
SUFFICIENT CONDITIONS FOR STARLIKENESS AND
CONVEXITY

NORIHIRO TAKAHASHI

Abstract. Tuneski [2] introduced a new sufficient condition for starlikeness. The
object of the present paper is to improve Tuneski’s result and to obtain new suffi‐

cient conditions for starlikeness, convexity, strongly starlikeness and strongly con‐
vexity of order \alpha .

1. INTRODUCTION.

Let  A be the class of functions of the form

 f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}
which are analytic in the open unit disk  U=\{z\in \mathbb{C} : |z|<1\} . A
function  f(z) in  A is said to be starlike if it satisfies

 {\rm Re} \{\frac{zf'(z)}{f(z)}\}>0  (z\in U) .
We denote by  S^{\star} the subclass of  A consisiting of all starlike functions
in  U . A function  f(z) in  A is said to be convex if it satisfies

 {\rm Re} \{1+\frac{zf"(z)}{f'(z)}\}>0  (z\in U) .
We denote by  C the subclass of  A consisiting of all convex functions in
 U . A function  f(z) in  A is said to be starlike of order  \alpha if it satisfies

 {\rm Re} \{\frac{zf'(z)}{f(z)}\}>\alpha  (z\in U)

for some  \alpha(0\leq\alpha<1\rangle . We denote by  S^{\star}(\alpha) the subclass of  A

consisiting of all starlike functions of order  \alpha in  U . A function  f(z) in
 A is said to be convex of order  \alpha if it satisfies

 {\rm Re} \{1+\frac{zf"(z)}{f'(z)}\}>\alpha  (z\in U)

for some  \alpha(0\leq\alpha<1) . We denote by  C(\alpha) the subclass of  A con‐
sisiting of all convex functions of order  \alpha in  U . A function  f(z) in  A

is said to be strongly starlike of order  \alpha if it satisfies
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NORIHIRO TAKAHASHI 

Abstract. Tuneski (2) introduced a new sufficient condition for starlikeness. The 
object of the present paper is to improve Tuneski's result and to obtain new suffi— 

cient conditions for starlikeness, convexity, strongly starlikeness and strongly con-
vexity of order a. 

1. INTRODUCTION. 

Let A be the class of functions of the form 
00 

f(z) = z十 I:anzn
n=2 

which are analytic in the open unit disk U = {z E C : lzl < l}. A 
function / (z) in A is said to be starlike if it satisfies 

吋窟｝＞0 (z EU). 

We denote by S* the subclass of A consisiting of all starlike functions 
in U. A function f(z) in A is said to be convex if it satisfies 

Re{1十邸｝＞0 (z EU). 

We denote by C the subclass of A consisiting of all convex functions in 
U. A function f(z) in A is said to be starlike of order a if it satisfies 

Re｛茄｝＞a (z EU) 

for some a (0 ~ a < 1). We denote by S*(a) the subclass of A 
consisiting of all starlike functions of order a in U. A function / (z) in 
A is said to be convex of order a if it satisfies 

Re{ 1十臼｝＞a (z EU) 

for some a (0 ~ a < 1). We denote by C(a) the subclass of A con-
sisiting of all convex functions of order a in U. A function f (z) in A 
is said to be strongly starlike of order a if it satisfies 
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 | \arg\{\frac{zf'(z)}{f(z)}\}|<\frac{\pi}{2}\alpha  (z\in U)

for some  \alpha(0<\alpha\leq 1) . We denote by  SS^{\star}(\alpha) the subclass of  A

consisiting of all strongly starlike functions of order  \alpha in  U . A function
 f(z) in  A is said to be strongly convex of order  \alpha if it satisfies

 | \arg\{1+\frac{zf"(z)}{f(z)},\}|<\frac{\pi}{2}\alpha  (z\in U)

for some  \alpha(0<\alpha\leq 1) . We denote by  SC(\alpha) the subclass of  A

consisiting of all strongly convex functions of order  \alpha in  U .
In particular, we denote by  S^{\star}(O)=SS^{\star}(1)=S^{\star} and  C(O)=

 SC(1)=C . It is shown that  f(z) is in  C(\alpha) if and only if  zf'(z)
is in  S^{\star}(\alpha) , and also  f(z) is in  SC(\alpha) if and only if  zf'(z) is in  SS^{\star}(\alpha) .

