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PROPERTIES FOR CERTAIN SUBCLASSES
' OF ANALYTIC FUNCTIONS

DINGGONG YANG AND SHIGEYOSHI OWA

Abstract. Let A be the class of functions f(z) which are analytic in the open unit disk U with f(0) =
and f/(0) = 1. Two subclasses H(A,p) and Ho(), p) of A with some inequalities for functions f(z) are
introduced. The object of the present paper is to consider some interesting properties for functions f(z)
bdonging to these subclasses.

1. vatrodmi:wn MA olmwtethe, class -6f - functaons of the Form ﬂt) 24 Z%f”
whaoch are am.Lgﬁ; m W undt disk E = {z: |Z[<1} Wed,em)telvy S the subclass
of A Cbn.SLStWI}- o} funclions which are univalent w E. A function F(z)€ A is cal(,e&
starlike wn [z]<T (0<r21) 4f o sebisties Re{zf'(z)/f(z)} >0 for [zl<r.

Fer a,fmwim F(z) €A, we Swy,ﬂu,t f(z)u mﬂ.e class H(, u) d and only-
of it Sa:b.s;hes Hue Cendmtufms j"(z)lz#:O For zeE and ‘

z f’(Z) a | '
5_2(_*,) —AZ (‘ﬁ "‘1 l</k (?.'GE), (1)

whete 2 is o compled mamber with Red 20 and i is @ positive real mumber. Also
we dﬁj‘wne the class H, (2, 1) by

Ho2 1) = { e H Gy 0): 5700)=0}- |
I“ [2] Nkamw. Obra.dnwuc and Qe proved Aat ql F(z)eA with JC(Z)/Z#)
for 2€E and [(2/5(2))" | <1 in E, then §(z)€S. Ozohd and Nunshawe [4]
show_ed Hat H0,4)CS ‘and Obradovic of ak, [31 eonsidered Hie classes H(0,4)
CV'Lfi Ho(0,1). In‘ e frzéefd '/_]aapw we. &mest{gde, certain pmfuﬂes for the classes
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Ha ) and Hyla,p). Qe resubts gemexalize or amprove the results obfwmed mn L2],
(371 ond [4] and some oﬂwr new Teswlts are also Fuoen.

2. Progarties of the elass HOLA), Let (2) and 3lz) be analyhe o E. Thon we
Soy shat ﬁ:}) s subsrdynate 1o H{z) an E, written $(2)< 4{z), 4F there exists an
analyfee Function wiz) mE such Ahat Iw(z)|<|v:( and f{2)= Huwlz)) fo z€E. If 9(z)
ey unwﬂi%'" m ., teon ()< H2) s e%uwdemx fo §(0)= 3/(13) ad FIE)C HE).

We %e-wl the. fo[laww,g lemma dae ﬂ Miller and. Moccum (1 J 4
Lemma. Let hlz) be analytec and conver wuvalent E, k(b =1, ond Lot p(2)=(+p2"
+h FH+ o« (meN) be analytic i E. If p(2) + 24/(2)/ ¢ < ki), where c#0 ond
Rec 20, #on '
b= 5 e fE e )t

For Red >0 and s>0, o uw«atto umfy tw( the functim

fe)= (1+\/M/u+n %) | (2)
belongs to H (2 1) 4 ond enly o M<[1422]. Applyms the lemma ) we derive
Theb'rmi Le{? Rer =0 and 0<A/<Ii+9/kl M Hu ,U-)CS

Prosf. Lk |
,fg(z) — 27' )U[Z')

20 =14 b2 4o _ (3)

for §E)Ye H(Ayp). Then |
ZP/(2)=- zl( }E?))”
and ok Follows rom Condition (1) that
)+ _ e
Hat Azpta) Pa F (f(z)) <itpz,

For 150, ReA 20 and u>0, an applocatien of the L?an, Yields
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| p(z)< 1+ E 4)
From (35, (4) and the Schwurz Lemma, we have,
2y ‘ .
PO SN 5
T | Ty (z‘eE) (5)
‘f(wRe?R()wmi/wo Hence. : -
b4 f’(z) M - ¢
o 1l<———“+msi (;eE) (¢)

for ReA>0 and 0<pag|i42n],
Now, wsms Theorem 2 sn [41, §rom (6) tie emelude Hhat f(z)e S,
If we Ret w=[14+28 and A=>0s, then condition (1) cam be written as

(&) |<2 e ()

by the Schwarz lemma, Thus we obtew an smprovement o} He mam theorom m [2]. Namely,
we have

 Covollary 1. Lot f(z)e A with §(e) /20 for 2 €E and Lot z) sakisfy (7). Ther
f)eS.

