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1 $\mathrm{R}$-boundedness and operator-valued
multiplier theorems

Definition 1.1 Let (X, $||\cdot||$ ) be a real or compl$e_{J}x$ Banatih.space. A collection $\mathcal{T}$ of
$bouj\iota ded$ linear $ope\mathit{7}uto/\mathrm{L}\mathrm{s}$ in $X$ is said to be $R$ -bounded (Rondomized bounded) if there

exists a constant $M\geq 0$ such that

$\sum_{\underline{c}\in\{-11\}^{N}},||\sum_{k=1}\mathcal{E}_{k}Tkx_{k}|’|^{2}\wedge’\leq \mathit{1}lf^{2}\overline{\mathrm{c}}\in \mathrm{i}\sum_{-}1,13^{N}||\sum_{k=1}\mathcal{E}_{k}X_{k}||^{2}N$ (i.1)

hoi& $for$ ait $\{T_{k}\}_{k}^{\bigwedge_{=1}}r\subset \mathcal{T}_{f}\mathrm{o}ll,$ $\{x_{k},\}^{\mathit{1}\backslash ’}k=1\subset X$ and all $N=1,2,$ $\ldots.\Lambda$ c.otlstant $M\geq 0$ such

that (1.1) hold$\mathrm{S}^{J},i.gc\mathrm{o}$ lled an $R$ -bound for $\mathcal{T}$ attd the $st_{}a\mathit{1}\mathit{1}\epsilon\cdot \mathrm{L}\mathrm{q}t$ one is denoted by $\mathcal{R}_{2}(\mathcal{T})$ . (If

the collection $\mathcal{T}$ is $\mathit{7}l,ot$. $R$-bounded $?\mathfrak{l}\mathrm{J}^{\supset}‘$. set $R_{2}(\mathcal{T})=\infty\rangle)$ .

The $\mathrm{f}\mathrm{i}\mathrm{r}\mathrm{S}\mathrm{f}_{\lrcorner}$ explicit definition of $\mathrm{R}$-boundedness can be found in [2], although this notion

was already used by J. Bourgain in [3]. For a systematic treatment of this notion see [4],

[15].

Remarks

1. The notion of [$\mathfrak{i}-\})\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{C}\mathrm{d}\mathrm{n}\mathrm{e}\mathrm{s}^{\backslash }\mathrm{b}$ can be trivially extended to a family of operators

acting from a Banach space $X$ into a Banach space $Y$ .

2. By taking $N=1$ in (1.1) one finds that a $\mathrm{R}$-bounded collection of operators is

uniformly bounded.

3. A finite collection of $\mathrm{I}_{\mathrm{J}\mathrm{O}\mathrm{U}\mathrm{n}(}\iota_{\theta(}1$ operators is R-bounded.
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4. $\mathrm{B}\mathrm{v}\mathrm{u}\mathrm{H}\mathrm{i}\mathrm{n}_{rightarrow}\sigma$ the generalized parallelogram la.$\tau \mathrm{v}$

$\sum_{k=1}^{N}||_{j\gamma_{Jk}}||2=\frac{1}{2^{N}}\sum\epsilon\in i-\rceil,1\dagger^{\mathrm{N}}||\sum_{=k1}^{N}\overline{\mathrm{c}}_{k}x_{k}||2$ : (1.2)

one shows that in a Hilbert Hpace, the notion of $\mathrm{B}$ -boundedness and uniform bound-

cdness are $\mathrm{e}\mathrm{q}\mathrm{l}\mathrm{l}$ivalent.

5. The RHS of (1.2) can be rewritten as $|| \sum_{k=0}^{\mathrm{A}’}\epsilon_{k}\prime Xk||^{2}L‘ \mathit{1}(5^{\}}arrow;X)$

’ where $\{\epsilon_{k}\}_{k-1}^{\infty}$ , denotes a

sequence of independent identically ($1\mathrm{i}\mathrm{t}\cdot;\mathrm{f}_{\mathrm{J}}\mathrm{r}\mathrm{i}\uparrow \mathrm{J}\mathrm{u}\mathrm{t}\mathrm{f}^{1}\mathrm{d}\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{m}\mathrm{p}\}_{j}\mathrm{r}\mathrm{i}\mathrm{c}\{-1,1\}-\mathrm{v}\mathrm{a}]1\mathrm{l}\mathrm{e}\mathrm{d}$ random

variablcs defined on some probability space $(_{-}.\Omega, F, P)$ . Accordingly condition (1.1)

can be $\mathrm{I}^{\cdot}\mathrm{e}\mathfrak{n}\mathrm{T}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{e}\mathrm{n}$ as

$|| \sum\epsilon_{k}T_{k^{X}}k||_{L_{2(;X}}\Omega)N\leq \mathit{1}1f||\sum_{k=1}^{r}\epsilon kX_{k}|’|\wedge L_{\mathit{1}(}\int).;-\backslash )$ (1. $\cdot$3)
$n-1$

In view of Kahane’s inequality we can replace $L_{2}(\Omega;x)$ by $L_{p}(_{-}\Omega;^{x)},$ $1\leq p<\infty\grave{\text{ノ}}$ ,

adjusting the constant $\mathit{1}^{\rceil}/f$ appropriately.

