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NONLINEAR STRONG ERGODIC THEOREMS
WITH COMPACT DOMAINS
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DEPARTMENT OF MATHEMATICS, SHIBAURA INSTITUTE OF TECHNOLOGY

1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Banach space E. Then a mapping
T : C — C is called nonexpansive if ||Tz — Ty|| < ||z — y|| for all z,y € C. We denote by
F(T) the set of fixed points of T. For any z € C, the w-limit set of x is defined by

w(r)={2€C:z=lim Tz with n; »o00 as %— oo}.
1—00

Similarly, the w-limit set of z for a one-parameter semigroup S on C' is defined by
w(S,z)={2€C:2=1lmT(s;)z with s; —o00 as i— oo}
1—00 . -

Edelstein [10] obtained the following nonlinear ergodic theorem for nonexpansive map-
pings with compact domains in a strictly convex Banach space:

Theorem 1.1 (Edelstein). Let C' be a nonempty compact convex subset of a strictly
convex Banach space and let T be a nonexpansive mapping of C into itself. Let z € C.
Then, for any £ € tow(z), the Cesaro mean S,(€) = (1/n) Y_p_y T*¢ converges strongly
to a fixed point of T, where c0A is the closure of the convex hull of A.

Dafermos and Slemrod [9] also obtained the following theorem:

Theorem 1.2 (Dafermos and Slemrod). Let C be a nonempty compact convex subset
of a strictly convex Banach space and let S = {T'(t) : 0 < t < oo} be a one-parameter
nonexpansive semigroup on C. Let z € C. Then, for any & € cow(S, z), (1/t) f(f T(s)éds
converges strongly to a common fixed point of T'(t),t € R*.

On the other hand, the first nonlinear weak ergodic theorem for nonexpansive map-
pings with bounded domains was established in the framework of a Hilbert space by
Baillon [5]. Bruck [7] extended Baillon’s theorem in [5] to a uniformly convex Banach
space whose norm is Fréchet differentiable. Brézis and Browder [6] also proved a nonlin-
ear strong ergodic theorem for nonexpansive mappings of odd-type in a Hilbert space (see
also Reich [15]).
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The purpose of this paper is to study nonlinear strong ergodic theorems for families
of nonexpansive mappings with compact domains in a strictly convex Banach space. In
Section 2, we give an improved result of Edelstein’s theorem in [10] by using Bruck |7, §]
and [1, 2]. In Section 3, we give a nonlinear strong ergodic theorem for a one-parameter
nonexpansive semigroup. In Section 4, we study nonlinear strong ergodic properties for
commutative semigroups of nonexpansive mappings in a strictly convex Banach space.

2. THEOREM FOR NONEXPANSIVE MAPPINGS

Throughout this paper, we assume that a Banach space F is real. We denote by E*
the dual space of E and by N the set of all positive integers. In addition, we denote
by R and R* the sets of all real numbers and all nonnegative real numbers, respectively.
We also denote by (y,z*) the value of z* € E* at y € E. For a subset A of E, A, coA
and coA mean the closer of A, the convex hull of A and the closure of the convex hull of

A, respectively. We write z, — = (or lim z, = z) to indicate that the sequence {z,} of
n-—00

vectors converges strongly to x.
A Banach space E is said to be strictly convex if ||z + y||/2 < 1 for z,y € E with
|zll = llyll = 1 and = # y. In a strictly convex Banach space, we have that if

2]l = llyll = 11 = Az + Ay||

for z,y € E and A € (0,1), then z = y. Throughout this paper, we assume that E is a
strictly convex Banach space.

In this section, we give a nonlinear strong ergodic theorem for nonexpansive mappings
with compact domains in a strictly convex Banach space. The following Lemma will be
useful for us.

Lemma 2.1 ([2]). Let C be a nonempty compact convex subset of E and let T be a
nonexpansive mapping of C into itself. Let # € C and n € N. Then, for any € > 0, there
exists ly = lp(n, €) € N such that

1 n—1 1 n—1
- Tl+k+m —Tk| = Tl+m
R 2 T e —TH (=3 T

=0 =0

sup
keN

<e¢g

for every m > I.
Using Lemma 2.1, we can prove the following lemma.

