomorphism (The subspaces parallel to
). The circles in
axis form the dominated splitting associated to
for each natural
:
are given by
periodic under the action of
number . The images of $C\pm,n$ are normally attracting invariant manifolds and
are homotopic.
and
is regular and
is irrational. Then, the diffeomorphism
Assume that
does not contains repelling
since any image of
the index
is homotopy equivalent
periodic points. Theorem A implies that the Circ
for some , or
to the 2-point set $\{[c_{-,n}], [c_{+,n}]\}$ . if 7 is homotopic to
equivalent to empty set otherwise. By Theorem , we conclude that any regular
has at least two
projectively Anosov diffeomorphism PA isotopic to
.
normally attracting invariant circles homotopic to
$\mathrm{x}\prime \mathrm{a}\mathrm{x}\mathrm{i}\mathrm{s}$

$\mathrm{C}\mathrm{i}_{\Gamma \mathrm{C}}(E2)$

$f_{\alpha}$

$f_{\alpha}$

$c_{\pm.n}$

$trightarrow\pm 2^{nt}$

$n$

$c_{+,n}$

$c_{-,n}$

$f_{\alpha}$

$\alpha$

$\mathrm{i}\mathrm{n}\mathrm{d}[c\pm,n]=0$

$C\pm,n$

$(E_{2}, \gamma)$

$c_{+,n}$

$n$

$\mathrm{B}$

$C^{2}$

$f_{0}$

$g$

$c_{+,1}$

Non-algebraic type projectivelt Anosov diffeomorphisms There exists
another example homotopic to identity. First, we take a one-dimensional diffeoon
morphism $h(t)=t+ \frac{1}{2}sin(2\pi t)$ . Define the diffeomorphism
by $g(x,y)=(h(_{X),h}(y))$ .
$g_{0}$

$\mathrm{T}^{2}=\Re^{2}/\mathrm{Z}^{2}$
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Figure 2: the diffeomorphism

$g_{0}$

A projectively Anosov diffeomorphism is given by an appropriate perturbation of around the repelling and attracting fixed points $(0,0)$ and
.
$g$

$g_{0}$

$( \frac{1}{2}, \frac{1}{2})$

Figure 3: the projectively Anosov diffeomorphism

$g$

Let $\gamma_{1}(t)=(t, 1-t)$ be a continuous loop on
. Then, Per
consists
of two elements
such that the image of
contains the repelling fixed
point $(0,0)$ and that of
does not contain no repelling periodic point. See
Figure 3. These facts imply that
and
. Therefore, we
conclude that Circ
is homotopy equivalent to 1-dimensional circle and
that any regular
projectively Anosov diffeomorphisms
-isotopic to have
at least one repelling fixed orbit.
Next, let $\gamma_{1}(t)=(0, t)$ be another loop on
. We see that there exists
the unique element
of Per
and that the image of
contains no
repelling periodic points. Therefore, we conclude that Circ
is homotopy
equivalent to the one point set
. By Theorem
is not
-isotopic to
in the previous subsection.
$\mathrm{T}^{2}$

$(\Gamma_{g,\gamma}1)$

$[c_{1}],$ $[c_{2}]$

$c_{1}$

$[c_{2}]$

$\mathrm{i}\mathrm{n}\mathrm{d}[c_{1}]=1$

$\mathrm{i}\mathrm{n}\mathrm{d}[c_{2}]=0$

$(E_{2,\gamma})$

$C^{2}$

$\mathrm{P}\mathrm{A}$

$g$

$\mathrm{T}^{2}$

$[c_{3}]$

$[c_{3}]$

$(\Gamma_{g.\gamma 2})$

$(E2, \gamma_{2})$

$\{[c_{3}]\}$

$\mathrm{B},$

$g$

$\mathrm{P}\mathrm{A}$

$f_{\alpha}$
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