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AN APPROACH TO KANTOROVICH INEQUALITY
VIA SPECTRAL ORDER
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1. B—DFik

ZIZTik, ERRIRIE AL NERH EOBFERBRAERELE T, EA~UL 2B/
LOEARIC., WO DIEFBEFE/EAINTE Y, ZOIEFBEESL, TERXICHONT
ZDOFERBRENTETWD, 7, HLLLHALN TV IBEEDIBEBFIC DN TR
5, (ERFRAN ETHBHEE, (Az,x) 20 (A2 0) BT ~To 2 € HICOWTHEY X
DIEThHD, BHELERERFAL BIZOWTEEDIEFIT A-B>0 CTEBSATH
b, ETETHRLL AN TWABTRERIZ Lowner-Heinz TER1H 5

A>B>0R5E, £2TO1>p> 01050 T AP > BY
S ORERITKOERT best possible T 5,
C<BE>
EBOp> 112V T A2 B THHDN, AP ¥ B Linsd, EfEAK A BNEFET 5,
LIAT, ThEIA—TBRLENRFEL LTHERTEX 3] 5d 5 :

Theorem F (Furuta inequality)

P q=1 (l+r)g=p+r
If A> B > 0, then for each r > 0, \\ p=gq
(i) (BgApBi)% > (B"'iBPB%)% \\\\\\\
and \\\\\\\\

1 1 3
(i)  (A3APAS)? > (45BrA3)" (L 1)K
hold for p > 0 and ¢ > 1 with /

(+r)g2p+r. (1.0 7
(01 _7')
Figure

Z DFEISIIHIE [9] 12 & o T best possible TH S Z LRI TND,
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2. E-DOHIE

Fho,. <BE> E2INN—TBLH)—00OFELLT, ZRLEH [b] ICKDBDEMN, K
1226 F %5 Kantorovich TUEERH 5 :

Theorem A. If A>B>0and M > A>m >0 for M > 1n, then
K, (m,M,p)A? > B?

holds for p > 1 where K ,(m,M,p) is called the Ky Fan-Furuta constant:

(p—1)rt (M?P — PP
PP (M —m)(rmnMP — mpM)p-1"

K. (m,M,p) =

Lowner-Heinz O & 2 72 JBFFBIRZfEE p . 1 KV REWE &I, FDOXIHICIRT
E <BE> BINR—TEBENIONT2O00FEEZRBNLE, &6, BEDIEF
£ V55V chaotic order T, FTHRANCING 2ODOMERII LD I NN—DFENELN
7z, 7272 L. chaotic order &%, IEfEFFR A B, logA > log B #i—=4 & & A, BIZ
chaotic order 28 2< &V, A> B L RT, ZOMERENPKROEEB T, BA- L& [7]
ko TRENTZ, '

Theorem B. Let A and B be positive invertible operators satisfying M > A > m > 0.
Then the following statements are equivalent: - '

i) A>B

(ii) Foreachne N,ac[0,1],p>0andu>0

(p+au)s au (ptou)s—au

K.(m M w4 1)APTeWs > (AT BPAT)®

holds for s > 1 and (p + au)s > (n + a)u.

BT, EEBOBEOIEFEICET S b0, BB HR 2LV KOT TR
i

Theorem C. Let A and B be positive invertible operators satisfying M > A > m > 0.
Then the following statements are equivalent:

i) A>B

(ii) Foreachne N,aec(0,1],p>1andu>0

(p—1+(u+Da)s—(utl)a (p=14(ud)a)s—(u+1)a

K_|. (m n M oy ,n A+ 1)A(p—i+(u+l)(1)sﬂ

(u{l)a 1 (uta—1

> (A~ BPA— z )*
holds for s > 1 and (p — 1+ (u + 1)a)s > (u + 1)(n + «).

FEB L CTH, <EE> 2XA—FHbIT, AP L BP DTN D ADRFE DY
TWBZed, EREELTK BTN DI &b, ENOEMEREFAIL
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3. B=DOFiE

22T, SEHORAE, <BR>ENSA—FTBEHIC, A7 FABIEFEL AN
eagu:o EERAR A, BIZoNT, 220 MASB LT & & DAY Flv%i%%h%
NE\WF, L5, Bb,

A—/Aﬂﬁ and ‘B~/Au§'

ETHEE TAT@A&O“T&&J&%%K?&%14&Bmxm hLVBYIE
#%ﬁo&ww A> B &7, ‘

Ry MAENERFOR#-S1T & LT Olson[8] 2R L TNE D70 < BE > 2 85 TH
BIZAN—F ARMERBRNRRII LT3 '

Theorem D. Let A and B be positive operators. Then the following statements are
equjz'v:ale‘nt: | ' ’ ‘

(i) A= B

(i) AP>Br for allp > 0.

