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Stability and Instability of Standing Waves for Nonlinear

Schrodinger Equations with Harmonic Potential

AL KE fEREME (Reika Fukuizumi)
Mathematical Institute, Tohoku Univ.

1. &
RAMKRT >V v VEHEH TR 2 L7 1 =K
i = —Au + |z)?u — |[ufP " u, (t,z) € R"*™ (NLS)

DEFEW (standing wave) fE e“tp,(z) DIXYT /) TOERTOREEIIDONVWTER
5. (NLS) IZBWT u=u(t,z) lTEZREORIBEE, neN, 1<p<oo T,n>3
DE &, EHIZVRL 72H HY(R) 1B AHEEREMS p<1+4/(n-2) 2IKE
T5. BEE ¢, (z) 1ICBVT, w e RIGFEDNRT A—=FTH D, e¥to,(x) H° (NLS)
DRI T2 B 120121, ¢o(z) W EERIE

—Ap+wo+ |z’ —[pff T9=0, zeR" (SP)

DIFETHRIFINIETR 52V, LT TR, ¢,(2) 1F,w 2 1 DREELZL &, (SP) D3EH
BRfED 5 b, fEH S, 2 /N 5 (BREIRER) TH 5 L35, FHERREREISHT
THERNEEY BEEFRBELIERZ L1275, FART v v VEHER DR WIEES,
(NLS) XN T 7 A YR E OEF NV ARA L L CBN, ZEEERED
VYT 7 7REEBIIOVTIE 2 0 FEINIIARONTEEIIHF 2 o Tw 5 ([1, 3, 22]
BH). ZOH, NS ORERIE, ERE S T4V - TVF Y ABRRR L 2 &0HR 0%
NIV R VRIS AN OLEEIZE T 5 —f#ksh & L T, Grillakis, Shatah and
Strauss [7, 8] ICE L OHLN TS, KEFE TR ) AT ¥ ¥ v VIEHE - 12561,
RN T v T ENIR—-X - T A28 AV BROETVAEREL T, n=p=3
DPAED (NLS) 238bn 5 (BT [21] BH). REEELRO ) YT ) 7LEMHI
INFET9,23 RETERINTVES. 2B, AMET VYAV THEVWRT I v )b
DENDOWIHAIZEL TIE[6, 16) RETHEESN TS, RF VY v VEHER 72
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%4, Grillakis, Shatah and Strauss [7, 8] IZ & 5 —#¥&HI BT D REM RO AL ENY
B BTt w B, BENICHEDPD 5O RETH 2354055 , KeAz TH
VBB LIHERTA. 22T}, Z0 L) TRO—E%2BAL 720,
2. FEDKRE
SDOWGE, TANVF—-BHELT
E={ve X®R,0) :vlls < oo}, [ulf = (v,v)sx,
(v, )5, := Re / {Vo(e) - Tul@) + e o(@)u(@) } do

LEFEL, ERVAVFZER S BT (NLS) 222 5. VAL 722/ HY(R®) 2B
PEHmREME p<1+4/(n—2) LTI VF LK

1 1 . 1
B(v) = 51Vl + 5llanllfs — — ol

i3 Y EEFRIN, TOZHT (NLS) 2252 LITHRTH 5.
- (NLS) (2089 2 I EAfEREIE = ICB W CHBBINIEYTH Y, BrELET AR
0, TAINVF -t NFEORFAVRYLOZ EHHMONT VB, |

@ 1 ( Cazenave [2] ? 9.2 i, Oh [17) ) For any ug € X, there exist T = T'(||uo||5) >
0 and a unique solution u(t) € C([0,T),%) of (NLS) with u(0) = uq satisfying

E(u(t)) = E(u), |lu@®)llZ: = lluollz>, te[0,T).

In addition, the virial identity

d2
& lzu(0)2: = 8P(v) VD)
holds for ¢ € [0,T), where
nip—1
P) = [0l = vl — PR

RIZ, (SP) OREEREME ERXT S0, EHEMTFEIN LA NVF -2/ © Lo
PLREEL S, RUBIOULEE% 1, *
w 1 w 1 1
Sulw) = Blo) + Gl = 5IVollfs + Sl + 5llevlfs - = lolizh,

I (v) = (S, (v),0) = [IVlZ2 + wllvllZ2 + llzvliZz — [[vll75s
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LEFRTH. EHME SP) XMEH S, DA AT — - 5750V a7BRA S (¢)=0¢&
FECH 5T LIIEET 5.

EFE RS 2 RAMLRE
inf{S,(v) : ve X\ {0}, I,(v) =0}
DERMETTERDEEE G, TEL, G, DILE (SP) DIEEIRAER & IF5.

