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Supercyclic Translation Semigroups of Linear Operators
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1 Introduction

The translation semigroup on a weighted function space L (I) or Cp ,(I) is characterized to be
hypercyclic, chaotic, supercyclic, and so on, according to the property of the admissible weight
function. In 1997, W. Desch, W. Schappacher and G. F. Webb gave a necessary and sufficient
condition to be hypercyclic for the translation semigroup on a weighted function space L5([)
or Cy,(I) by using the property of an admissible weight function. In 1999, M. Yamada and
F. Takeo gave a necessary and sufficient condition to be chaotic for the translation semigroup
on the same function space L5(I) or Cp,(I). D. A. Herrero et al. investigated the spectral
properties of hypercyclic and supercyclic operators on a complex, separable infinite dimensional
Hilbert space [3, 4]. The definition of a hypercyclic or chaotic operator is consistent with that
of topologically transitive or chaotic, respectively in a topological space defined by Devaney [2].
In [5], chaotic semigroups are associated with the idea of exactness and are applied to partial
differential equations. C. Read has developed the theory of hypercyclic and chaotic bounded
linear operators in connection with the invariant subspace problem of Hilbert spaces [6].

We investigate how the property of an admissible weight function changes according to
supercyclic, hypercyclic and chaotic translation semigroups on a weighted function space L5 (1)
or Cp ,(I). As for supercyclicity, the translation semigroup on a weighted function space L5(I)
or Cy,(I) is always supercyclic if I is an interval [0, co)(Theorem 1(1)). For I = (—o0,0),
the semigroup is not always supercyclic and we give a necessary and sufficient condition to be
supercyclic for the translation semigroup on a weighted function space L5(I) or Co ,(I) (Theorem
1(2)). We also construct the special function z such that {¢T'(t)z | t > 0,c € R} is dense in X
(Remark). ‘

2 Preliminaries

Let X be a Banach space. A strongly continuous semigroup {T'(t)} of linear operators on X
is called supercyclic (resp. hypercyclic) if there exists € X such that {cT'(t)z |t > 0, c € R}
(resp. {T(t)z |t > 0}) is dense in X [4]. A strongly continuous semigroup {T'(t)} is called
chaotic if {T'(t)} is hypercyclic and the set Xp,., = {z € X | 3t > 0s.t. T'(t)z = z} of periodic
points is dense in X[1]. Let I be the interval [0,00) or (—0co,00). By an admissible weight
function on I we mean a measurable function p : I — R satisfying the conditions:

(i) p(z)>0forall z € I;
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(ii) there exist constants M > 1 and w € R such that p(z) < Me“*p(t + z) for all z € I and
t > 0. With an admissible weight function, we construct the following function spaces:

LE(1,C) = {u :I—>Clu measurable,/l|u(r)l”p(r) dr < oo}

1
P

with [l = ([ )Por) 7))
Co,p(I1,C) = {u : I — C | u continuous, BI}:I p(m)u(r) = 0}
T (oo}
with ||ul| = S‘éll)lu(T)lP(T)-
We consider a (forward) translation semigroup {T'(t)} with parameter t > 0 such as

[T(#)ul(r) = u(r +1t) foru € Co,(I) or LAH(I).

When p(7) = 1, weighted function spaces are equal to LP or C and the translation semigroup
is never hypercyclic, since the norm of T'(t) is equal to 1 for all ¢ > 0 in LP or Cy. Necessary
and sufficient conditions for the translation semigroup in L% or Cp , to be hypercyclic or to be
chaotic are known as follows. ’

Theorem A [1]. Let X be LE(I) or Co,(I) with an admissible weight function p. Then the
following (1) and (2) are equivalent:

(1) the translation semigroup {T'(t)} on X is hypercyclic;
(2) () if I =1[0,00), then liminf, o p(t) = 0 holds.

(i) if I = (—o00,00), then for each § € R there ezists a sequence {t;}52, (t; = oo as
J — 00) of positive real numbers such that

i .+ 6) = lim p(—t; +6) = 0.
Jim p(tj +6) = lim p(~t; +6) =0

Theorem B [7]. Let I = (—o00,00) (resp. I = [0,00)) and let X be LH(I). Then the
translation semigroup {T(t)} on X is chaotic if and only if for alle > 0 and for all 1 > 0, there
exists P > 0 such that

Z p(l+nP)<e¢ (resp. io:p(l +nP) < e) .

n€Z\{0} n=1

Theorem C [7]. Let I = (—o0,00) (resp. I = [0,00)) and let X be Cp ,(I). Then the
following assertions are equivalent: A