Let  f(z) and  g(z) be analytic in  U . Then we say that  f(z) is sub‐
ordinate to  g(z) and we write  f(z)\prec g(z) , if  g(z) is univalent in  U ,
 f(O)=g(O) and  f(U)\subseteq g(U) .

Tuneski [2] introduced a new sufficient condition for starlikeness as
the following.

Theorem  A([2]) . If  f(z)\in A,  f(z)\neq 0 in  0<|z|<1, and

  \frac{f(z)f"(z)}{f'(z)^{2}}\prec 2-\frac{2}{(1-z)^{2}}=h(z)  (z\in U)

then  f(z)\in S^{\star} .

In [2], the condition  f(z)\neq 0 in  0<|z|<1 was not assumed, but
it is necessary to complete the proof, because  p(z)=zf'(z)/f(z) must
be analytic in  U in the proof.

Furthermore, the condition  f'(z)\neq 0 in  U is also necessary to com‐
plete the proof, but if  f(z)\neq 0 in  0<|z|<1 is assumed, then we have
 f'(z)\neq 0 in  U . Because if  f'(z_{0})=0 in  0<|z_{0}|<1 , then we have
 f'(z)=(z-z_{0})^{l}g(z) , where  g(z) is analytic in  U,  g(z_{0})\neq 0 , and  l is a
positive integer. From this, we have

  \frac{f(z)f"(z)}{f'(z)^{2}}=\frac{lf(z)}{(z-z_{0})^{l+1}g(z)}+\frac{f(z)g'(z)}
{(z-z_{0})^{l}g(z)^{2}} .

Letting z−t  z_{0} with

  \arg(z-z_{0})=\frac{\arg f(z_{0})-\arg g(z_{0})}{l+1} ,

then

  \lim_{zarrow z_{0}}\frac{f(z)f"(z)}{f'(z)^{2}}=+\infty (real number)
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larg｛窟｝卜合 (zEU) 

for some a (0 < a ~ 1). We denote by SS'(a) the subclass of A 

consisiting of all strongly starlike functions of order a in U. A function 

f (z) in A is said to be strongly convex of order a if it satisfies 

jarg { 1+邸}|＜全 (zEU) 

for some a (0 < a ~ 1). We denote by SC(a) the subclass of A 

consisiting of all strongly convex functions of order a in U. 

In particular, we denote by S*(O) = SS*(l) = S* and C(O) = 

SC(l) = C. It is shown that /(z) is in C(a) if and only if zf'(z) 

is in S'(a), and also /(z) is in SC(a) if and only if zf'(z) is in SS*(a). 

Let /(z) and g(z) be analytic in U. Then we say that /(z) is sub-

ordinate to g(z) and we write /(z) ~ g(z), if g(z} is univalent in U, 

f (0) = g(O) and / (U) ~ g(U). 

Tuneski [2] introduced a new sufficient condition for starlikeness as 

the following. 

Theorem A([2]). If f (z) E A, f (z) i= 0 in O < lzl < 1, and 

f(z)f'1(z) f' （z)2 ぺ 2 —丑手＝ h(z) (z EU) 

then J(z) ES*. 

In [2], the condition f(z) i= 0 in O < lzl < 1 was not assumed, but 
it is necessary to complete the proof, because p(z) = zf'(z)/ f(z) must 
be analytic in U in the proof. 
Furthermore, the condition f'(z) ;;/: 0 in U is also necessary to com~ 

plete the proof, but if f(z) i= 0 in O < lzl < 1 is assumed, then we have 

f'(z) :/= 0 in U. Because if f'(zo) = 0 in O < lzol < 1, then we have 
f'(z) = (z -z0)1g(z), where g(z) is analytic in U, g(zo) i= 0, and l is a 

positive integer. From this, we have 

f(z)f'1(z) lf(z), f(z)g'(z) 
＝ f'（z)2 (z -Zo)l+1g(z) ＋ （z -Zo)lg(z)2. 

Letting z→ z。with
arg (z -zo) = arg J(zo) -

argg(zo) 

l + 1 

then 

lim 
J(z)f"(z) 

z→zo 
M = +oo (real number) 



because  f(z_{0})\neq 0 . Thus

  \lim_{zarrow z_{0}}\frac{f(z)f"(z)}{f(z)^{2}},\not\in h(U)
because it is obtained  \{z\in \mathbb{C}:z={\rm Re} z\geq 3/2\}\not\subset h(U) by an easy cal‐
culation. This contradicts the assumption and so we conclude  f'(z)\neq 0
in  U.