Lemma 2.2 ([2]). Let C' be a nonempty compact convex subset of E and let T be a
nonexpansive mapping of C' into itself. Let z € C. Then, there exists a sequence {i,} in
N such that for each z € F(T),

lim

n—oo

1n—1
= E TIting — 2
n <

Jj=0

exists.
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Remark 2.3 ([2]). In Lemma 2.2, take a sequence {i,'} in N such that i," > 4, for each
n € N. Then, we can see that

1 n—1
—E Tty — 2
n -

Jj=0

= lim
n—00

lim
n—00

1 n—1
o
- E Tt g — 2
n
Jj=0

for every z € F(T).
The following lemma plays an important role in the proof of Theorem 2.5.

Lemma 2.4 ([2]). Let C be a nonempty compact convex subset of E. Then,

1 n—1 1 n—1
lim sup ||— Ty—-T|[ = Ty
TeN(C)

where N(C') denotes the set of all nonexpansive mappings of C' into itself.

Using Lemma 2.2, 2.4 and Remark 2.3, we can prove a nonlinear strong ergodic theorem
for nonexpansive mappings (see [2]).

Theorem 2.5 ([2]). Let X be a nonempty closed convex subset of E. Let T be a
nonexpansive mapping of X into itself such that T(X ) C K for some compact subset K
of X and let z € X. Then, (1/n) Y1~ T**"x converges strongly to a fixed point of T
uniformly in A € NU{0}. In this case, if Qz = lim,_,(1/n) Y i, ' Tz for each = € X,

then @ is a nonexpansive mapping of X onto F(T') such that QT’c TkQ = Q for every
k € N and Qz € co{T*z : k € N} for every z € X.

3. THEOREM FOR A ONE-PARAMETER NONEXPANSIVE SEMIGROUP

In this section, we give a nonlinear strong ergodic theorem for a one-parameter nonex-
pansive semigroup with compact domains in a strictly convex Banach space.
A family S = {T'(s) : 0 < s < oo} of mappings of C' into itself is called a one-parameter
nonexpansive semigroup on C if it satisfies the following conditions:
(i) T(0)x = z for all z € C,
(ii) T(s+t) =T(s)T(¢) for all s,¢t € Rt ;
(111) T (s)x — T(s)y|| < ||z — vyl for all z,y € C and s € RY;
iv) for each z € C, s +— T'(s)z is continuous.
We denote by F(S) the set of common fixed points of T'(t),t € R*, that is, F'(S) =
Most<oo £ (T(2))-
The following lemma will be useful for us.

Lemma 3.1 ([3]). Let C be a nonempty compdct convex subset of £ and let S = {T(s) :
0 < s < oo} be a one-parameter nonexpansive semigroup on C. Let z € C and t > 0.



179

Then, for any € > 0, there exists p, = p;(¢) € R such that

% /OtT(h +p+7)xdr — T'(h) (% /Dt T(p+ T)l‘d’/‘)

sup
heR+

<

for every p > p;.
Using Lemma 3.1, we can show the following lemma.

Lemma 3.2 ([3]). Let C be a nonempty compact convex subset of E and let S = {T'(s) :
0 < s < oo} be a one-parameter nonexpansive semigroup on C. Let z € C. Then there
exists a net {p;} in R such that for each z € F(S),

1 t
T / T(T + py)zdr — 2z
0 ,

lim
t—00

exists.

Remark 3.3 ([3]). In Lemma 3.2, take a net {p;'} in R* such that p;’ > p; for each t > 0.
Then, we can see ‘ ‘

lim

H T(T + py)zdr — 2z
t—00

t—o00

1 t
= lim ”z/ T(r +p/)zdr — z
0

for every z € F(S
The following lemma plays an important role in the proof of Theorem 3.5.

