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Absolute Norms on C"
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It is known that for every absolute normalized norm on C? there corresponds
a unique convex function on [0, 1] satisfying certain suitable conditions (see Bonsall-
Duncan [1], also [2]). Recently the authors [3] extended this result to the n-dimensional
case. In this note we shall present a brief introduction of our result. We first recall the
2-dimensional case, and then we treat 3- and n-dimensional cases, where we focus our
discussion on the 3-dimensional case which will illustrate the n-dimensional situation.
We shall also present a characterization of the strict convexity of these norms, which
extends our previous result in [4].

A norm || - || bn C" s called absolute if
(1) (], lzal)ll = 121, -5 za)ll V@, -+ 20) € CF
and is called normalized if
(2) 1(1,0,---,0)[ = (0,1,0,---,0)|| = --- = [|(0,---, 0, )]} = 1.
The ¢,-norms || - ||, are such examples:
(|z1P + -+ |z P)P if 1 <p < oo,
@)l = { |
max(|z1|, -+, [za])  if p=oo.
Let AN, be the set of all absolute normalized norms on C".
We recall the 2-dimensional case. For any || - || € AN, let
(3) p)=[l1-t (0<t<1).
Then 1 is convex continuous on [0, 1] and
(4) P(0) =9(1) =1, max{l—tt} <) <1

Let ¥, denote the set of all convex continuous functions on [0, 1] which satisfies (4).
Then the converse is valid.
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Theorem 1 (Bonsall-Duncan [1]). The sets ANy and ¥y are in one-to-one cor-
respondence under (3). That is, for any ¥ € Uy let

e+l (glig) o () # (0,0),

0o if (z,w) = (0,0).

() 1(z, w)lly =

Then || - || € Na and

b(t) = (1=t t)lly (0<t<1).

1. Absolute Norms on C3?
Lemma 2. Let| || € ANs. Then
100,y,2)[| < |(=z,9,2)l,

Iz, 0,2l < (=9, 2],
Iz, 3,0l < =z 9, 2)l.

In particular
|- Moo < A1 1< 11 Il

Proof. For any (z,vy, z) € C3, we have
1
Iz, 9,0l = 5li(z.y,2) + (2.9, =)

1
< Sy 2l + iy, =2)l) = Iz, y, 2]l
Similarly we have the other inequalities.

Lemma 3. Let | -] € AN;. If‘|x1l < lza|, lnl < |y2| and |21| < |z, then
(@1, y1, 20)|| < [[(z2, 2, 22) |-

Let -
Az ={(s,t): 0<s+t<1,st>0}

For any | - || € AN3, we put
(6) P(s, t) =||(1 —s—t,s,t)|| for (s,t) € As.
Then 1 is a continuous convex on Az and satisfies that

$(0,0) = (1,0) = (0, 1) = 1.
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Further, by Lemma 2, we have

W(s,t) = |(1—s—t,st) > 10,51t

+1) t (s+ 1) [ ——,
= 3 foooed y s
+t s+t s+t s+t

B(st) = IN1-s—t,s0]>(1-s—150)]
(1-r5e )| -a-am (),

W(s,t) > (1 —t)y (1 > t,o).

Let U3 denote the family of all continuous convex functions on Aj satisfying the
following conditions:

= (1-y9)

and similarly

) W(0,0) = $(1,0) = ¥(O,1) = 1,
S t

®) W) 2 (o+0w (S o).

) w0 2z (-9 (0.75)

(10) ¢(s,t) > (11—t

N
fam—Y
| V)
o~
(@]
S~

Lemma 4. Let iy € V3. Then

1> (s, t) > Yools, t) > for all (s,t) € As.

Wl

Remark 5. We consider the following function ¢ on Ajs:
P(s,t) = max{l —2s, 1 — 2t, 2s + 2t — 1}.

Then 1 is continuous convex on Az and satisfies (7), but not in ¥3. Indeed, suppose
that 1 is in ¥3. Then since ¥ (s+t’ s+t) =1 (0, ﬁ) =1 (ﬁ,O) =1 for all (s,t) €
Az, we have

2
1/1(5,t)2max{s+t,1——s,1—t}2§

by (8)-(10), whereas 1(3, 1) = 3, which is a contradiction.