In the present paper, we improve Theorem A and we obtain new suf‐
ficient conditions for starlikeness, convexity, strongly starlikeness and
strongly convexity of order  \alpha .

We need the following lemma due to Miller and Mocanu [1].

Lemma ([1]) . Let  q(z) be univalent in  U, and let  \theta(w) and  \phi(w) be
analytic in a domain  D containing  q(U) , with  \phi(w)\neq 0 when  w\in q(U) .
Set  Q(z)=zq'(z)\phi(q(z)),  h(z)=\theta(q(z))+Q(z) , and suppose that

(i):  Q(z) is starlike in  U ,
(ii):  {\rm Re}\{zh'(z)/Q(z)\}={\rm Re}\{\theta'(q(z))/\phi(q(z))+zQ'(z)/Q(z)\}>0 ,

 z\in U .

If  p(z) is analytic in  U, with  p(O)=q(O),  p(U)\subseteq D and

 \theta(p(z))+zp'(z)\phi(p(z))\prec\theta(q(z))+zq'(z)\phi(q(z))=h(z)
then  p(z)\prec q(z) .

2. NEw SUFFICIENT CONDITIONS POR STARLIKENESS AND
CONVEXITY OF ORDER  \alpha .

We begin with the statement and the proof of the following result.

Theorem 1. If  f(z)\in A,  f(z)\neq 0 in  0<|z|<1,  -1<\alpha\leq 1 , and

  \frac{f(z)f"(z)}{f'(z)^{2}}\prec h_{\alpha}(z)=\{\frac{\alpha+1}{-2z\alpha}(1-
\frac{1}{(1-\alpha z)^{2}})  (\alpha=0)(\alpha\neq 0)
,

 (z\in U)

then  f(z) \in S^{\star}(\frac{1-\alpha}{2}) .

Proof. We choose  p(z)=zf'(z)/f(z),  q(z)=(1-\alpha z)/(1+z) ,
 \theta(w)=1-(1/w),  \phi(w)=1/w^{2} . Then  q(z) is univalent in  U,  \theta(w)
and  \phi(w) are analytic in the domain  D=\mathbb{C}\backslash \{0\} which contains
 q(U)=\{z\in \mathbb{C}:{\rm Re} z>(1-\alpha)/2\} and  \phi(w)\neq 0 when  w\in q(U) .
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f(z)f"(z) 

because f (zo) =/: 0. Thus 

lim 
z→Zo f'（z)2 ft h(U) 

because it is obtained {z E (C: z = Re z ~ 3/2} rJ, h(U) by an easy cal-
culation. This contradicts the assumption and so we conclude f'(z) =/: 0 
in U. 

In the present paper, we improve Theorem A and we obtain new suf-
ficient conditions for starlikeness, convexity, strongly starlikeness and 
strongly convexity of order a. 
We need the following lemma due to Miller and Mocanu [l]. 

Lemma([!]). Let q(z) be univalent in U, and let 0(w) and </>(w) be 
analytic in a domainD containing q(U), with </>(w) =f: 0 when w E q(U). 
Set Q(z) = zq'(z)</>(q(z)), h(z) = 0(q(z)) + Q(z), and suppose that 

(i): Q(z) is starlike in U, 
(ii): Re{zh'(z)/Q(z)} = Re{0'(q(z))f</>(q(z)) +zQ'(z)/Q(z)} > 0, 

z EU. 

If p(z) is analytic in U, with p(O) = q(O), p(U) ~ D and 

0(p(z)) + zp'(z)</>(p(z))--< 0(q(z)) + zq'(z)</>(q(z)) = h(z) 

then p(z) --< q(z). 

2. NEW SUFFICIENT CONDITIONS FOR STARLIKENESS AND 

CONVEXITY OF ORDER a. 

We begin with the statement and the proof of the following result. 

Theorem 1. If f(z) EA, f(z) # 0 in O < lzl < 1, -1 <a~ 1, and 

f(;［〗z) ←（z) ＝｛＿丁 (l ― (1-1az)2) (a# 0), 

(a= 0) 

(z EU) 

then f(z) ES*（デ）．

Proof. We choose p(z) = zf'(z)/f(z), q(z) = (1 -az)/(1 + z)., 
0(w) = 1 -(1/w), </J(w) = 1/w2. Then q(z) is univalent in U, 0(w) 
and ¢(w) are analytic in the domain D = Cヽ{O}which contains 
q(U) = {z EC: Rez > (l -a)/2} and </J(w) =I= 0 when w E q(U). 