EED ¢ (z) € G, WL T, 77TV aFin e ROVFHEL T S (¢o)+01 (¢) =
0D ILD. TDEE, I(d,) = (S, (b)), ) =0 22D (I' (¢), ) #0 £V =0
2185, L0, S (¢w) = 0BV LD, 2561, S (v) =0 A2 THEED v € B\ {0}
LT L(v) =0 SR ILDODT, G, DEFRIZELY, S,(¢n) < S, (v) ALY 32D,
Tabb, d,(z) €G, X, wE 1DEELE X, (SP) OIBEHBOI L, EA S, #*
BT BETH 5.

(ﬁﬂ®%Eﬁ%%®ﬁﬁug@bﬂ&Eclﬂwﬁﬁﬂyﬂ7hf%6:t#%,
TR R EDHEIC L D BRIRTIENTE .

a2 Let A := inf{||Vo||%, + ||lzv]|%; : ||[v]|%, = 1, v € £}. Then, G, is not empty

for any w € (=, 00).

ZIT, KTV VA VEHERDRVRE, w <0 D& JZHERBEREFFEL 2V L
ICERTS. 2B, M =nTd), \ ISHIET2EEEEL 0(z) =e 2 THBZ
ERHOLENT WA,

BRI, BEMDEFEL 52 THL.
TEZE Let Q be a subset of ©. We say that Q is stable for (NLS) if for any ¢ > 0

there exists § > 0 such that if uy € ¥ satisfies inf{||up — w||z : w € Q} < 4, then the
solution u(t) of (NLS) with u(0) = ug exists for all ¢ > 0 and satisfies

supinf{|ju(t) —w||s: we N} <e.
£>0

Otherwise, (2 is said to be unstable. Moreover, for ¢, € G,, we shall say that the

standing wave e™“!@,, is stable if G, is stable, and that e™'¢, is unstable if O, is



199

unstable, where O, = {e?¢,, : 0 € R}.

—fXIZ O, C G, THEINFEDOTEBRIIDOALRV. n>2 Tw> -\ DL EIZIF
(SP) DIRDO—EMAFEH SN T W5 ([9], [10], [12] B E 2 EBE|). LA »>T G, =0,
BEYILODTA=0, DEEBE L TCEERETESL. L2PLn=1DtEIEg, =0,
BRI T BDOIPREDLDSZVOT, TO L) REREREREEREOBICE vy 7
WELTLEILILRERIIR B. |

3. BHIOMR L T8

TTRT YUYV DR VHEIINT ZBEMOERIZOVCHEIZRY RS, §
bbb,

iOu=—Au—|uff~u, (t,z) € R+ (NLSO0)
RUSIST % 525 RE
—Ap+wo—[4fT¢=0, zeR (SPO)

IZOWTERL. ZZT,neN,1<p<ooT,n>3DLXIEHITp<14+4/(n-2)
ERETH. COLE, RO w>0ITHL T (SP0) DVFKRL 72H HY(R) (BT
% IEABERRIBRAR o, (2) 2 —BHICHET 2 (—EHCHEL T 1] 228). Lo T,

FEED w>0IXxL T, (SP0) DEEREREEOES G0 13
Gy ={e"vu(-+y): 0€R, yeR"}

THEZOND. DEVRF VI X NVEHEELZVEARITRTDO neNE w>01IC
MLTGL =00 ={ef,(-+y): 0eR, ye R} 2OTH5 (FHFHSHR) . 612,
GlEp<l+4/nDLEFEED w> 0L T (NLSO) IZHL TEE (3] 2 2H)
THY, p>1+4/n DEZEED w >0 ICHLTALETHAS (p>1+4/n OFE
2 (1], p=1+4/n DPEE [22] 2BMEK). Zh2d, p=1+4/n 1 (NLSO) DHE
EERBOLEN - REEWICHETAIBAETH S Z LW H 5. Grillakis, Shatah
and Strauss (7, 8] 12 & 5 — k@ Tid, REMRI AL EWHICET HT05&MHE w>0
DB dw) = S.(¥,) EFHWTEZ 6N S, Thbb, d(w) >0 THhL G, IR
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ETH Y, HI, d'(w) < 0 THRIE G, IIARLETHSH. (NLSO) 1T AT —VE#H
N2/=Dy( Az, A2t), A > 0, ICBL TRETH 505, ¢, (z) = VP Yy, (wz) BIEY
b, dw) = W@ D2 g(1) BE DD, IS, w>0IEKS T, p=1+4/n
PHEARBEIIRLIIENGHA. ZNIIHLT, BTy Uy VEEZEIREIE, 20X
A BRAT = NVAERIFEL ZVOT, ERIZED L HIZ d"(w) ZEFETUT vk,
S BN L 5. RIS, 6 € Gu d(w) = Su(b) = B(du) + (/2) 9l 1254
LT
2(w) = (SL(60), Budad + 3116l = 31100

BEHS, [ follZe OWRE TSI L VE EITEET 5.

