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Sufficient conditions for Carathéodory functions

MAMORU NUNOKAWA, SHIGEYOSHI OWA,
NORIHIRO TAKAHASHI and HITOSHI SAITOH

Abstract. For Carathéodory functions p(z) which are analytic in the open unit disk U with p(0)=1,
S.5.Miller(Bull. Amer.Math.Soc.81(1975),79-81) has shown some sufficient conditions applying the
differential inequalities. The object of the present paper is to derive some improvements of results by
S.S.Miller.

1 Introduction
Let A be the class of functions p(z) of the form
p(2) =14+prz+ppz®+--- . (1:1)

which are analytic in the open unit disk U = {z € C: |z| < 1}. If p(z) in A .
satisfies Rep(z) > 0 for z € U, then we say that p(z) is the Carathéodory function. For
Carathéodory functions, Miller [1] has given

Theorem A. Let p(z) be in the class A.
(i) If Re{p(2)* + 2p'(2)} >0 (z € U), then Rep(z) >0 (z € V).
(ii) If Re{p(z) + azp'(2)} >0 (z € U) for some « (a 2 0), then Rep(z) > 0
(z€), _
- ———ZPI(Z) 2 en
(iti) If p(z) #0 (2 € U) and Re {p(z) PBE } >0 (z€U),th
Rep(z) >0 (z€U).

Let f(z) and g(z) be analytic in U. If there exists an analytic function w(z) with
w(0) = 0 and |w(2)] < 1 (z € U) such that f(z) = g(w(z)), then f(2) is said to be
subordinate to g(z) in U.
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We denote this subordination by f(z) < g(z).We note that the subordination
f(z) < g(z) implies that f(U) C g(U). Applying the subordination principles, we improve
Theorem A by Miller [1]. To prove our results for Carathéodory functions, we have to
recall here the following lemma due to Nunokawa [3] (also due to Miller and Mocanu [2]).

Lemma. Let p(z) € A and suppose that there ezists a point zp € U such that
Rep(z) > 0 for |2] < |20| and Rep(z0) = 0 with p(zo) # 0. Then we have

zop () S —3(1+ 4%, (1.2)

where p(z) =ia (a #0).

2 Subordination theorems for Carathéodory functions

Our first result for Carathéodory functions is contained in

Theorem 1. Let p(z) € A and w(z) be analytic in U with w(0) = o and
w(z) #k (keR,z€U). If

ap(z)? + Bep' () < w(z), (2.1)

then Rep(z) >0 (2 €U), where >0, a 2 ——";—, and k < —g.

Proof.  Let us suppose that there exists a point 2 € U such that
Rep(z) >0 for |z| < |zl

and
Rep(z0) =0 (p(z0) # 0).

Then Lemma gives that p(z) = ia (a # 0) and 20p'(20) £ ——~12—(1 + a?). It follows that

ap(z0)? + Bzop' (20) = —aa® + Bzp'(20)
< - {8+ (2a + B)a’} (2.2)

A

(TR

Since w(0) = a and w(e) < —g, the inequality (2.2) contradicts our condition (2.1).
Therefore Rep(z) > 0 for all z € U. O
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Remark 1. Theorem 1 is the improvement of (i) of Theorem A by Miller [1].

Corollary 1.  Ifp(z) € A satisfies

2
ap(2)® + B2p'(2) < 2a;—ﬂ (itj) - —'g-, (2.3)

where § >0 and a 2 —-—g—, then Rep(z) > 0 (z € U).

Proof. Taking

_2a+B(1+2\* B
w(z) = 5 (1 — z) -3 (2.4)
in Theorem 1, we see that w(z) is analytic in U, w(0) = « and
o 2a+B(1+e\® B _ B
0y _ < =
w(e)=—3 (1 —e"’) 2="79 (25)
Thus w(z) satisfies the conditions in Theorem 1. O

Theorem 2. Let p(z) € A and w(z) be analytic in U with w(0) = a and
w(z) #ik (keR,zeU). If

p'(2)
p(2)

ap(z) + < w(z), (2.6)

then Rep(z) > 0 (z € U), where a >0, 8> 0, and k* 2 B(2a + f).