Further,

 Q(z)=zq'(z) \phi(q(z))=-\frac{(1+\alpha)z}{(1-\alpha z)^{2}}
is starlike in  U , and

 h(z)=\theta(q(z))+Q(z)

 = \frac{(\alpha+1)(\alpha z^{2}-2z)}{(1-\alpha z)^{2}}

 =\{^{\frac{\alpha+1}{-2z\alpha}(1-\frac{1}{(1-\alpha z)^{2}})}  (\alpha=0)(\alpha\neq 0),
’

and

  \frac{zh'(z)}{Q(z)}=\frac{\theta'(q(z))}{\phi(q(z))}+\frac{zQ'(z)}{Q(z)}=
\{\begin{array}{l}
\frac{2}{1-\alpha z}(\alpha\neq 0)
2(\alpha=0)
\end{array}
Thus,

 {\rm Re} \{\frac{zh'(z)}{Q(z)}\}={\rm Re}\{\frac{\theta^{l}(q(z))}{\phi(q(z))}+
\frac{zQ'(z)}{Q(z)}\}>0  (z\in U) .

Further,  p(z) is analytic in  U because  f(z)\neq 0 in  0<|z|<1,  p(0)=
 q(O)=1 and  O\not\in p(U) because it is obtained  f'(z)\neq 0 in  U applying
the assumptions  f(z)\neq 0 in  0<|z|<1 and  f(z)f"(z)/f'(z)^{2}\prec h_{\alpha}(z)
by the preceding argument of Theorem A. Thus,  p(U)\subset D . Therefore,
the conditions of Lemma are satisfied and so we obtain that if

  \theta(p(z))+zp'(z)\phi(p(z))=\frac{f(z)f"(z)}{f'(z)^{2}}

 \prec\{^{\frac{\alpha+1}{-2z\alpha}(1-\frac{1}{(1-\alpha z)^{2}})}  (\alpha\neq 0)(\alpha=0)
 =h(z)  (z\in U)

then

  \frac{zf'(z)}{f(z)}=p(z)\prec q(z)=\frac{1-\alpha z}{1+z} .

Thus,  f(z) \in S^{\star}(\frac{1-\alpha}{2}) .

Remark 1. Theorem A is obtained from Theorem 1  (\alpha=1) . There‐
fore, Theorem 1 is an expansion of Theorem A.

Remark 2. We have that  f(z)f"(z)/f'(z)^{2} and  h_{\alpha}(z) defined in The‐
orem 1 are analytic in  U,  f(0)f"(0)/f'(0)^{2}=h_{\alpha}(O)=0 and  h_{\alpha}(z)
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Further, 

(1 + a)z 
Q(z) = zq1(z)</>(q(z)) = -

(1 -az)2 

is starlike in U, and 

and 

Thus, 

h(z) = 0(q(z)) + Q(z) 

(a+ l)(az2 -2z) 
＝ (1 -az)2 

＝｛＿丁(-三） (a i-0), 

(a= 0), 

2 

辛＝三辛＝｛ー
Q(z) </>(q(z))'Q(z) 

1-az 
(a-:/= 0), 

(a= 0). 2 

Re｛詞｝＝Re｛欝闘＋翌｝＞0 (z EU). 

Further, p(z) is analytic in U because f(z) :/= 0 in O < lzl < 1, p(O) = 

q(O) = 1 and O (/. p(U) because it is obtained f'(z) :/= 0 in U applying 

the assumptions f (z) :/= 0 in O < lzl < 1 and f(z)f"(z)/ f'(z)2--<加(z)

by the preceding argument of Theorem A. Thus, p(U) CD. Therefore, 

the conditions of Lemma are satisfied and so we obtain that if 

0(p（z)) + zp'(z)cp(p(z)) = 
f(z)f"(z) 

ベ｛門(1―(1ーい） (a-:/= 0) 

(a= O} 

= h(z) (z EU) 

then 
zf'（z) 1 -az ―=p(z) ~ q(z)＝―・ 
f(z) 1 +z 

Thus, J(z) ES*（デ）．ロ

Remark 1. Theorem A is obtained from Theorem 1 (a= 1). There-

fore, Theorem 1 is an expansion of Theorem A. 

Remark 2. We have that f(z)f"(z)/ f'(z)2 and ha(z) defined in The-

orem 1 are analytic in U, /(O)f"(0)//'(0)2 = ha(O) = 0 and ha(z) 



is univalent in  U . So, we have that the condition of Theorem 1 is
equivalent with

  \frac{f(z)f"(z)}{f(z)^{2}},\in h_{\alpha}(U)  (z\in U) .