Remank, 1. Recently Yq/n,g, and Law [5] showed C,woLlM*‘»i l:nj,a, different metfiod .
Cm«(,lmyr 2. Llet Reaz0, 0<m<|1422] and

fla)= —F—— €A, (3)
1+ Y by 2"
n={
15
1% (n=1) 1+l bt S M, (‘I)
ten f(z)€S.

Prosf.  Frem (8) and (9) we fawe
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2 §/(z) ;ﬁzi (_é_>ﬂ_.1 I

£2(2) Hz) Z (“-H(Hm) bnz”

n=2

N g(n-nlumlbnl <p
‘S:G"“.Zé E. Therefoe §z)€HMu)CT S [7} Usmg MTP/M {.

Theoro® 2. Let 0€4<ha aid >0, Then H (e, 1)C H (he, ).

| Proof. Let ‘f(Z)EHU:.,)L). Then

zzf'[Z) ) 2
Fogey M E (ﬂz)) <l+pz

amd ffrom (4) an the proo- of Theor@m 1 we obtaw

Zf(z) M
) <1i¢ T < {+uz,

Hemnce

il ) " “§; of 2\ L [ A B :
oo () = e () 30 H

< 1+ uz
For 0<A <Az, This wnplies that £(z) € H (14, ).
Theorem 3. Lot Red 20, u>0 and f(z):er%i A" € HQ,A), Then
. =2

-1 2 _&__ 1.
)‘(Z) .2 S fitang B (10)
“)z(;)-—i \‘zl(laz"‘}‘ Trey Izl),‘ (D
B
{ IEI(MLHI e IIZI) Re msulzl(lazw—ﬁ——mm[zl) o (12)
Qnd l |
[fe) (= - (13)

1102l (214 (a/1t+200) 212

Equalities m (10)=(13) are attaned 4f we toke
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=

_ )
1ibz+(/k/(1+z7u)z H[ #)

ww’ch o<,w<(1+u| qMA 0<‘><2\/m
?'roof Fer f(i‘)‘ 240, 2+ GHU\)ML we/ffww{ *&d |
(S, 4 4 IE N T )
5 (m) tl)"‘* (k Ht))' b2 ﬂ;) N R
USW} (5) w. ﬁﬁkfrwof of Thesvom 1, b Follows. From (14) Hhat

< ﬁzl

Mgms (10). In view of ({0, we easily have ({1), (12)muiU3)

A4
’ﬁz) 7 Tl

-

ﬂﬂ *1 chSS LAt (z¢E),

[1+ 23

Remark 2. Tlﬂm;n,& =0 ond w={ m (1) omd (12), we et fﬁ&wes,rww
Tesults 4 [31].

Theovem 4, Lot ReA>0, 4>0 and f(z)::e-ké‘mz"‘eﬂ(%‘/@)-'m
lai-asl < /114, (15
The vesulk is sharp for 0<m <120,
Prosf.  Since

———1+alz~(az as) 2+ ZL,,Z”
L) n=3

Frem (10) an Theovem 3 we deduce gt .

_'Y_e&l _ !
Fren) L 0TE

) oo
Ao =[ Q- 1% 4 37| by [2r2n
-"-:3

Slmm) ™ e,
which leads & Us).
Tt & sasy Ho sec that the ostinate (1) 45 best pussible for ke funchion §(2) given
by (2) with 0<pg|it20l.
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3. P'fbfﬁeft&es 6f the class H,(L,a)

Theovem 5, Let Rerz0 and F2)E€H, (1,p0).

