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| Chaotic order and Furuta inequality
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1. Operator Chaos. bt /L)L ZE[ LD positive opretor A IZxf L
T log A %#{i# operator chaos & BT O, L) ZENLIHHO L I,
Z DAL E T von Neumann entropy [20] £ TIMDIE L RITNIERS
72\, von Neumann [I&FHHER LR ITHEEMAFE ( positive trace
class operator ) A IZX LTz brE—2KRDLIIZEHEZT-,

S(A) = —trAlog A

HEIE [25] 1IX Z OYRER & L THEEHERSR A, B 12X L THIXHEAR = k
BE—EROLIILE X,

S(A|B) = trA(log A — log B)

Z D% Z ORI b e B3R, 30T Uhlmann 52 &> THY IR
HERIERABR LOER~ LIRS TV 2 (cf.[26]),

BT FFT-HEE [20](cf. [26]) IXfEAHFE = 2 E'— (operator entropy)
EROLIICERLIDZ L &R LT

S(A) = —Alog A

COEBIBWTEEREIXZ NN operator concave function (272> T
WEM, NI T ETHoTz, FH-MEEHEIZOFEDORERIZEFLTND
2, BT, W [10] 12 ko THRAREANE X Sl

FxlERFEz b —oEt{tx B L7, Z0HDEREL LT
INR-ZHE (18] 1L L > THEAONIAERAREHOERmEZHE Y, Z TIEHRIC
a-power mean §, &FFHENDIEAREHBERTH D, FRIFKRDO LD
CEAONDZDTHDIN a =5 DLENTE geometric mean TH D,
b /L~UL R ZEfE _E @ positive opretor A, B

Aty B=A3(A"TBA™7)*A%, for a €0,1]

Z & W TH & 1L positive invertible operators A, B (Zxt L FEXHEH
Fx > k1 — (relative operator entropy) S(A|B) ZRD L D527

3l
. At B—A
lim ————

a—0 o

= A3(log A" BA™7)A? = S(A|B)



Z#id Uhlmann [24] I K> TEHR b eBRt— Y br ©—DOFREEZEA
FLLELDTHD, A& B STHROBILMEE 25 Ic L >THE2 b
IAERt Y e Bl Y %, BiZ B=1 O S(A|I) = —Alog A &
RYERFET L brbE—=2EoN5, .

—%. SUJA) = logA THBZ LMD, “hk A AEOEH I
A, 725 operator chaos L RODBRETHA I LEXD, £ZT
Z O operator chaos IZ & > T SNBIEF, 7205 logA > log B %
chaotic order &FEON A > B LERTHEIZT D ([4],[5]).

2. Chaotic Furuta Ine(iuality. = ® chaotic order flj’éﬁé Fu-
ruta AFEXZZR L TO K P THRLAIBIROEEZFIZAND Z L1 H
iz, THILEHE [1] D exponential inequality (ZHIBE S NG S /-5E R

THD [T, T % chaotic FRD Furuta RERXEFEATEZ 9,

Theorem A(Chéotic Furuta inequality)., Let.A and B be positive
invertible operators. Then the followings are equivalent.

(i) . A>B
(ii) AT jipr? B”SI :for" Ogr and 0<p
(iii) B4 AP >1 for 0<r and 0<p.

THIREIZRD & 5 2—fRER TE ZELES ([14],[15]).

Theorem 1. Let A and B be positive invertible operators, then the
followings are equivalent. S

(1) | A A >>> B (i.e.log A > log B)
(2) A—Tﬂgs_jrprSB‘s for r>0 and 0<6<p

(3) B $se, AP>A° for >0 and 0<6<p
p+r
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4) A"ﬁj%B”gAA’ for —r<y<0 and 0<p
prr
(5) B"ji-,_:trA”ZB'y for —r<~y<0 and 0<p.

Proof. Since A™ §_-_ B? <1 by Theorem A, (1) implies (4) is given
as follows:

A7 e BP= A7 e (A7 BP) S A7 fan 1= A7

The equivalence of these inequalities are easily seen as follows:

(2) is equivalent to B™P f_syp A” > B~ since B® > A" 54 BP =
r+p - p+r

+
BP ﬁl_s{_r A" = BP ﬁ%m A™". By exchanging —¢ and ~, p and r, we
have (5). Replacing A and B by B~! and A~! respectively, we see the
equivalence of (2) and (3) or (4) and (5). '
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3. ZLEFRFK. Furuta REXNRH 2 b 7-DIE 1987 £, [8](cf.[9)])
IZBNWTTH D, £OBEBRLTEI ),

Furuta Inequality:

p = (@

IfA>B>0, p . _
then for each >0, - +7" =p+r
(AFAPAR)c > (AFBPAS) \\\\
A
and &\\\\
(BEAPBY)T > (BEBPB): T
holds for p and q such that p > 0 0 1
and g > 1 with
- Figure 1

(1+r)g>p+r.

ZOFREXIT Lowner-Heinz REXZ r =0 ODBE L LTEARAIDHE
15 best possibility (IMIE [21] IZ L > TEEHA SN TV D,

Furuta "X ¢ 2F W Tp>1, r >0 & LT?XZOT%Kg@*b
L2, FEXETLRDLDITRD,

A>B>01IZxtL

(A5BPA%)rE < A" and B™" < (BSAPBH)rt
ERZR YA %2 O T Furuta REXRZREITRO L 512725 ([2],[6),[7],[13]
etc.): If A> B >0, then

(I) AT ﬂ1+r B?P<A and B< B fir A

p+r

hold for p > 1 and r > 0.