Example. The function  f(z)=a(1-e^{-z/a}),  a>1/\log 3 , is in  A ,
 f(z)\neq 0 in  0<|z|<1 , and

 | \frac{f(z)f"(z)}{f'(z)^{2}}|=|1-e^{z/a}|<|1-e^{\log 3}|=2  (z\in U) .

Therefore,  f(z)\in S^{\star}(1/2) .

If  zf'(z) is in  S^{\star}(\alpha) , then  f(z) is in  C(\alpha) . Therefore, we have the
following corollary.

Corollary 1. If  f(z)\in A,  f'(z)\neq 0 in  0<|z|<1,  -1<\alpha\leq 1 and

 , \frac{zf'(z)\{2f"(z)+zf"'(z)\}}{\{f(z)+zf'(z)\}^{2}},\prec\{\frac{\alpha+1}{-
2z\alpha}(1-\frac{1}{(1-\alpha z)^{2}})  (\alpha=0)(\alpha\neq 0)
,

 (z\in U)

then  f(z) \in C(\frac{1-\alpha}{2}) .

3. NEw SUFFICIENT CONDITIONS FOR STRONGLY STARLIKENESS
AND STRONGLY CONVEXITY OF ORDER  \alpha .

We have the following theorem from similar argument of Theorem 1.

Theorem 2. If  f(z)\in A,  f(z)\neq 0 in  0<|z|<1,0<\alpha\leq 1 , and

  \frac{f(z)f"(z)}{f'(z)^{2}}\prec k_{\alpha}(z)=1-(\frac{1+z}{1-z})^{\alpha}-
\frac{2\alpha z(1+z)^{\alpha-1}}{(1-z)^{\alpha+1}}  (z\in U)

then  f(z)\in SS^{\star}(\alpha) .

Proof. We choose  p(z)=zf'(z)/f(z),  q(z)=\{(1-z)/(1+z)\}^{\alpha} ,
 \theta(w)=1-(1/w),  \phi(w)=1/w^{2} . Then  q(z) is univalent in  U,  \theta(w) and

 \phi(w) are analytic in the domain  D=\mathbb{C}\sim\{0\} which contains  q(U)=
 \{z\in \mathbb{C}:|\arg z|<\pi\alpha/2\} and  \phi(w)\neq 0 when  w\in q(U) . Further,

 Q(z)=zq'(z) \phi(q(z))=-\frac{2\alpha z(1+z)^{\alpha-1}}{(1-z)^{\alpha+1}}
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is univalent in U. So, we have that the condition of Theorem 1 is 
equivalent with 

f(z)f"(z) 
f'(z)2 

E h0(U) (z E U). 

Example. The function f(z) = a(l -e→/a), a> 1/log3, is in A, 
f (z) #-0 in O < lzl < 1, and 

|f(》(／誓I= 11 -ezfal < 11 -e10g31 = 2 (z EU). 

Therefore, f(z) E S*(l/2). 

If zf'(z) is in S*(a), then f(z) is in C(a). Therefore, we have the 
following corollary. 

Corollary 1. If f(z) EA, f'(z) #-0 in O < lzl < 1, -1 <a~ 1 and 

zf'（z)｛2f’'（z) ＋zf'’'（z)｝ ｛二（1-己了 (a# 0)， 
{f'(z) + zf"(z)}2 

べ a (）2) 
-2z (a=O) 

(z EU) 

then f(z) EC（デ）．

3. NEW SUFFICIENT CONDITIONS FOR STRONGLY STARLIKENESS 

AND STRONGLY CONVEXITY OF ORDER a. 

We have the following theorem from similar argument of Theorem 1. 

Theorem 2. If J(z) EA, f(z) /= 0 in O < lzl < 1, 0 <a:$ 1, and 

f(z)f"(z),,_ 1_, 1 {l+z¥"'2az(l+z)"'-1 
f'（z)2 < ka(z) ＝1一厨）― (~ (zEU) 

then f(z) E SS*(a). 

