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CONVOLUTIONS OF CERTAIN ANALYTIC FUNCTIONS

SHINJI SAITA AND SHIGEYOSHI OWA

Abstract. Two subclasses M*() and N*(a) of analytic functions f(z) with f(0) =0 and f'(0) =1
in the open unit disk U are introduced. The object of the present paper is to derive some convolution
properties for functions f(z) belonging to the classes M*(a) and N*(). '

1. Tntro duction »
Let A dencte the class of functions o of Hhe form
Q1) | jcm = %*ﬁ_o} An ™

W\r\\ol\ are am\y‘hc in the o|>en unit disk

U=fxeC:ixl<it
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Let Mo be the subclass o A consisting  of {unctions
UC(Z) wh\ok sotis

Peﬁ’?%)i <d - (eew)

%mr some o @>V). And let N Le *Jne subclass o)C A |
Oonsis*inz og jcuvxdions BC(Z) which saﬁsfy

o |
‘Pei] %T% < d (ell)
for come & o). Reu{hﬂy Umlegaclcln Granigi and <
Samngu [31 (also, Nishiwaki- and Owa Iﬂ) kowe skowecl thot

O if oA satisfies
(1.2) g(n—&)lanlia—\
| Uﬁmr Some o (\<o(<§), then UC(XBGM(A\,
(i) nc e A safisTies
(1) Znin=dla=d-)
3Cov Some ok (1<d<2), Hhen &X)GN(O{\.

By means gf the above , we Je)cme the subclass M) 0§ Ma)
U)Y\S\S‘hn jc(x) which SO@(\S]C (1.2), and the subclass N*Q) o'f
Nw umsx?hng § J) which SOd‘\S)Cy .3,
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For )C\mdioné ’F}OOGA given \ay -
(0 @ e o e,

e comvolution (or Hadumard prodect) ivf)o of fic0 and
ﬁ(x) [N clefihecl l))’ ‘

a5 G -2+ any Qe

| In ‘H\e \Dresen‘r PaPer, We  consider 1Jne convoluti ons o)c "gundiov\s
‘&m ‘)e\onginz o M*@) and N*(pl).

2. Convolutions of functions in +he class M*w)

App\y‘mg the came ‘\‘e.olf\hi({ue for convolutions due +n OwaI21,
We Jirst derive

“Theorew | H ‘&(’x)eM*(ol;) UCQY =1, 2,3, m

)

then  iafax 1 d ) @e M*B), where

if (d3=1)
:.L[Y"(Q-o(;) + 1\:(&;\ -1)

Q) g~ 1+

The vesult s skarp )Cor )Cunc“ﬁons

e di-1 .
(2.2) wcmrw 2-d; X

2

(3-‘—!._2, 3, Y, 77\,) .
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P‘rtm‘g We yse the mathematical induction ‘gor the })roo_'f.‘
Let ‘Q\QZ)GM*(M and | KCQ(X)EM*(&Q) . Then
| y’jz:‘;m—qm On s lsdj=) (j=1,2)

giv es us thot

wy & (45 o, = e

—\\eve]cwe, an QPP\ICQJHOV\ o§ Cauoky Schwarz meciuahfy

nmP‘les ’H\Oﬁ
M=d ) (n=dla) I
Gt e
B A
f (g(ﬁ» Qn,\lj (vua (%L) ah.l ji )
~ Thus, nC
(3\4) %(}g g; > Q» O, 2

NN

3 (IL‘J\ )(h ol.m)l
Z/ (d, =) (dal IQM

Q.2

or it
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(2\5) ¢la_h.\”a:\,pj = (‘é‘\%r{) 8\\‘:02\)) (&L:fl\;%
&SY nza, then UC(X)G M*(§) .

?uﬁt\ermwe, since €2.3) 3i‘ves Hhat
\/’Qn,}l é\/—%*__;o‘{r - (=12

(2.0) \/ G- = (y;' \ \/mw} D)

(Y\“()\\)(Y\—ola) (=) (da— - ) )
or i
n-9 _ _=d)h~da)
@ o= T Waml)

3Cmr nz2, then we hove UC(X)G M*() .
T ‘S:oHows jgrmm .7) ‘HF\O&

3.9) > |+ (h—\\(ol\"\)(ol;\\) E‘K( )
g | (N—=d) N—=d2) + (=) (da=1) "

‘gor nzy . Naote Jr}\(ﬁ %(m S cleueasinz 3Cor nza.