Lemma 3.4 ([3]). Let C be a nonempty compact convex subset of £ and let S = {7T'(¢) :
0 <t < oo} be a one-parameter nonexpansive semigroup on C. Then, for any h € R,

¢ [rowas—10) (5 [ Tishuas)

Using Lemmas 3.2,3.4 and Remark 3.3, we can show a nonlinear strong ergodic theorem
for a one-parameter nonexpansive semigroup (see [3]). '
Theorem 3.5 ([3]). Let C be a nonempty compact convex subset of E. Let S = {T'(t) :
0 <t < oo} be a one-parameter nonexpansive semigroup on C and let = € C. Then,
(1/t) fo (7+h)xdr converges strongly to a common fixed point of T'(¢),t € R uniformly
in h € R*. In this case, if Qz = lim;_,o(1/%) fo T)zdr for each z € C, then Q is a
nonexpansive mapping of C' onto F(S) such that QT( )=T(q)Q = Q for every ¢ € R
and Qz € co{T(s)z : 0 < s < oo} for every z € C.

lim sup
t—oo yelC

-0

4. THEOREM FOR COMMUTATIVE SEMIGROUPS

In this section, we establish our main strong mean ergodic theorem for commutative
semigroups with compact domains in a strictly convex Banach space. Throughout the
rest of this paper, we assume that S is a commutative semigroup with identity unless
other specified. In this case, (5, <) is a directed system when the binary relation < on S
is defined by a < b if and only if there is c € S with a + ¢ =b.
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Let B(S) be the Banach space of all bounded real-valued functions on S with the
supremum norm. Then, for each s € S and g € B(S), we can define ryg € B(S) by
(rsg)(t) = g(t+s) for all t € S. We also denote by r* the conjugate operator of rs. Let D
be a subspace of B(S) and let u be an element of D*. Then, we denote by p(g) the value
of u at g € D. Sometimes, u(g) will be also denoted by u:(g(t)) or [ g(t)du(t). When D
contains 1, a linear functional x4 on D is called a mean on D if ||u|| = (1) = 1. Further,
let D be rs-invariant, i.e., r4(D) C D for every s € S. Then, a mean p on D is said to
be invariant if p(rsg) = p(g) for all s € S and g € D. For s € S, we can define the
point evaluation d; by d5(g) = g(s) for every g € B(S). A convex combination of point
evaluations is called a finite mean on S. A finite mean p on S is also a mean on any
subspace D of B(S) containing 1.

The following definition which was introduced by Takahashi [17] is crucial in the non-
linear ergodic theory for abstract semigroups (see also [11]). Let f be a function of S into
E such that the weak closure of {f(¢) : t € S} is weakly compact. Let D be a subspace
of B(S) containing 1 and r¢-invariant for every s € S. Assume that for each z* € E*,
the function ¢ — (f(¢),z*) is in D. Then, for any p € D* there exists a unique element
fu € E such that

(f") = / (F(8), 2" dpt)

for all z* € E*. If p is a mean on D, then f, is contained in ¢o{ f(t) : t € S} (for example,
see [12, 13, 17]). Sometimes, f, will be denoted by [ f(t)du(t).

Let C be a subset of a Banach space E. Then, a family S = {T(s) : s € S} of
mappings of C into itself is called a nonexpansive semigroup on C if it satisfies the
following conditions:

(i) T(s+t) =T(s)T(t) for all 5,t € S;
(ii) |IT(s)z —T(s)y|| < ||z — y]| for all z,y € C and s € S.

We denote by F(S) the set of common fixed points of T'(t),t € S, that is, F(S) =

ﬂ F(T(t)). If C is a compact convex subset of strictly convex Banach space E and S
€S-

is commutative, then we know that F(S) is nonempty. Let S = {T(t) : t € S} be a
nonexpansive semigroup on C such that for each z € C, {T'(t)z : t € S} is contained in a
weakly compact, convex subset of C. Let D be a subspace of B(S) containing 1 with the
property that the function ¢ — (T'(t)z, x*) is an element of D for each z € C and z* € E*,
and let u be a mean on D. Following [16], we also write T,z instead of [ T'(¢)z du(t) for
x € C. We remark that T}, is a nonexpansive mapping of C onto itself and T,z = = for
each z € F(S).