(1) the translation semigroup {T(t)} on X is chaotic;

(2) for alle > 0 and for all 1 > 0, there ezists P > 0 such that
p(l+nP)<e  forallneZ\ {0} (resp. n€N);

(3) there exists {1;}2, C R* (I; = 00 as i — o0) such that for alle > 0 and for all i € N
there exists P > 0 such that p(l; + nP) < € for alln € Z\ {0} (resp. n € N).
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3 Supercyclic semigroups

As shown in the previous section, necessary and sufficient conditions for the translation semi-
group to be hypercyclic or to be chaotic are known. In this section, we shall give a necessary
and sufficient condition for the translation semigroup to be supercyclic. In the first subsection
we consider a semigroup on a Banach space, and in the next subsection we treat a translation
semigroup on weighted function spaces.

3.1 Supercyclic semigroup on a Banach space

Lemma 1. Let X be a separable infinite dimensional Banach space. Suppose that {T'(t)} is
supercyclic, i.e. there exists x € X such that the set {c¢T'(t)z |t > 0, c € R} is dense in X.
Then the set {cT(t)z |t > s, ¢ € R} is also dense in X for all s > 0.

Proof. Assume there exists so > 0 such that A = {cT'(¢)z |t > so, ¢ € R} is not dense in X.
Hence there exists a bounded open set U such that U N A = ¢. Therefore we have

UcH{cT({t)z|0<t< s, ceR}

by using the relation

X ={cT({t)z|t>0,ceR} = {cT(t)z |t > s, ce R}U{cT(t)z |0 <t <sg, c€R}. By the
definition of semigroup, if there exists tg > 0 such that T'(tg)z = 0 then T'(¢t)z = 0 for all ¢ > ¢o.
So we have T'(t)z # 0 for all ¢ > 0 since the set {cT'(t)z |t > 0, ¢ € R} is dense in X. Since
T(t)z is continuous with t and T'(t)z # 0 for all ¢ > 0, there exists mi,my € R such that
0 < my < ||T(t)z|| < mq for 0 < t < sp. There exists M > 0 such that ||y|| < M for any

y € U because U is bounded. So we have U C {cT(t)x | 0 <t<solc < li}, which means U

is compact. Hence X is finite dimensional, which contradicts that X is infinite dimensional. [

Lemma 2. Let {T'(t) |t > 0} be a strongly continuous semigroup on a separable Banach space
X. Then the following are equivalent:

(1) {T(t)} is supercyclic;

(2) for ally,z € X and alle > 0, there exists v € X, t > 0 and c € R such that'Hy -l <e
and ||z — cT'(t)v|| < & .

(3) forally,z € X, alle > 0 and for alll > 0, there exists v € X, t > 1 and ¢ € R such that
lly - vll < & and ||z — T (E)e]] < e.

Proof. (1) implies (3): Let {cT'(t)z |t >0, c € R} be dense in X. For any y,z € X and any
[ > 0, there exists s > 0 and ¢; € R such that ||y — ¢;T(s)z|| < €, and there exists u > s+ [
and cy € R such that ||z — ;T (u)z|| < € by Lemma 1. Put v = ¢;T(s)z. Then we have the first
inequality. Putt=u —s>1land c= %‘f Then we have the second inequality.

(3) implies (2): It is obvious.

(2) implies (1): The proof is similar to the proof in case of hypercyclic in [1]. O
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3.2 Supercyclic translation semigroups on a separable Banach space, L} and

CO,p

In this section we shall consider a translation semigroup in L5(I) and Cp ,(I). At first we shall
quote the lemma which is needed later.

Lemma 3. [1] Let I be the interval (—oo,00) or [0,00) and let p be an admissible weight
function on I, that is, there ezists M > 1 and w € R such that p(1) < Me“*p(T+t) forallT € 1
and t > 0. Forl>0, put M; = Me*! for w >0 and M; = M for w < 0. Then M; > 1 and the
inequality
1
—M;p(d) < p(1) £ Mip(o +1) (1a)
holds for any o € I and any 7 € [0,0 +1].