Theorem 6. For any || - || € AN3, put

(11) U(s,t) =||[(L —s—1t,s,t)]| for (s,t) € As.
Then ¢ € V3. Conversely, for any ¥ € V3 define
(12)

(12l + ol + 1209 (sl ) #f (@9,2) # (0,0,0),

0 if (2,9,2) = (0,0,0).
Then || - ||y is in AN3 and || - ||, satisfies (11).

Iz, 9, 2)lly =

We see the converse assertion. Let ¢ € U3, and define | - || by (12). We only see
the triangular inequality

(1,91, 21) + (T2, Y2, 22) [l < [|(Z1, 91, 20) ||y + || (72, Y2, 22) [ 4-

To do this, we show that, if 0 <p<a, 0<g<band 0 <r <c, then

(@ a, )y < (@, b, )|y,
that is,

(13) (p+q+r)w( 1 d )s(a+b+c)¢< b c >

p+rqg+r ptqg+r a+b+cat+b+c
At first, we show that, if 0 < p < a, then

(14) (p+q+r)w< 1 _ >§(a+q+r)¢( g A )

prg+r p+qg+r a+qg+ra+qg+r

Take any (s,t) € Az such that 0 < s+t < 1. We consider the line segment

[(s,t),(ﬁi,s-f:t-)] in As;. For any real number A such that 1 < A < SL_H, we put

s' = As and t' = At. Then (&, t) is in [(s, 1), (333, 7)]- Since
b _ (s+t) (A1) S t 1—XA(s+1)
(s',8) = (s, M) = 1—s—t s+t s+t T T (5,2),
we have
s (sHH(A=-1) s t 1—-X(s+1)
<
Ve s T Y G sre) T ios o Ve
by the convexity of ¥. Therefore we have
Gis,t)  B(s,t)
s s
P(s,t) 1 [(s+t)(A—1) s t 1—A(s+1)
> A t
- s As 1—s—t 4 s+t s+t T ¥lst)

- s (e - (S b 2o
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Thus, ¥&8 > #6580 pyg

g4 y_ T q r

, U= ,§=——— and t= ———
pt+gq+r ptq+r a+q+r a+q+r
: : f_t __ atq+r
respectively. Since £ = % = e > 1, we have

q r q T
w(p+q+r ) ptg+r ) < Q/J( atq+r’ atg+tr )
q - q ’
pt+q+r atq+r

This implies (14). Repeating a similar discussion, we obtain (13).
Now, let (z1,y1, 21), (z2, Y2, 22) € C3. Then

(15) (21,91, 21) + (22, 92, 22)lly

|| |z1 + 22|, Jyr + ¥2l, |21 + 22))]ly

(

= |l(z1+ 22, Y1 + Y2, 21 + 22)ly
(
(

< Azl + [z, |y1!+]yzl |21] + |22]) [
_ Kw<|y1|+|y2|’|zll+|22|)

K K
(K = |z + o]+ ]+ Lyel + 2]+ |2)
K{'Ill + [y1] + |21 ( |y1] |21] )
< (0 ,
K lz1|+ lyil + 21| 21| + Jya| + |21

|za| + y2| + |22] A |22
+ (! ;
K |Z2| + |y2| + 22| 22| + |yal + |22} ) J

= (21,91, 21) Iy + |(z2, y2, 22) ] -

2. Absolute Norms on C*

Lemma 7. Let || -| € AN,. Then

(Bl) ||(07 1"273’;3,“'71“71)” S Il(xla ';zn)”a
(Bs) (21,0, 23, -, z0)|| < (21, -, 20|,
(Br) (@1, @2, 21, O)f| < [(20, -+ @)l

In particular,

- lloo < AF-1F< 11l
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Now let
An={(s1,82,",8n1) 1 S1+ 82+ + 801 < 1, 5 >0 (Vi)
Take any || - || € AN, and let
(16) 9(s)=ll(1—s1—s2— -+ —Sp-1,81," ", Sn=1)|| for s = (s1, " +,8n_1) € Ay,
Then 1) is continuous and convex on A, and

(A))  #(0,++,0) = P(1,0,-,0) = =9(0,--,0,1) =1,

S1 Sp—1
A s Sy > e _— .
Ao 9o ssna) 2 (o bl s )
S Sp—
(AQ) "p(slv o ')Sn—l) 2 (1 - Sl)w(ov 1__—2;7 Ty 1— ;1)1
S Sp—
(An) 'd"(sla Ty Sn—l) Z (1 - Sn—1)¢(1 — ;n—17 Tty 1 — 53_2‘:0)-

Let ¥, be the family of all continuous convex functions on A, satisfying (Ao), (A1),
-+, (Ay). The functions corresponding to £,-norms are

((1- Z?=_11 s+ 4+ +s2_ VP if 1<p< oo,
¢p(317 S2,° 0, Sn—l) =
max(1 — 37 8,81, 8n1) if p=oo.