Comequenﬂy, we have
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(2.9) £z La)

= |4 _ (=Da~))
(-4 Qda) + (=) [dy=)

/

~ Which ghows that ‘?('Z)EM*(S) , where

: (=1) (J\l‘\.)
(2.10) S |+ Q\J\)Q\J‘) + (ol\f\) (da=1)

Next, We suppose that
ORI CE R U ) (0 € MY ()
where |
T (di—)

(2.12) ([
P’ ;g(kol;\ + ;E (dy=1)

“Then, \ay means ojc e previous Frooyc, we have
(_S:\* ‘&* ""%§MX §m+\)('2.) QM*(/S) )

Where

: (JB'/_\)(QLM-»\“\)
13 : |
(2.13) =14 Q) Q=dmen) + (F=1) (oliner =1)




124

Since

(F/"\A) (’dm\—'\) -

wrct)

L W=
ﬁ(&-d;)* jj(o\;—\) .

OmA

| 5 (2,
Q“B, ) &QQOLN\'H) = =L 2

Fo-didr W=ty

(.13)  gives |
wm|
| N (o(}_l‘\)
ﬁj(}&;\*ﬁ@;-\)

Rrﬂ\e\r , consider the ‘fuv\d\ons )C}(’Z) cJe)Cihenl b}’ Q.2) .
For Such  Junchione ‘&(x), we  have

(2.14) CPe

Gobr - vy - 0 (B 95 - oAt
with As =T %&:JT g
T dollows that
Qi) oep AL
This c,ovnP\eJ(es the Proof of Theorem. | .

Laﬁmg dj=d o 1,23, m  in Theorem |,

We ‘\a\le
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Corollary . T$ YoM Fo 123 m
Hhen (ixdx -»-ﬁCm)meM*_(ﬁ), where

J

- (="
.10 =1 Q=d)™+ (d~1 )™

The  vesult s S\nar'P ‘g:ov Ucunchm;\s

CHUNEE FCARE S e SR ST TIPSR

3. Convolutions of unctions 1n the chss N*)
Tor  convolutions of $i0 € N¥@) , W& have
Theorem 2. T Fj00 € N¥dy) foe b2z, m
then hafoxx e N E) | where

f[vf (y=1)

(3.1 S R
) AN PSR ey

The rvesult s sharp ‘Sor )C\mdions

(o) = ohd |
(3.9) $i0= 74 Tor L (b m)
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ng As in the | roﬂc O)C Theovem |, 3Cov 3C\(2)6N*(oh)
an.cl "?;(’X)GN*(%E‘, ‘H\e &o"owing ine?ualif\/.

33y 2 “é“:f Lo,

=3

Ond % |
\Yn\)\ies (‘S:\*‘&) (X)‘GN*(S"‘). g)?ey\dmg the same
manner  of the yroo‘f in Theorem |, we obtain thod

(Y\‘-\B (J\l‘\) (c)q -\ )
Nm=-d)n=da) T (= (=)

3y §F |+

"?mr N2, The \r\?lﬁ hand side of G.1) tokes its

© maXimum Value ifmr n=2, bemuse T is a
c\QCYeaSin ‘fuhd'\ovx _Ojc nza. Tke\'re?ore , We kave

Foxf) e N¥G)  with

] (=) (da=)) ,
G §= 1 2= ) (Q=dh) + (=) (a1

Moveover, Suppose thot
Gafox s fawente)

where .
1 (dy=1)
/ j=1 N\
(3.6). . /3‘ |+ Qm-' ﬁQ‘J”* :E(J\:}A)
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Then  we 3& |
K%\*—(;A* *‘th *)C».m ) ('X) € N*(P) /

wheve

/3: | 4 (F=D) (e =)

G ) QQ‘/Q)) (2~chmn) + (»(9"‘ ) (OL\M\‘\)

T i)
Q-+ R -0

=]+

TFurther, _Jm\dv\? DC;} (X) given \ay (3.2), We know that
the vesult of Theorem. 2 s sl\avr.

TFinally, \eﬁing dy=d  For JJ 2,3, -, m in Theorem2,
Cmo“ary 2. :H | '(;}('L)GN*(J) gmr j=02,3, -, m
Fhen bcs*]c;* “‘*‘S:m)('x)eN*(ﬁ)  where

/

o i .
9 (1 Q=" G-

The  vesuld s skmp for

R s ~ T
) g}(ﬁ X 2(2-d) e (3=1,2,3,- m) .
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1Rumor\< | Umlega:ﬂi anc‘ Desai T8I hawe Qkowecl come

Covwo\u‘hor\ )l_)ko])eﬁies 0"? univalent jcund‘\ov\s with
‘ ])os‘\'\‘we Coe fic‘\eh‘\g. Qur vesult in the present

fa?er are 3ehem\iza‘ﬁon Fheovems O‘S: the” vesults
y Um‘egq&di and  DesoiT41 .
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