The following lemma will be useful for us (see Lemmas 2.1 and 3.1).

Lemma 4.1 ([4]). Let C be a nonempty compact convex subset of E and let S = {T'(¢) :
t € S} be a nonexpansive semigroup on C. Let z € C. Then, for any finite mean p on S
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and € > 0, there exists wo = wo(u,€) € S such that

/ T(h + 5 + w)zdu(s) — T(h) ( / T(s+ w)md,u(s)) H <e

for every h € S and w > wy.

Using Lemma 4.1, we can prove the following lemma (see Lemmas 2.2 and 3.2).

Lemma 4.2 ([4]). Let C be a nonempty compact convex subset of E and let S = {T(¢) :
t € S} be a nonexpansive semigroup on C. Let z € C and let {tto : @ € I} and
{Ag : B € J} be nets of finite means on S such that

lim||ptg — 7} tte|| =0 and liénll)\ﬁ —7{xgll =0 foreveryte S. (x)
Then, there exist nets {p, : @ € I} and {gs : 8 € J} in S such that for any z € F(S),
'/T(pa +t)zdua(t) — 2 ’/T(Qg +t)zdAs(t) — z||. (1)

Remark 4.3 ([4]). In Lemma 4.2, take nets {p,’'} and {g5'} in S such that p,’ > p, and
g5’ > gp- Then, we can see

lim = lim
a B8

[ 70+ sy - -

for every z € F(S). ‘ _ 7
The following lemma plays an important role in the proof of Lemma 4.5 (see Lemmas 2.4
and 3.4).

Lemma 4.4 ([4]). Let C be a nonempty compact convex subset of E, let S = {T'(¢) : t €
S} be a nonexpansive semigroup on C and let = € C. Let {yo:a € I } be a net of finite
means on S such that

lim = lign _'/T(Qg' +t)zdAs(t) — 2

lim|[ptg — 77 ptall =0 for every teS. (%)

Then, for any € > 0 and ¢ € S, there exists ag(e, t) € I such that

| s et =71 ([ 765+ praduas)

for all @ > ap(e,t) and p € S.

<eg

Using Lemmas 4.2, 4.4 and Remark 4.3, we can show the following lemma which is
crucial to prove the main theorem (Theorem 4.6). .
Lemma 4.5 ([4]). Let X be a nonempty closed convex subset of E and let S = {T'(¢) :
t € S} be a nonexpansive semigroup on X'. Assume |J, 47T (t)(X) C K for some compact’
subset K of X. Let D be a subspace of B(S) such that 1 € D, D is r,-invariant for each
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s € S and the function t — (T'(t)z,z*) is an element of D for each z € X and z* € E*.
Let {uq : @ € I} be a net of finite means on S such that

lim||pe — T:ua” =0 forevery seS.
[0
Then, for any = € X, [T(p + t)zdua(t) converges strongly to a common fixed point yo

of T(t),t € S uniformly in p € S. Furthermore, y is independent of {1, : @ € I'} and for
any invariant mean p on D, yo = T,z = [ T(t)zdpu(t). ' .

Sketch of proof. Let z € X. From Mazur’s theorem, C' = @ ({2} U,cs T(t)(X)) is a
compact subset of X. We see that C = co({z} UJ,c5 T(t)(X)) is convex and invariant
under T(t),t € S. Thus, we may assume that S = {T'(t) : t € S} is a nonexpansive

semigroup on a compact convex subset of X.
Let {uo : a € I} and {Ag : B € J} be nets of finite means on S such that

lim||tte, — T3 tta|l =0 and ,li[ranH/\ﬁ —ris]| =0 (%)
for each ¢t € S. By Lemma 4.2, we can take a net {p,} in S such that for any z € F/(S),

(2)

lim
[0

/ T(pa + t)adpalt) - =

exists. Let {®o} = { [ T(pa + t)zdua(t) : o € I}. Then, we first prove that ®, converges
strongly to a common fixed point of T'(¢),¢ € S. From the compactness, {®,} must contain
a subnet which converges strongly to a point. So, let {®,,} be a subnet of {®,} such
that lim, ®,, = yo. Using Lemma 4.4, we can show that g is a common fixed points of
T(t),t € S. So, from (2), we have ‘

lim |8 — yol| = lim [|a, — yo]| = 0.