Lemma 8. Let ¢ € V,,. Then

1
- S ¢00(317827 ot ',Sn—l) S w(slaSZa o '151’1,—1) S 1

3

for all (s1,892, ", 8n—1) € Ay

Theorem 9. The sets AN, and V¥, are in one-to-one correspondence with (16).
That is, for any || - || € AN, the function v defined by

(16) ¢‘(81, Ty Sn—l) = ||(1 — 8 — = 8p-1,81, ", Sn—l)” ‘f07" (81, T 78n-,1) €A,

15 i U,,. Conversely, for any v € ¥,, define

(lza] + -+ - + |zn|)¥ (|x1|+k~c~-24l-|zn|’ T |$1H|_9.c.7.l.!,|wn|>
(@1, Zn) |l = if (z1,--+,20) # (0,--+,0),
0 if (z1,---,2n) = (0,---,0).

Then || - ||y € AN, and || - || satisfies (16).
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3. Strict Convexity of Absolute Norms on C"

A Banach space X is called strictly convez if for all z,y € X (z # y, ||z|| =

ly|l = 1) we have [|Z£|| < 1. A function 9 on A, is called strictly convez if for all
s,t € A, (s #t) we have Y(3(s+1)) < 5(sb(s) +(t)).
For x = (21, ++,%,) € C*, we define |z| by |z| = (|z1], -+, |zn|). We say that

|z| < |yl if |z;| < |y;] for 1 < j < n. Further, we say that lz| < |y| if |z| < |y| and
|z;| < |y;| for some j. Then we have the following lemma.

Lemma 10 ([3]). Let ¢ € ¥,,. Let z = (21, -+, Zn), Y= (Y1, -, Yn) € C*. Then

(1) If |z| < lyl, then |jzlly < llylly-
(ii) If ¢ is strictly convez and |z| < |y|, then ||z|ly < ||ylly-

Theorem 11 ([3]) Let ¢ € U,,. Then | - ||y is strictly convez if and only if ¢ s
strictly convex on A,.

We see the proof in brief. Let |- ||, is strictly convex. Suppose that ¢ is not strictly
convex. Then there exist s = (81,80, *,8n-1), t = (t1,t2,- ", tn-1) € Ay (s # 1)

such that $(3(s + 1)) = 26b(s) + B(B)). Put & = (1= 83— -~ 841,51, 5001)
andy = (1 — ¢ — -+ — th_1,t1,---,tp—1). Then a direct calculation shows that
Iz + ylly = ||lzlly + llylly- Since || - || is strictly convex, z and y are colinear, that is,

there exists a k > 0 such that x = ky. This implies that £ = 1, and so z = y. Hence
we have s = t, a contradiction.

Conversely, suppose that 1 is strictly convex on A,,. Take any z = (21, -+, Zn-1),
y=(y1, +,Un_1) € C*,x # y, such that ||z|| = ||y|| = 1. Put
_ |22} . [zn] _ ly2| . [yn|
5= (|z1|+-"+lzn|’ ’ l11|+"'+lwn|) and <|y11+~"+|ynl’ ’ ly1l+-~-+|yn!>'

Then, s, t € A,. If s # ¢, in the same way as (15), we have

2+ ylly < llzlly + llylly = 2

by Lemma 10 since 1 is strictly convex. In case of s = ¢, we have |z;| = |y;] (1 <j <
n). So, there exists a positive number 6; (0 < 6; < 27) such that z; = e y;. Since
T # y, there exists a jo such that z;, # v;,, whence 0 < 8;, < 27. Put c = |14-e%i0|/2.
Then 0 < ¢ < 1, and we have

lz+ylly = Iz +3b- 5 120 + vy
= 11+ € lyal, -, 11+ €%yl - -, 11+ € ||yal) s
< @Iyl -5 2¢lyzols - -5 2lyml)lly
= 20(Jyal -5 clysols - lwaDllw
< 20(wals - Wsehs s lynlly = 2

by Lemma 10, as is desired.
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