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Abstract

Fixed point theoretic characterization of generalized Stackelberg equilibrium
points in the case of oligopoly games is given.

1 Introduction

Stackelberg 1] [2] [5] gave the basic exmaple of duopoly in which both players are pro-
ducers and: their gain functions are only dependent on the pair of these two players’
productions. On the assumption that the player taking the initiative in producing knows
that the follower, namely the opponent, will use the optimal decision rule, Stackelberg
proved that the existence of a certain equilibrium point in which the player taking the
initiative can yields a larger gain to him and the follower is forced to yield a smaller gain.
In this paper, the generalization of Stackelberg equilibrium points from the case of duopoly
into the case of oligopoly is given, according to the methods of set valued analysis [3] [4].

2 Superposition of set-valued mappings

Throughout this paper, N (resp. R) denotes the set of all positive integers (resp. the
set of all real numbers). Let X be a compact Hausdorff space, and f, g be two upper
semi-continuous, set-valued mappings on X with values in 2%X. Then, the superposition
of g and f is defined as

(gof)x) = U 9ly), zeX

yef(z)

Then, we have the following:
Lemma 1. go f is upper semi-continuous.

Proof. Let zg and z be two elements of X. Let {z,} and {z,} be two nets consisting
of elements of X, which converge to xy and zy, respectively. Then, it is sufficient to prove
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that zp € (g o f)(xo) holds if z, € (g o f)(x,) holds for all a. For any «, there exists 1,
satisfying

Za € 9(Ya)-
Since X is compact, there exist yo and a subnet {y,,} satisfying

1i[gn‘yaﬂ‘ = Yo
Therefore, we have

.yaﬁ € f(maé)y
Z2ay € 9(Yas)-

Since f and g are upper semi-continuous, we have -

Y% € f(zo),
2z € g(yo).

These results conclude the proof. : - _
Let f be a set-valued mapping on X with values in 2X Then, for any § C X, the image
of S under the mapping f is defined as

= U f(@)

€S

Now, we have the following:

Lemma 2. Let X (resp. Y) be a Hausdorff space (resp. a compact Hausdorff space),
f be an upper semi-continuous, set-valued mapping on X w1th values in 2¥. Then for
any compact subset S € 2%, f (S) is also: compact

Proof. Let yy be an element of Y- and‘{y,‘,} be a net consisting of elements of Y, which
converges to yo. Then, it is sufficient to prove that yy € f (S) holds For any a, there
exists z, € S satisfying

Yo € flTa)-

Since {z,} is also a net consisting of ‘elements of S, ‘there exist an accumulating point
To € X and a subnet {z,,} which converges to . Since Yoy € f(Ta,) holds for all 3, we
obtain

o o yoef(xo)Cf()
Therefore thls result concludes the proof '
Let X be a metric space with its metric d and f be a bounded closed set-valued mapping
on X with values in 2%. Then, for any zo € X, [is saLd to be continuous at xg, if f
satisfies the following condition: :

lim H(f(zv), f(zo)) =0

n—o0

where {z,}3° | is a sequence consisting of elements 6f X, which converges to z, and
H means Hausdorff’s metric. It is clear that f is: -upper senn—contmuous at xo, if f is
continuous at xg.
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3 ‘'Generalized Stackelberg equilibrium points

For any positive integer k satisfying 1 < k < 3, let X}, be a metric space with its metric
dy., Sk be a compact subset of X, and p; be a continuous function on Sy with values in R.
Then, for any (x;, z3,23) € [12_, Si, the response function from ps to p; and p, is defined
as

R3(z1, x2) = {(z1,22,Y3); ys € S3,p3(T1, T2, Y3) = SUE p3(z1, x2, 23) }-
Z3€93 ; :

By the same way as above, the response function from p, to p; is defined as

Ro(z1) = {(z1,¥2,¥3);92 € Sy, (z1,y2,y3) € R3(z1,10),
p2(T1, Y2, Y3) = sup P2($1,22,23)}--

22€5;
(z1.22,23)ER3(x],22)

Finally, the Stackelberg equilibrium set is defined as

z1€5)
(21,22,23)€R2(21)

R, = {(ylay2ay3);yl € Sy, (yl,yz,ys) € Rz(y1),p1(y1,yz,ys) = .. sup- P1(Z1,Z2,Z3)}-:

Then, we have the following:
Theorem 3. If R; is continuous, then the Stackelberg equilibrium set is not empty.

Proof. Since ps is continuous on [[>_; S;, for any z; € S, and z, € S,, R3(zy,12) is
nonempty and compact, The assumption that R3 is continuous on [12,S; implies that
Ry is also upper semi-continuous. ‘Therefore, for any x, € S;; R(z;) is nonempty and
compact, because f, is continuous on [12.,S; and R3(x;,S,) is nonempty and compact.
It is sufficient to prove that R, is also upper semi-continuous on S,. Let 29 be an element
of Syrand {z7}32, be a sequence consisting of elements of [1;., S;, which converges to 0.
Let (29,29, 29) be an element of [[5_; S; and {(z},y%, y5)}o>, be a sequence consisting of
elements of [[>_, S; satisfying

(=%, 95,95) € Raa)), neN,

nli_)rroxo(:c;‘,yg.,yg) = (21,2,2)

We have only to prove that (29, 29, 29) € Ry(x9) holds. For any (29,22, w}) € Rs(?,2),
there exists a sequence {(z7,y2, w})}22, consisting of elements of [, S; satisfying
(@h95.uf) € Ryaluf), new,
lim (27,95, w3) = (2,93, w3),
because the assumption shows the following equality:

0 = lim H(Rg(l'?,yg),Rg(.’E?,Zg)),

n—oo

> lim H(Rs(z7,93), {(21, 23, w3)})
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holds. Since the definition of R3 shows the following inequality:

n

p2(1‘711,yg,yg) Zp?(‘rl)y‘;awg)a neN
holds. Therefore, we have
pa(al,23,23) = lim py(27,95,95)
> lim py(af, y5, w5)
= p?(z(l)7 2(2)7 wg)

Since S; is compact, R, is upper semi-continuous and p; is continuous on [[>_, S;, R; is
also nonempty and compact.
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