22T, Bxlk. A BOTT, EEBECERELTHE:

Theorem . Let A and B be positive invertible operators satisfying M > A > m > 0.
Then the following statements are equivalent:

() A»=B
(ii) Foreachne N,a€0,1],p>v>0andu>0
K, (m<p~v+(u+v2za)s—(u+v)a’ M(p—v+(u+u)ﬂa>s~(u+v)a,n + 1) A(p—1)+(u+0)a)3
> (A(u+v)a v BPA(u—} 1.'2)a-—v)s

holds for s > 1 and (p — v+ (u +v)a)s > (u +v)(n + a).

KROBEIL, TATFERXOWEZOLDTHSHR, Olson o LB R~ kM LEEREOE
1 (EED) DBz L > TRENS,

Lemma . Let A and B be positive operators. Then the f()llé?ll'iﬂQ statements are equivalent:
i) A>B ,
(i) For each v >0, A‘”” > (ATB”Aﬁ) “ foru >0 (md p>.

Remark . 50EHIT, KOBKTER B,C 28A TV EEXLND, FEOD (i) I
v=0¢&,, v=12FRERRATIE, EEBRUC O [) 385N 3, Fhbicht
IRLCHIBED (i) ICb v=0,12ZRATHE, v=00L %, (i)ORE A> B LFIE
([1],[4]) &720, v—l@&% (ii) PKix A > B LFIE (EEF ) L7425,
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Proof of Lemma . (i) = (ii). For each v >0, it follows from Theorem D that APH* >
AZBPA% for p> v and u > 0.

By raising each sides to the power ¢
pt+u

€ [0,1], we have

AV > (A3 B”A%)%’% foru>0 andp > v.
(i) => (i). For eachp >0, put v =p and u = (.
I . ,V .

EEBOERICIX, ZOBE. 77 }‘—E‘EHT%_C[]&U‘\ ;/Iﬁ'ﬁvA%ﬂ%b\Z)o s
7Y FEBEREREZRBI L TH <, ,

Theorem G (Grand Furuta inequality) . If A > B > 0 and A is invertible, then for
each t € [0,1],

et (A%(A*%BPA—%)*A%ﬁ
holds for any s > 0, p>0,¢>1andr >t with (s —1)(p—1) >0 and (1 —t +r1)g >
(p—t)s+r.

TIXERDERITITN D25, FICHEFIE, EECLEKTHD

Proof of Theorem . (i) = (ii). For eachu >0 andp > v > 0, put A, = A*'" and
B, = (A%B”A’zu')gﬁ. Then we have A, > By > 0 by Lemma. Thus Theoremn G implies
that for each t € [0, 1],

2 |-

(1) AT > (AR(ATT B AT )P AR
holds for any s > 1, py > 1, ¢ > 1 and r > 0 satisfying the following conditions;
(2) r>t,

(3) 4 (1—t+r)g>(p1 —t)s+r.
p—v+(u+v)a)s n+1 o

ptu

> = =1-—t l = —
w0 l,g=n+1, a=1 and also r = i+ ) ”
Then (3) is satisfied and (2) is equivalent to the following

Put p; =

(4) (p—v+(u+v)a)s> (utv)(n+a)

Therefore (1) implies that for each o € [0,1], u > 0-andp > v > 0

(p—vt(utv)a)s—(utv)a

A n

(p-v-i-(lt+-v)a)s—('n:{—l)(u.+u)o (utr)o (u-fn )a (p=—vt{utv)a)s—(n+1)(utv)a 1
2

2 (A 2n (A BPA )qA 27 i )m
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holds for s > 1, p > v with (4). By raising each side to the power n + 1, it follows from
Theorem A that

(p—vt(utv)a)s—(utv)a (p—vt(utv)a)s—(uiv)a

K.(m w M n+ 1)(A(r-vf(u—»»v):)s—(uwa)HH
> A(P-“ Hutv)a)e—(ntl)(viv)e (A(w-«;z)o—v B,,Awngn—n )HA(I'—'M(u91')0)2-*"—(1;1-!)(“4».')0
By rearranging it, we have
K, ('rn(p—w(uﬂ)na)a-(uw)a , M(p_l'+(u+v)1fx)s_(u“’)a N+ i)A(p-v-‘-(u ~u)a)s
> (A= gy

(ii) = (i). Letv > 0. Put a = 0 in (ii) and by raising each sides to the power —, it
8
follows that

(p=v)s (p=v)s

(3) Ky(m =" M =",n+ 1)s AP™" > A5 BPA”E.
Moreover, since
) (p=v)e {p=v)s 1 M —
K, (m = M = ,n+1)s_)(7m__)p 4s s — 00,
it follows from (5) that
M
(6) (Zy-v4r > Br forp > v,
m

Put p=v in (6) and then we have A® > BY for allv >0, i.e., A= B by Theorem D.