(@) 5 [14201/Vz € M (1121, then $(z) is »swru&e; o [l<|[14221/(5A) ;
(b If 14221/2 < {14221, then ReF(2) >0 for lz[<ml—/(—2,1‘

P‘ﬂmf We iUse - m‘cachmtyxe, m[E] Let Re?LZ() om:at 0<M<({+2]. Tlum
Frem (5) an the pioof of Theorem { we. have

Ef(®) M . - :
Img’ fz(i) ‘ ) WM(‘1+M'|ZI ) (EGE)- (16)

Also ot follows from (10) an Theorem 3 with € =0 that
2 lg
l‘m3 @

(@) I |t4aal/fz <psli+20], Hen from (167 and (17) we oblain
' zf’(z) 2*§/(2) kR
l ) () l“’"fm

<2q;(3\ M 2 <.T£
S CW((HzMIZ') 2

ch:m( H:‘;M'%'i) (zeE). (m

\

For 121<n=\TT42rl/(fz) <1, This shows that §(z) s stoalike an Jz)<Ter
(b) If [t+2al/as (142, then A Follows frem (16) and (17) Hat

vy §/(2)| < l EIED 4 o 2
IS oy ey ftz)
< 3M°Sm(ﬁ+&zﬂlz|z)<%

for Tzl<m=\T14ax)/ (20) S1. This tmplies that Ref/(2)>0 for [zl<t,.

Remark, 3. Letting 2 =0 and p={ w Thegrem 5, (b) amproves & wesutt of [3]
and (&) 4s #he same as w [3].
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Corollary 3. Let Ren 20 and $(z) € H, (A, 1),

(@) If 0<ps|t+2MIAZ, then f(2) is sturltke an E 5
(b)) If O<ms(i42M/2, then Refl(z)>0 for 2k,
| -Wwem 6. Let

_ | %)
Hey= 1+ Z b {

FilE) =2 and Ful@®) =2/ (14 bzt oot b ) (n32). If ReAz(, 0<AE] 422

A [[RTYV IR oy
then we have

CM BIEIIS HO(%M c S,

b) For z€E, "
: mll M
| ke %te) > Wt o] - (20)
Re Hz) . mittmt+ial ,
Ful®) ” M otA L+ (24)

The Tesults are ShCLf? Jor each meN. ,
Proof. Let Cn= (n-D|4+nAl/M (n22); Then
G >Caz i (nz2) : :  (22)

for Re$\>0 and 0</u<|i+z’u From [1‘1) ond (22) we deduce tﬁ;qLHw functven f(z)
%weﬂ 543,(18) is am.hjiw wn E ond

Z [bal + Crugy Z lbnl < Z Culbul § { (W/z) (23)

: TL=2. 'n-‘u y

(@) Notig that F(2)€A and F'(0)=0, from the frof of Corollary 2 we. see that
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f(z) € Ho(1, p) C S.
(b) Let

iz = Coutt Jn(2) _ (i" _a;_l )}.

hlg)=14+ — = —

1+ 3 by
n=2

and from (23) we deduce Hhat

R -1 l _ Cmt gy b
1’1&2)"'1 2(1_‘_1%&)“ z")-{- cmﬁhzzmjﬁbnz" 5
< :l:m ﬂzzamrl b’”' — &
2= 2 2% bl = Cpag 27 (bnl
=2 T=mH
< 1' (zeE).

Hence we conclude #hat Re{f@(ié)/f(%)} >1—1t/Cmpy for z€F., Ths proves (20)

for m»2.
If we tuke

Fz)= z

- L (af (m 1+ mt)A NEt (24)

then fu(z)=2% and Fu(2)/$z)— 1fM/(m|i‘+(m+1)wI) as z - et M) Honce
the beund an (20) 18 best possible for each m>2, |
Sumilaxty, 4§ we put
$.() = (14 cmes) {

&) _ _ Cmpt %
Fm(®)  {tomy

then it follows From (23) .M
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pu(e)-1 ’; e B b
LECARI N (t+ Zibor) = (ope=1) 57 bz

T=mH

(1+cm+1)'23lw
2—2‘Zlbnl = (S 1)2;|an
L&
! (zeE)

Now we QCLSm'.%L have fﬁemmguauhj, (21) for mz2 amd He beund an (24)is SﬁMf Jor
Rhe Funchion £(z) Joven by (24).

Fenally, (23) becomes
s Zalbdsd

n=2

~N

when m=1, B«j,uﬁm} the same way as an the above, de proof of e Hheovem €5
Completed, |
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