Proof.  From the subordination (2.6), we have p(z) # 0 in U, because if p(z) has a zero

of order [ at z = zy € U, then we have p(z) = (z — 29)'q(2), where ¢(2) is analytic in U,

q(20) # 0, and [ is a positive integer.

Letting 2 — 2z such that
T

arg(z — zo) = arg(z) — 3

we have

21_1}1210 Im (ap(z) + ﬂ%iz))) = }HE,, Im (ap(z) +

pz(lg(z) + (2 — Zo)Q'(Z))

(2 = 20)q(2)

= +400.



This contradicts (2.6) and so we conclude that p(z) # 0 for all z € U.
We assume that there exists a point 29 € U such that

Rep(z) >0 for |z] <]zl

and
Rep(z) =0.
Then using Lemma, we have
zop'(20) _ . B,
ap(zp) + B o) iaa + %P (20)

=1 (aa - gzop'(zo)) (2.7)
= iv,
where v is real, because zpp'(29) £ -—%(1 + a?). Furthermore, we have, if a > 0, then
v2 aa+£(1+a2)
= 2a
g 13(20' + 16)')

(2.8)

and if a < 0, then
vS —ab- 2%(1+a2) (b=-a>0)
< —-VBQ2a+B).

This contradicts our condition that w(e®) = ik (|k| 2 +/B(2a + §)).Thus we conclude
that Rep(z) > 0 for all z € U. O

(2.9)

Using Theorem 2, we have the following corollary.

Corollary 2. Ifp(z) € A satisfies

zp'(z) 1442+ 27
p(z) + o) T (2.10)
then Rep(z) > 0 (z € U).
Proof.  Let us consider the case of @ = 3 = 1 in Theorem 2. Defining the function w(z)
by

144 2
1tdet (2.11)

w(z) = 1-22 7
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we know that w(z) is analytic in U, w(0) = 1, and
2 + cos Bi

w(eio) Y

Letting

2+ cosl 2 ’
= —— <<
o0 = (2E20) 0sosom,

we have ¢'(6) = 0 when cosf = —-%.

If follows from the above that g(6) 2 3, that is, that w(z) # ik (|k] 2 V/3).

Next, we derive

Theorem 3. If p(z) € A satisfies

Re {ap(z) - ﬂ;lzlz()zz,)} > -g (2 €U)

for some a 2 0 and 3 > 0, then Rep(z) >0 (z €U).
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(2.12)

(2.13)

a

(2.14)

Proof.  Applying the same method as the proof of Theorem 2, the condition (2.14) gives
us that p(z) # 0 in U, because if p(z) has a zero of order ! at a point z = 29 € U, then
we have p(z) = (z — 2)'q(z), where ¢(z) is analytic in U, g(2) # 0 and [ is a positive

integer. Letting 2z — 2o such that

arg(z) — arg(¢(z))
1+1

arg(z — z) =

7

we see that

l2q(2) + (2 — 20)2¢/(2)

zZ—20

= —0Q.

This contradicts our condition (2.14) and so we have p(z) #0in U.
By means of Lemma, if there exists a point zy € U such that

Rep(z) >0 for |z| < |z

and
Rep(z0) =0,

1
then p(2) =ia (a # 0) and zp'(z0) < -—2—(1 + a?).
This implies that

Re {ane) - s2ED} < - P ) < -4

which contradicts our condition (2.14). Thus Rep(z) >0 forall z € U.

i (ap(s) — $ZE)) = fim (apte) - pPEAT LB

(2.15)
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Remark 2. Theorem 3 is the improvement of (iii) of Theorem A by Miller [1].
Finally we have

Corollary 3. Ifp(z) € A satisfies

2p'(2)  2a+p (1 + 2)2 _ g (2.16)

ap(z) - B 2GR <2 \1=s

for some a 2 0 and > 0, then Rep(z) >0 (2 € U).

Proof.  Since the function

w(z) = 20‘;ﬂ (ifi) —g- (2.17)

maps the open unit disk U onto the complex domain which has the slit
d= {w:Re(w) < —g},

the proof of Corollary 3 follows from the above. ‘ 0O
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