This implies that ®, — vo.

Next we prove that [ T'(h+t)zdpua(t) converges strongly to yo € F(S) uniformly in k. In
the above argument, take a net {p,’ : @ € I'} in S such that p,’ > p, for each o € I. Then,
repeating the above argument, we see that ®,' = [ T(p, + t)zdpa(t) converges strongly
to a common fixed point y; of T'(t),t € S. By Remark 4.3, we can show yo = 31 € F(S).
Since {p,'} is an arbitrary net in S such that p,’ > p, for each @ € I, we have that
[ T(h+ pa + t)zdus(t) converges strongly to yo uniformly in h € S. Hence, we can show
that [ T(h + t)zdAg(t) converges strongly to yo uniformly in h € S. Since {Ag : § € J}
and {uq : a € I} are arbitrary nets of finite means on S such that

lim]|Ag — i Agl| =0 and ligalpte = 7¢ all =0,

for every t € S, we see that such an element yo of F'(S) is independent of {Ag : 3 € J} and
{Uo : @ € I'}. Further, we can prove that for any invariant mean pon D, yo =T)z. U
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Let D be a subspace of B(S) containing 1 and rs-invariant for every s € S. Then, a
net {y, : & € I} of linear functionals on D is called strongly regular [11] if it satisfies the
following conditions:

(a) sup||pall < +oo;
«

(b) limpo(1) = 1;
(c) lim||pto — "5 1] =0 for every s € S.

Now, we can show a nonlinear strong ergodic theorem for commutative semigroups.

Theorem 4.6 ([4]). Let X be a nonempty a closed convex subset of £ and let § =
{T(t) : t € S} be a nonexpansive semigroup on X. Assume J,.57'(t)(X) C K for some
compact subset K of X. Let D be a subspace of B(S) such that I € D, D is rs-invariant
for each s € S and the function t — (T'(t)z,z*) is an element of D for each z € X and
z* € E*. Let {\, : a € A} be a strongly regular net of continuous linear functionals on
D and let z € X. Then, [ T(h+t)zd.(t) converges strongly to a common fixed point yo
of T(t),t € S uniformly in h € S. Further, such an element y, of F/(S) is independent of
{)\o} and for any invariant mean p on D, yo = Tz = [ T'(t)zdu(t). In this case, putting
Qz = lim, [ T(t)zdXa(t) for each z € X, Q is a nonexpansive mapping of X onto F(S)
such that QT(t) = T(t)Q = Q for every t € S and Qz € T6{T(s)z : s € S} for every
z € X.

Sketch of proof. Let{\, : @ € A} be a strongly regular net of continuous linear functionals
on D and let {us : B € B} be a net of finite means on S such that

li[rgn lws — riupl| =0 for everyt € S. (%)
From Lemma 4.5, we have that [ T(h + t)zdug(t) converges strongly to a common fixed

point yo of T'(t),t € S uniformly in h € S. Let € > 0 and let u be an invariant mean on
D. From Lemma 4.5, we also know yo = T),z. Further, there exists #; such that

for all B > (B, and h € S. Suppose

€

<—__.
sup [[Aq|l
87

/T(h + tzdus(t) — Tz

Hpy = Zbi(stz‘ (bl >0, Zbl = 1) - (3)
i=1 Ci=1 :

and put p; = pg,. Then, we have

< €
SUDq [|Aall

H / T(h+ Hadun(t) - Tua
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for every h € S. Since {A,} is strongly regular, there exists ag such that
£