KTV X VEMESTZHE, ||¢u|2: PHER T BRI DL DI —MRIIINET
» % %%, Rose and Weinstein [19] I3 n =1 THIBI/EHE A+ V(z) PEAEL LD
£ 7%, BERDD im0 V(e) =0 ZTATET 2 V¥ V(z) 207258101
T ||gul2 % HABRHEL 72, B0 OBMEHEAERD B, BHKT ¥ ¥ vV kool
WL TRETFEINS.
(FHE1) pldFEELTS. -\ 5 w> -\ IIHL T, (NLS) OEEFESRE
WiE e“td,(z) I EETHH .
(FH2) p>1+4/nDEE, THKREV w 2L T (NLS) O ELE N #
et (z) INEETHA 9.

4. FRUCK T 2 EHR

COETI, MO TFRICEL TELNIHERIIOVWTHRET S, LTTIEWD &
(,meEN, 1<p<ooTn>30DtEEp<l+4/(n—-2) 2IRET 5.
{RTE (A) For € > 0 there is a family of ground states ¢, such that w — ¢, is a
Ct mapp'ing‘ on the interval (=A1, =1 +€).
EE1 (F. [4 ) Assume (A). There exists a sequence {wi} such that wy < 0,

wr — —A; and e“*tg,, is stable.

p>3 EVIEE MANZE, (A) ZIEL R TH &L, 61 {w} LV IFIE L
5FI M FFECTRTO w IS b EEEBOLERNER L. BTV ¥ v
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JUAS |$|2 Tk < T3d hmm_)ooV(x) = 400 %(ﬁf:'@" V(:E) TS fblff%ﬁ%l U:EIEE%( &
5. 72REL4 DL AR (NLS) ORMBRTENES T AVE — E LT HORFE
RETHI LR AD.

FI2 (F.and Ohta [5]) Let p > 1+4/n and ¢,(x) € G,. Then there exists
wy € (wo, 00) such that the standing wave solution e“’¢,(z) of (NLS) is unstable for

any w € (wy, 00).

fgﬂzciﬁ%ﬁi@ﬁ%zwwg%ﬁﬁfmf, SO —RBBRRT YT XV V(x) IR
LCHHETES, UTRER2ORRERZ TR T L0 FICULERET vy
V(z) ICRTHRETH 5.

(VO)  There exist real valued functions Vi(z) and Va(z) such that
V(z) = Vi(z) + Va(z).
(V1.1) Vi(z) € C*(R™) and there exist positive constants m and C such that
0 < Vi(z) < C(1+|z|™) on R".
(V1.2) For any « such that |a| < 2, there exists C, > 0 such that
2205 Vi(z)| < Ca(l + Vi(z)) on R™.
(V2) There exists ¢ such that ¢ > 1, ¢ > n/2 and
1°02Vy(z) € LI(R™) + L*(R") for |a| < 2.

C OREREBROBERETIE V() L L TFCERTH D I & B2 L 7 <
TLVWI ERBAL TB AW, T2 [4] Tl FARKRT Vv Ve 25EIS,
w>0,p> po(n) = (2 +4+4/nZ T 1)/n? & I e¥tg, (z) EREEL & 5 T LAR
SHTWVD. I Cpo(n) >1+4/nTHAD, TOEB2IZLY p OFEFEE 1+4/n
FTFF A ENTEL. | |

%, Grillakis, Shatah and Strauss [7, 8] ® —#ERICH> T [|g,]2, OHIMRE EE
DO AT S 50T, 2 1 IEaR ([13], [14), [15] 2E EEBR)
12k 5T (SP) DE%RZ, BSOS HlEL 720 L /v AO#LE V2.

#3883 Put ) := —w in (SP). Let ®(z) be the eigenfunction corresponding to A;.

201
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Then, (SP) has a family of solutions (u(¢), A(¢)) bifurcating from (0, \;) for 0 < ¢ < &
sufficiently small with u(e) = e® + €z(¢), where z € ¥ is a continuous function of «,

2(0) = 0 and (2(¢), ®)s = 0. Moreover, we have
w2 = [@IEZEY P (x) = N E=D 4 o], — A E-D), (1)
72, EH2 2 RTIOICROARLEEICET A +55&04% Hns.