Proof. We choose p(z) = zf'(z)/ f(z), q(z) = {(1 -z)/(1 + z)｝尺
0(w) = 1-(1/w), ¢(w) = 1/w2. Then q(z) is univalent in U, 0(w) and 
¢(w) are analytic in the domain D = Cヽ{O}which contains q(U) = 
{z E (C: jargzj < 1ra/2} and </>(w) /= 0 when w E q(U). Further, 

Q(z) = zq'(z)ip(q(z)) = -2az(l + z)"'-1 

(1 -z)a+1 



is starlike in  U , and

 h(z)=\theta(q(z))+Q(z)

 =1-( \frac{1+z}{1-z})^{\alpha}-\frac{2\alpha z(1+z)^{\alpha-1}}{(1-z)^{\alpha+
1}}
and

  \frac{zh^{l}(z)}{Q(z)}=\frac{\theta'(q(z))}{\phi(q(z))}+\frac{zQ'(z)}{Q(z)}=
\frac{2(1+\alpha z)}{1-z^{2}}
Thus,

 {\rm Re} \{\frac{zh'(z)}{Q(z)}\}={\rm Re}\{\frac{\theta'(q(z))}{\phi(q(z))}+
\frac{zQ'(z)}{Q(z)}\}>1>0  (z\in U) .

Further,  p(z) is analytic in  U because  f(z)\neq 0 in  0<|z|<1,  p(O)=
 q(O)=1 and  O\not\in p(U) because it is obtained  f'(z)\neq 0 in  U applying
the assumptions  f(z)\neq 0 in  0<|z|<1 and  f(z)f"(z)/f'(z)^{2}\prec k_{\alpha}(z)
by the preceding argument of Theorem A. Thus,  p(U)\subset D . Therefore,
the conditions of Lemma are satisfied and so we obtain that if

  \theta(p(z))+zp'(z)\phi(p(z))=\frac{f(z)f"(z)}{f'(z)^{2}}
  \prec 1-(\frac{1+z}{1-z})^{\alpha}-\frac{2\alpha z(1+z)^{\alpha-1}}{(1-z)
^{\alpha+1}}
 =h(z)  (z\in U)

then

  \frac{zf'(z)}{f(z)}=p(z)\prec q(z)=(\frac{1-z}{1+z})^{\alpha}
Thus,  f(z)\in SS^{\star}(\alpha) .

If  zf'(z) is in  SS^{\star}(\alpha) , then  f(z) is in  SC(\alpha) . Therefore, we have the
following corollary.

Corollary 2. If  f(z)\in A,  f'(z)\neq 0 in  0<|z|<1,0<\alpha\leq 1 and

  \frac{zf'(z)\{2f"(z\rangle+zf"'(z)\}}{\{f'(z)+zf'(z)\}^{2}},\prec 1-(\frac{1+
z}{1-z})^{\alpha}-\frac{2\alpha z(1+z)^{\alpha-1}}{(1-z)^{\alpha+1}}  (z\in U)

then  f(z)\in SC(\alpha) .
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is starlike in U, and 

h(z) = 0(q(z)) + Q(z) 

＝ 1 -巳）aー 2az(1+ z)a-1 
1-z) (1-z)a+1 

and 

zh'(z) 0'(q(z)), zQ'(z) __ 2(1 + az) 
＝ ＋ ＝ 

Q(z) </>(q(z))'Q(z) 1 -z2 

Thus, 

Re｛謡｝＝Re｛攣攣｝＞ 1> 0 (z EU). 

Further, p(z) is analytic in U because /(z) # 0 in O < !zl < 1, p(O) = 
q(O) = 1 and O ~ p(U) because it is obtained /'(z) # 0 in U applying 

the assumptions /(z) # 0 in O < lzl < 1 and /(z)/"(z)/ f'(z)2 --<似(z)

by the preceding argument of Theorem A. Thus, p(U) C D. Therefore, 

the conditions of Lemma are satisfied and so we obtain that if 

0(p(z)) + zp'(z)</J(p(z)) = /(z)/"(z) 

ペ1-f'（（い）□2]翌芦al-1

= h(z) (z EU) 

then 

茄＝p(z)--<q(z)＝（臼）a．

Thus, f(z) E SS*(a)．ロ

If zf'(z) is in SS*(a), then /(z) is in SC(a). Therefore, we have the 

following corollary. 

Corollary 2. If f(z) EA, f'(z) # 0 in O < lzl < 1, 0 <a::; 1 and 

z/'(z){2/"(z)+z/"'(z)},1 {l+z¥"'2az(l+z)"'-1 

{f'（z) ＋zf"（z)｝2 ぺ1ーい）― (~ (zEU) 
then f(z) E SC(a). 
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