It appears that the notion of $\mathrm{R}$-boundedness is useful in the context of multiplier theorems

associated $\mathrm{w}\mathrm{i}\mathrm{t}_{\mathrm{J}}\mathrm{h}$ unconditional Schauder decompositions.

Definition 1.2 $\Lambda s\mathrm{e}qu$eitce $D=\{D_{k}\}_{k^{-}1}\mathrm{o}\mathrm{o}$ of bounded linear projections in $X$ is call$\mathrm{e}d$ a

$Schaud,e/\cdot decot\iota$positio,
$l\iota$ of $X,\cdot’ if$

$D_{k}D_{l}=0$ $\mathrm{t}vhe,nelJerk\neq l$ , (1.4)

$x= \sum_{=k1}^{\infty}D_{k}x$ for all, $x\in X$ (1.5)

The de($:Ot\prime t,poSit’io\mathcal{T}\iota$ is eaiied $unco?\iota dit\dot{?,}onal$ if the series in (1.5) is unconditionally conver-

gent $fo\gamma$ all $\prime x\in X$ .
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We recall that if $D$ is an unconditional Schauder decomposition of $X$ , then there exists a

$\mathrm{c}’ \mathrm{o}\mathrm{n}\mathrm{t}‘,\mathrm{t}\backslash \mathrm{a}\mathrm{n}\mathrm{t}_{}c_{D}>0$ such that

$\mathrm{c}j-1|D|\sum_{=k1}^{\mathit{7}\mathrm{t}}Dkx||\leq||\sum_{k=1}\mathit{6}_{kk}DX||_{T_{2}(\mathrm{x})}n\Omega;\leq C_{D},||\sum_{1k=}^{n}r)_{k^{Ji}}||$ (1.6)

holds for all $x\in X$ and all $n\geq 1$ .

Let $D=\{D_{k}\}_{k=}^{\infty}1$ be a Schauder decomposition of $X$ and let $L=\{L_{k}\}_{k=1}^{\infty}$ be a sequence

of $\mathrm{I}_{\mathrm{J}\mathrm{O}\mathrm{U}}\mathrm{n}(1\mathrm{e}\mathrm{d}$ linear operat$o\mathrm{r}\mathrm{s}$ such that $L_{k}$ leaves $\hslash(D_{k})$ , the range of $D_{k}$ , invariant, for

$\mathrm{e}\mathrm{a}\mathfrak{l}\mathfrak{c}.\mathrm{h}k\geq 1$ , i.e.

$L_{k}D_{k}=D_{k}L_{k}D_{k}$ , $k\geq 1$ (1.7)

Let $X_{D}’$ be the lincar subspace of $X$ generated by the subspaces $\{\mathcal{R}(D_{k})\}_{k=1}\propto$ , i.e.

$X_{D}:=$ $\bigcup_{-,k1}\infty R(\sum_{\mathrm{t}=1}^{k}Dt)$ (1.8)

We observe that $X_{D}’$ is dense in $X$ and that $X_{D}$ is invariant under $D_{k},$ $k\geq 1$ . We still

denote the restriction of $D_{k}$ to $X_{D}$ by $D_{k}$ and define

$T_{L’}x:= \sum_{k=\perp}^{\infty}L_{k}D_{k}x$ (finite sum) (1.9)

for all $\prime x\in X_{D}’$ . The operator $T_{L}$ maps $X_{D}$ into itself and commutes with $D_{k}$ :

$\tau_{LkkL}D=DT$ , $k\geq 1$ (1.10)

In case the decomposition $D$ is unconditianal. we obtain from (1.6), (1.9) and (1.10):

$\mathrm{c}j-D1||T_{L}x||\leq||\sum_{k=1}^{\infty}\overline{\mathrm{b}}_{k}L_{k}Dkx||_{L_{2(:X)}}\Omega\leq c_{D}||T_{L}.T||$ (1.11)
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for all $\prime x\in X_{D}’$ . Since $X_{D}$ is dense in $X$ flJld $X$ is c.oIIlplete, the operator $T_{L}$ extends to

$\mathrm{a}$. bounded linear operator on $X$ ifr $T_{L}$ is bounded on $X_{L}$ . In view of (1.11) we have the

followi ng characterization.