@it 4 ( Ohta [18] ) Let ¢y (z) € Go. If BE(¢))[r=1 < 0, then the standing wave
solution e™*¢,,(z) of (NLS) is unstable. Here, v*(z) := A\*2u(Az) for A > 0.

DL BHOARREMIZET % +44F1%, Shatah and Strauss [20] D F 23
3 &, Gongalves Ribeiro [6] IZL o THBOTEHEZ SNz, ZD, [18] T, EY T
FX (VD) 2 B CHIBAERN S 5172 8T, 02, = v]2, BE(@)) a1 =
NSu(B)r=1 =0 7205, HRE4 2B BIKE BE(P))|aer < 0 25, (NLS) ORFE
BETH R THDS —EOBHE {ve X : |[v]|2 = ||¢u]2.} EXFVF— B E i3
9 (2) KBV THBNTIR AW EMHED . Thbb, L2 I VA REET DA —1) ¥
7 ¢h(x) W TERINIALELR HNESZTNE, 205450 2E()) a1 < 0
X, w 2R Lffﬁﬁ@“%ﬂ\%?@f& <, Grillakis, Shatah and Strauss [7, 8] ®—#&# |
BIFS d'w)<0 LD DHERELR TV, LWIFEND B,

5. B 1 OFFHOBERE

Grillakis, Shatah and Strauss [7, 8] D—#wwIZHE> T ||y |2, PEREFLZ &
ZHIRIS, 3D (1) 12X 5 (SP) DD L2 ) )V AWt %1B4. LA LAE3
ISX DL X7 (SP) D (DEE) &, pu(z) € Gy BF—HL TVBELIZES 2. 2
TUSODWTEROBMELIZ L o T, BBBEHIZ L 2 —FEUL S -\ OEL TIRHE
W—HLTWBLI Ldbhb.

#WEE1 Let ¢, € G,. Then, ||pulls =0 as w— —A; +0.

ZHLTWICEY (|)|2 DL /N ADEECOEHAEO N, 5F ) w> —),
BM HECE & (6|2, REFMNTHS, Thbb, FHIFSKYLOL S
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WL ZBEN, w = =M +0 DEE g2, DIRBIL 2A55 0 1R B THE
HZHBRL SN T, 22T, FH1 Tt 5l {w} 2BEP72b0FEER-T
W5,

6. TEH 2 DFEBH O BERE

P(gu) = O\E($})|,_, =0 & W CRIET 5 &, il 2 1B BIERE(S))],_, <
013
lz¢ullz: _ n(p—D{nlp-1) -4}
[ e 16(p+1)
ERECH B LN L. 2 DEBIE p>1+4/n EDTEEHTH 5. L12h5o
TEBY w — 00 DEE QO IWPNET LI LERBT IV, TIT, ¢u(z) € G #
$u(z) = WOV, (Vz) E AT —VERL 72 §,(z) &, (SPO) Dw=1 Dk EDHE
JEIRREY (z) € HY(RY) 22 5. ¢,(z) Dii- T AR

(2)

—A¢+ ¢+ w_2|x|2q§ — i¢|”“1¢ =0, zeR"

b,

COEFRDEBIAT —VERTLILICLY) w OBEEZRF YV v VDD
HEANFF 2 TTE, w2z DHDFED w — 0o DL EITHZ, i (x) A5 p > 1+4/n
DESIALEETHLILILFEETADTIEROP LW ) FEAFEB L Z>TWV ST
HDTH5.

lzgullf: _ w?llzdullz:

3)

Igullne lIduliis
%DT
i el )
W0 7 p+1 - ()
[Fo st

e L. 7, UTOMEL €RT 5.

Lo(v) = |[VollZe + [lollZ> + w2 lev)lF2 — [lollf3,

L(v) = [|VolZe + llvllze = vl
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ROFHED (4) ERT12ODHEEL LD,

#WE2 Let ¢,(z) € G-

() lim 425 = a5, (i) lim 12(6.) =0,
() lim [ulldn = [alln,  (v) lim w2adu|2 =0,

S 2 OIFBICEIL T, do(z) PR SMAT & D F/MERTE
inf{[olf7}h : ve X\ {0}, L(v) <0}
DERMMETETH BT &, R oy (z) 2F
inf{[lo]ffr: 0 v € H'(R")\ {0}, I{(v) < 0}.

DRMETTTH B EE VT, do(z) & Yi(z) DI NV LAEBEWVICHETAZ L1
£9,3G) & (i) FEEHSN S, £/, (i) & (iv) & (1) & ({) 25EHIZEPNS.
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