By using the lemma, we give a necessary and sufficient condition for a translation semigroup
to be supercyclic. ’

Theorem 1. Let X be the sﬁace LE(I) or Co,(I) and p be an admissible weight function. Let
{T'(t)} be a translation semigroup on X. Then the following assertions hold:

(1) if I =[0,00), then {T'(t)} is supercyclic;

(2) if I = (—o0,00), then {T(t)} is supercyclic if and only if there exists a sequence {t;}32,
(t; = 00 as j — o0) such that lim;_,o p(t; + 0)p(—t; +0) = 0 for each § € R.
Proof. (1) Let Xo be the set of all z € X such that the support of z is compact. For any

y,z € X and any € > 0, there exists yo € Xo such that ||y — yo|| < § since X is dense in X.
There exists t; > 0 such that T'(s)yo = 0 for any s > t; since yo € Xo. Put

Z(T d tl) t1 S T
W'(r) = { 459-17'-}-2(0)(1— L) th—e<r<t

0 0 S T S t1 — €.
Then T'(t1)w’ = z holds. Put w = 5%’ c = M and v = yo + w. Then we have v € X,
ly— oll = lly — yo — wll < Ily - yoll +[lwll < & and ||z = T (t)ol] < |I2 = eT(t)eol| + [T (t1)eo -
cT'(t1)vl| = ||z = T(t1)'|| + ||¢T'(¢1)yol| = 0. By Lemma 2 (2), {T'(t)} is supercyclic.
(2) We shall show the proof for the case X = L5(I,C) (p > 1), since it is similar to that in the
case X = Cy ,(I,C). '
(=) Let {T'(t)} be supercyclic. We will show lim;_,c p(t; + 0)p(—t; + 6) = 0.
Fix any 6 € R. Let y,z € X be functions with compact support C [6,0+1] (I >0),y > 0,2 <0,
and ||y|| = ||z]| = 1. By Lemma 2 (3), for any £ > 0 there exists v, € X, t. > [ and ¢, > 0 such
that ||c.T (te)ve — 2|| < € and |jve — y|| < €. Put wy = v;[M_‘_l] and w2 = V.0 oupi)-
Then we have the following: w; > 0, supp(w;) C [0,8 + ], supp(T(te)w1) C [0 — t.,0 + 1 — t.],
wy < 0, supp(wz) C [0 +te, 8 + 1 +t.], supp(T'(te)wz) C [0, 60+ ). Then the following holds:

HC(.;T(tE)le <E€g (
Iyl = flen|| <e (
loall < & o
ll2]] = HeeT (te)well < e. (



By Lemma 3, there exists M; > 1 satisfying (1a). Then the following holds:

0+1—t,

lleT(t)en PP = /9 p(r)|cswr (7 + te)Pdr
—tc

1 ‘ 0+1—1t,
—p(0 — tg)lcelp/ lwi (7 + te)|PdT
M,; —t. :

ICs|p p o+l y
= — —te wi(7)|"ar,
M, p( )/0 |ws (7)]

v

641
P = /9 p()|wr (7) Pdr
6+1
< Mp@+1) [ ln(rpar

So we have the inequality:

ol MileuT ()P "
Mip(@+1) = lelPp(6 — tc)

Similarly we have the following;:

G414+t
walP = / p(r)|wa(r)Pdr

041,
1 0+l+t5
> Lo+t / (wa(r) P,
M, O+t

8+l
lleeT (te)wnl P = / p()\cews (r + te) Pdr
[/}

G414,

Mip(6 + D)leal? / jwa(r)Pdr.
0+t,

INA

So we have the inequality:

Milloall? o lleeT (tewn)|P
p(0+te) = Milcc|Pp(8 +1)

By the inequalities (2a), (3a), and (2b),

(3b)

ef > |le:T(te)wnll
S |ce|Pp (0 — to)||wr||P
- 2
Mip(6+1)
_ lalro0 - t)(1 -2y

M7p(6+1) (3c)
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holds. Similarly by (2c), (3b), and (2d),

e? [|ws|[P

p(0 +te)l[ceT (te)we| [P
MI2|c€|pP(0 +1)

p(6 +tc)(1 —€)”

MPle.Pp(@+ 1)

v Vv

(3d)

holds. By (3c) and (3d), we can verify that £2* > (ﬁﬁ%)zp(ﬂ +t)p(6 —t) > 0 holds. If ¢
tends to 0, then p(8 —t.)p(6 + t.) tends to 0. l

() Assume for each 6 € R, there exists a sequence {t;} C Ry such that limj_c p(t; +6)p(~t;+
f) = 0. Let y and z be any nonzero functions with compact support [§ —1,8] (8 € R, [ > 0).
For [ > 0, there exists M; satisfying (1a) by Lemma 3. By the assumption, for any € > 0, there
exists t; > [ such that