4. B

BRI EBOER CHE--HEICHOWTEE TS, ML, 0120, 1 #8ATH L0
5EWT, BEDIEF. chaotic order R, A7 MBIEFAEEL TCWDLEEZLN
b, 2T, TOFTHFREROEZFAL THLHIVD L Z0FRADEELILEL TH L D,

EEAF AL BRO, FEOER o,fIIXLT
(7) : . A(xr-%ﬁ > (A%BPA%)Q])"“TH
=L, p,r >0 TROGBEEZR T,

a>1DLE, p>2F+(a—1)r
1>a>00kx. p>0

IO EEEENIC ROXTEY,

A .>_(a,ﬂ) B

ThHE, A2 Bid. F &I chaotic order A B &7 0 ([1),[4]). A>q, B I, &
EOWER A> B L5 (EBF), $BEREED §>0HLT A>uy B Tho
ZEiE, ARY MABRIEF A>- B LRETHDZ EE2TLTVDICHS B,
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TOEZOWVTHIHIDLBELTAL I,

Proposition . For A, B > 0, the following statements hold:

(i) If A> B, then A >(,0y B for all a € (0,1]. ’ p%o ECh'Cl‘ OYdQY
Conversely, if A >(40) B for some a € (0, 1], 84 T P \
then A> B. v }o(_ / \\
i A2 B S

(ii) If AP > BP for a fized 8 > 0, |

then A > (o3 B for all a € [0,1]. \ {\\\\\
Conversely, if A > (a3 B for some o € [0,1] y< T—‘\

and B> 0, then AP > B8, usuaJ OY’(iQF’"*\ i\ SPCC('VC(( order\
(iii) If A = B, then A >, 5 B for alla > 1 -/ u—* \
and 3 > 0. :

Conversely, if A > p) B for some o > 1 ) \/ :

and 8 > 0, then A(> )B chaotic or@/ /\ : o

s

Proof . (i) If A> B for A, B > 0, it follows from [1] and [4] that

r

A" > (A2BPAR)iT forallp >0 andr > 0.

Since a € (0,1}, it follows from Léwner-Heinz theorem that

or

A > (A5 BP AR

Therefore we have A > 40y B.

Conversely, suppose that A >0y B for each o € (0.1]. Taking the logalithm in both
sides, we have

arlog A > arlog (A’:‘B”Ag)# for allp >0 andr > 0,
That 1s, _
log A > log (A%BPA'E)FIF for allp >0 and v > 0.
Moreover, we have |

log A > log (A%B”Ag)ﬁl* — log (B”)% =log B asr — 0,

which implies that A > B.

(ii) If A? > BP for a given 8 > 0, then Theorem F says that for each ry > 0
(Aﬁ%‘—AﬁmA.H%)ﬁ > (Aﬂ%BﬁmAﬂ%)},

holds for py > 0 and ¢ > 1 with (1 +r1)g > p1 + 7. For each o € [0,1], p > B and
r>0, putp, = p ry = r and q = p+r. . Since they satisfyry >0, p; >0, g > 1 with

B’ B ar +f
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(1+471)g > p1 + 1, we have

A8 > (ARBPAR)

The converse is shown by putting r = 0 in (7).
(iii) -Suppose that A = B. Then Theorem D ensures that

AP'T > A3BPAZ forp, v > 0.
ar + 3

For eacha >1,>0andr >0, ifp > B+ (a— 1)r, then -
p+r

have (7), i.e. 'A >(4ﬁ) B.

Conversely, suppose that A > (@.8) B for some o >1 and 8> 0. For a fized p > 0, we

putr—u Then ar + 4
: p+T

€ [0,1] and so we

=1 and so

AP > ARBPAE.
Since ar + = p +r, it means that A? > B?, i.e., A > B.

ZOMBED of TEEBD THS, f=0(1>a>0) OBHLEICO->T FHWEFH%
Bk B L REOIC, BEDIEFZED . AT MABIBEFEA~E» > TE->TWNA LS
RZ2%, —FH. aBAEFMEHODZ L, ERa=1 DREELBFBVEDN, SIHIFEH0,
BOLEIZAY MBIEBFOBERH D L HICBX 3,

INEHOFHPGERD B L. AT SABNBEFO# L AL, A7 > B BEFED X
B~ O ERED LBEODIITIAL—TF, a=10FEnb, —%(, A > B RIEFO
KBICHNEDLTWS, £OKIE, #6R2E 8=0(1>a>0) D chaotic order M
REIILA T L ILBbi s,
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(1+2r)g > p+2r,