FIZF, 2 1% a-power mean f, # AN T 7NV Z RERICHEEHEZ 52 5
ZETRDOE D BRERZB/LIENHR [13],
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- Satellite theorem of the Furuta inequality: If A > B >0, then
A" iy B? <B<A<B"fi. A7
forallp > 1 and u <0.
. XCZ o Furuta RERK L 5D Chaotic Furuta REXBETH B2, N
Il [22] 1% Furuta RER % BV 57215 T Chaotic Furuta RE&ERAE T 5
& %_"/J(@J: IR LT, TH 1] IR TCInzR k>, EE
EROFETH S,
‘ log X

(5) T}Lrgo(1+ - " =X.
ZZTA>B%ZRETD L.
An:1+logA Zanl_*_logB
n n

BELND, ZD A, > B, >0 2% LT Furuta R&ERX 42 BV
nr nr L4
(AT BraF)E <At
n—s 0o LTRIT(4) Bz HHD,
4. Chaotic order and Furuta inequality. = Z TiZH# ixml [21]
DR LIZZ EDHETRE H, $7255 Chaotic Furuta FERXE AW 5720
T Furuta R &R B3H/{ON5, ETROEELZ R TEB, Zhit Theorem

LIZBWT =1 LEBFIXB LN Z & TH SN Satellite Theorem &k
B9 41T chaotic order > & usual order > & DEFEVPEAE LT,

"Theorem 2. If A> B for A, B> 0, then

(ID) A7 fe B> <B and A< B fix A

ptr p+r

hold for allp > 1 and r > 0.

‘(k‘?ﬁ Furuta %30 & Chaotic Furuta REXNFETH S 2 & 557 T
R TH B [17)(cf.[16]), _
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Theorem 3. The followings are equivalent.

(i) If A> B >0, then (I) holds for p> 1 and r > 0.

(i) If A> B for A, B> 0, then (II) holds forp>1andr >0.

Proof. (i) = (i) IOV THERIZMIL 22 Lk > TRENATV S, %
T () = (i) IOV TORFEIF I, R

Suppose that the chaotic Furuta inequality (ii) and A > B > 0. Since
A > B is satisfied, we have (II) and so '

AT e B = B s AT =B AT

p+r p+r

- Bpﬁu(B”ﬁ_LA‘T)<Bpﬁp_-_11 Itle” B.

Moreover, since A > B is assumed; we have the Furuta inequality (I).

5. Application. &if. W [23] 1L Furuta R ERDOILRZEARD
jfilf‘:’:%%j‘bfll\éo ’

Uchiyama’s result. Let A, B andC be positive zn'vertzble operators.
IfA< B!\ C, then fort >s>0andr >0

AB(Bf <7, C°)AS < {A5 (Bt s CY) AR YT

Z Z T B!y C I¥ harmonic mean, B 7, C IX arithmetic operator mean
(18] THUVENHITKRD LI IZEZBND,
A€o, 1} iz LT ’

BiL2ZC=MB*t'+1-nC™H!

B, C = AB+ (1= N)C. |

PTFORRIT. L OELREE 12 CEBNELOTHD, LiL
ZITEH(12) EED LB THERARTH LD ETROEEEZRL
TH<,

Theorem 4. Let A, B, C > 0. f A B!, C, then

A B, CF (or A < (B o, CHY)
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forallt > 0.
Proof. Since z* is operator concave for a € [0, 1], we have

(¥) AS®*+(1-=XNT* < (AS+(1—-XNT)* for a€[0,1] and S, T > 0.

By using this fact, we can show the result as follows:
(i) In thecase t > 1; B!y C < Bwy,C < (Bt v, CHt by ().
(ii) In the case 1 >t > 0;

(B !,\ C)t = (B—l VA C—l)_t < (B-t VA C—t)_l = Bt!)\ct < Bt AV Ct

because the first inequality follows by (*) and the last inequality holds
always. This implies A' < B! w7, C% so that we have the result by (i)
and (ii);

At < (B' A C") (or A' < By, CY)  for all t>0.

TDELDHED Theorem 1 ZRND I & TROBEELZBDHZ LHE
%,

Theorem 5. Let A, B, C > 0.
(I) If A < Bt 7 C* for allt > 0, then

(B*VaC®) S A7 fax (B'Wa CY),
(1) If A* > B !y C* for allt > 0, then
B C >AT ﬁ.sH_L: (Bt 5\ Ct)

Proof. (I) We have only use Theorem 1 (3) and (*) for A < (Btv7,C")t.
(IT) Replacing A by A™!, B by B~! and C by C~! in (I),
At <« Bt 57, C~t is equivalent to A' > (B! v, C7Y)~1 = B! !, C".

fo ZAHWVWRWETERIZIKRDO LTS,
(I') A3(B® 7, C°)AS < {A5(B' v, CYHAF}iF,

s+r

(IF) A3(B° 1) C°)A% > {A3(B' !, CY) A3},




s+r

FICRILORERIT (A3 (Bt vy O AV SIEAREEER L 2o T
BIELREBLTND, ZHEIKRDEHIIZELDDZ EAHKD,

Theorem 6. Let A, B, C >0 andr, s, t > 0 such thatt > s and
(r,t) # (0,0). Then the following (I) and (II) hold and each follows from
each other.

() If A* < Bt 57, C* for allt > 0, then

F(t) = {A3(Bt v, CH AT}

18 increasing of t.
(I1) If A > Bt !y C* for allt > 0, then

s+r

h(t) = {A2(B" Iy Ch A2}

is decreasing of t.

ZOHEHIE A < (Bt waCHt THDZ & LY KD Theorem C [7] 26
HOmMmERD, '

Theorem C. Let A, B,> 0. Then the followings are equz"va,lent.

(i) A < B (ie.log A < log B)
(il) g(t) = (AgBtA%):_;E is increasing of t(> s)for fized s, r > 0.
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