1= (1) < max{1, || T,z||}

and .
Ao = TiAal| < ———
30 = il < i ©
for every ¢ € {1,2,--- ,n} and a > ag, where M = sup ||T(g)z||. Then, we have
ges
T,x — /Tuxd)\a(s) sup [(Tpz,z")| |1 = A1) <€
z*€S1(E*)

for every a > ay and from (4),

/ / T(h + 5 + )z dun (£)dAa(s) — / Tyxdda(s)|| < ¢
for every h € S and a € A. Thus, we obtain
| //T(h+s+t):rdu1(t)d)\a(s) Tl <ete=2e

for every h € S and «a > ap. On the other hand, from (3) and (5), we have

/T(h+s xd Ao // (h 4+ s+ t)zdu (£)dAq(

for every h € S and «a > ag. Therefore, we obtain

j / T(h + s)zdAa(s) — T,;a:

an/\ — |- M < e

< e+ 2e =3¢

for every h €S and a > ap. Then, f T(h+ t)xd)\ (t) converges strongly to a common
fixed point yo of T'(t),t € S uniformly in h. Further, such an element yq is independent of
{Aa} and yo = T,z for any invariant mean p on D. If Qz = lim, [ T'(t)zd\,(t) for each
z € X, then @) is a nonexpansive mapping of X onto F(S) such that QT(¢t) = T(t)Q = Q
for every t € S and Qz € co{T'(s)z : s € S} for every z € X. O

5. APPLICATIONS OF THE MAIN THEOREM .

We now apply Theorem 4.6 to obtain other nonhnear strong ergodic theorems with
compact domains.
Theorem 5.1 ([4]). Let X be a nbnempty closed convex subset of E. Let T be a
nonexpansive mapping of X into itself such that 7'(X) is relatlvely compact. Then, for
eachz € X, (1—s) > 2, s'T converges strongly to somey € F(T),ass 11, umformly
inkeZ*. - ‘

Let @ = {gnm}nmez+ ‘be a matrix satisfying the following conditions:
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(®) sup > ldnn] < o0

nez+ m—0

(b) W D gom=1;

[o.¢]
(© Jim 3 larmi = gunl =0
m—=
Then, according to Lorentz [14], Q) is called a strongly regular matrix. If Q is a strongly
regular matrix, then for each m € Z*, we have that |g, | — 0, as n — oo (see also [11]).

Theorem 5.2 ([4]). Let E, X and T be as in Theorem 5.1. Let Q@ = {gm}nmez+ be a

strongly regular matrix. Then, for any z € X, > g me““x converges strongly to
some y € F(T), as n — oo, uniformly in k € Z“' ‘

Theorem 5.3 ([4]). Let X be a nonempty closed convex subset of E. Let U and T be
nonexpansive mappings of X into itself with UT = TU. Assume (U(X)UT(X )) C K for

some compact subset K of X. Then, for each z € X, (1/n?) 37 2 UHRTIthy converges
strongly to some y € F(U) N F(T), as n — oo, uniformly in k,h € Z*. ‘

Theorem 5.4 ([4]). Let X be a nonempty compact convex subset of E and let S =
{T(t) : t € R™} be a one-parameter nonexpansive semigroup on X. Then, for any z € X,

T [ e T (t + k)zdt converges strongly to some y € F(S), as r l 0, umformly inke R"’
Let @ = Rt x R™ — R be a function satisfying the following condltlons ‘

o0
(@) sup [ 1Q(s.1)ldt < oo
" seRt Ooo

(b) lim [ Q(s,t)dt = 1;
§—00 0

() im [ |Q(s,t+h)—Q(s,t)]dt=0  for every hc R™.

8§—00 0
Then, @ is called a strongly regular kernel.

Theorem 5.5 ([4]). Let E,X,S = {T(t) : t € R*} be as in Theorem 5.4. Let @ :
R* x R* — R be a strongly regular kernel. Then, for any z € X, [°Q(s,t)T(t + h)zdt
converges strongly to some y € F(S), as s — o0, uniformly in h € R™.
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