(p(6 — 1)e)?
p(t; +0)p(—t; +6) < —F———
U+ 0P+ 0) < Ml
holds. Put
y(7) Te0-1,0]
vi(r) =4 &zt —t;) TEt;+6-1t;+0]
0 otherwise
i = (M)
— .
By Lemma 3 ancf the above inequality, we have
CRAN| 1 MPp(t; + )
’U'-—-yp:/ —y7-+t ppT dTS'—'l—J—Zp:f;
o =oll= | 1w )Pele) dr < SLEETE
and 60—t 2 ( )
o1 Mip(0—t;
cTt-v-—z”:/ — z(r —t;)|P Td7'<c’-’—l—]—yp<€.
T (6o =2l = [ 1= = )Fptr) dr < STy
Therefore {T'(t)} is supercyclic by Lemma 2. O

Remark. 1t is possible that the supercyclicity is proved by showing the existence of the special
function = € X such that {¢T'(t)z | ¢ > 0,c € R} is dense in X. We shall show that in the case
of X = Cy,,([0, 00)) the translation semigroup on X is supercyclic from the definition directly.

Let Cepe([0, 00)) be the space of continuous functions on [0, 00) with compact support. Then
Cept([0,00)) is a dense subset of X. Let C3,,;([0,00)) be the set {f € Cepe([0,00)) | || f]loo <
1, /(0) = 0}. Put s(f) = sup{r & [0,00) | £(+) # 0} for any f € Cups [0, 00)).

Let F'={fx};Z; be a countable subset of C3,; ([0, o0]) such that for any g € Copt.1 ([0, 00])
and for any € > 0, there exists f € F satisfying ||f — gllc < € and |s(f) — s(g)] < 1. Let
P = {flafZafl,fSafZafh f4af37f27f1a"'} = {hlahQah31"'}' For k € N, put Ly = S(hk) +1,
Kpp =38 L;and ap = SUD,¢0,Ky,1+1] P(T). Then oy is finite by the definition of an admissible
weight function p. Put K; =0, f; = max {a;,1} and

ﬂk = max {kaka kﬂlaka e )kﬂk‘—lak}
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for £ > 2. Put

z(r) = ¢

Then z is continuous on [0, 00), since h; € CZ; ([0, 00 0)). So « belongs to X by the following
relation: ‘

lim |z )] < lim sup —|h (T — Ki)|p(T
Jim e(p()] S Jfim owp  olh(r ~ Klo(r)

1 1
< — < lim —=0.
< Jim g <im0
We shall show that for any f € X and any € > 0, there exist ¢ € R and ¢t > 0 such that
I|f — c¢T(t)z|| < e. Since Cepi([0,00)) is dense in X, there exists fo € Cepe([0,00)) (1] folloo 7# 0)
such that sup,efo,c0) |(f(T) = fo(r))p(T)] < §- |
Put K = sup,¢os(f,)+2 (7). There exists h € F such that sup ¢ o) |”’%]% —h(r+1)] <
KRS 2nd |s(fo) = (s(h) — 1)| < 1. By the way of construction of F’, there exists countable
numbers m(1) < m(2) < --- < m(j) < --- such that b = hy,;y € F'. For any j € N, put
t; = Kpjy+1and ¢; = B ;)| follo- Then for 7 € [0, s(h)] we have Ay, () (T41) = By z(T+t5)-
So by using the relations s(h) < s(fo) + 2 and s(fo) < s(h), we have

sup [folr) — 6T(E)e(Mlp(r) = sup |follool 22T — h(r + Dlp(r)

€[0,5(h)] ref0,5(h)] | folloo
<Mfolloo * 5K < 2
e 2K folloo 2’
and
sup |fo(r) — ¢;T(tj)z(r)lp(r) = sup |e;T(¢;)z(r)lp(7)
T€[s(h),00) 7€[s(h),00) .
hm' k(T_I(ml k)
= sup sup sup | 11 follooBmgs) 2% O | p(r — )
12-7 kE{1,2,~~ ,m(l+1)-—m(l)} Te[Km(l)+k+11R'm(l)+k+1+1] /B’m(l)-}-k
Qm (1) +k 1
< sups oBm(y — < 00 ——-
> l;? lllcp”fOH ﬂ (7) ﬂm(1)+k ”fOH m(])

Since lim;_;o m(j) = oo, we have

1fo =T ()l < rnaX{ sup |fo(7) — ;T (t;)z(7)lp(r), sup |folr) — ¢;T (¢;)z(T)lp(T) }

T€[0,L] T€[L,00)
£
< 5,

for sufficiently large j. By the inequality ||f — ¢;T'(¢;)z|| < ||f — foll + [Ifo — ¢;T'(¢;)z|| < €, we
get the conclusion.
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