Theorem 1.1 ([4], [15]). Let $D=\{D_{k}\}_{k=}^{\infty}1^{j}$ be an unconditional Schauder de$(j\mathit{0}r\prime po.9ition$

of the Banach.space $X$ and let $L=\{L_{k}\}_{k1i}^{\infty}=$ be a se.quence of bounded linear operators of
$Xsati_{S}fi,ng(\mathit{1}.7)$ .

Let $X_{D}’$ be the $de,nse$ linear subspace of $Xdefi,\cdot?ted$ by (1.8) aitd let $T_{L}$ be the linear opera.$tor$

on $\lambda_{L}’defi_{}J\iota ed$ by (1.9).

Then the operator $T_{L}$ is bounded iff there exists a $\mathfrak{c}^{l}.\mathit{0}\prime stantM>0su\zeta^{\wedge}.h$ th.at

$|| \sum_{k=1}^{n}\epsilon_{k}rJkxk,||_{\Gamma,(}2\Omega;^{x})\leq M||\sum_{1k=}\epsilon_{k}\prime X_{k}||nL_{\mathit{1}()}\mathrm{t}^{)}arrow;\sim\backslash$ (1.12)

$hoid_{\iota^{\mathrm{t}}}$; for $aii\prime x_{k}\in R(D_{k}),$ $k\geq 1$ and all $n\geq 1$ .

If this coisdition $idful_{r}f\overline{i}\iota\iota ed$ then the norm of $T_{\Gamma_{i}}$ .sati.sfies

$||T_{L}||\leq c_{D}^{2}M$ (1.13)

$I_{J}^{:}\iota pa\gamma t\prime icu\mathit{1}a’$ if the collection $L$ is $R$-boem$ded$ with eon.stant $R_{2}(L),$ $tllej\iota(\mathit{1}.\mathit{1}\mathit{2})$ hoids with

$M=R_{2}(L)$ .

$P_{JO}of.\cdot$ If (1.12) holds and $x= \sum_{k=1}^{J\iota}D_{k}x$ for some $n\geq$ 1 we have $||T_{L’}x||$ $\leq$

$\mathrm{t}jv||\sum^{n}\epsilon_{k}LkDk\prime k=1x||L_{\mathit{1}}(\mathrm{t}\underline{)};-\backslash )\leq(_{D}’,\mathit{1}\mathrm{t}f||\sum_{k=1}^{n}\mathrm{G}cDkk^{\mathcal{I}||)}L_{2}(\mathrm{f}\iota;X\leq c_{D}^{2}M||\sum_{-k1}^{\mathcal{R}}Dkx||=c_{D}^{2}M||x||’$. where

we have $\mathrm{u}t\cdot,\mathrm{f}\mathrm{f}\mathrm{l}(1.11)$ and (1.6).
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$\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{e}1_{\mathrm{V}}$ if $T_{L}$ is bounded, we have for all $x_{k}\in R(D_{k}),$ $k=1,$ $\ldots,$
$\cdot n$ and all $n\geq 1$ ,

$|| \sum_{1k=}^{}8kLkXk||_{L_{9(;X}}\Omega)n=$

$|| \sum_{k=1}\mathcal{E}_{k}LkD_{k}x|n|L_{2(X}\Omega;)\leq C_{\Gamma)}||T_{r}.x|j|$

$\leq(jD||\tau_{L}||||\prime x||=\mathfrak{c}i_{D}||\tau_{L}||||\sum_{k=1}^{n}Dk^{X}||$

$\mathrm{c}j|2|DT_{L}||||\sum_{k=1}^{n}\mathcal{E}_{k}D_{k}x||_{L\cdot(}\mathit{1}iarrow;_{\mathrm{r}}.)=?1$

$\mathrm{r}_{D}^{2}||T_{L}||||\sum_{k=1}^{n}||L\mathit{1}(\int_{arrow}|\backslash ;arrow)$

where $\prime x=\sum_{k=1}^{n}$ Dkxk and with the use of (1.6), (1.11).

2 Operator-valued Marcinkiewicz and Mikhlin
multiplier theorems

Let (X, $||\cdot||$ ) be a complex Banach space and let, $L^{p}(0,1, x),$ $1\leq p<\infty$ denote the usual

complex Banach space equipped with the norm

$||?J,||p:=(.[^{1}||u(t)||pdt)1/\rho 0$

Let $N=0,1,2,$ $\ldots$ and let

$F_{\mathrm{A}’}n$ $:=$ $\sum_{k=-\backslash \mathcal{T}}^{}\mathrm{J}\backslash \Gamma,e_{k}\otimes\hat{u}(k)$ , where $u\in T_{\lrcorner}^{p}(\mathrm{o}, 1;X)$

$\epsilon_{k}^{},(t)$ $:=$
$e^{2\pi kit}$ ; $t,$ $\in[0,1\rceil,$ $k\in \mathbb{Z}$ ,

$\iota\iota(\wedge k)$ $:=$ $J^{1}\cdot e^{-2\pi}u(kitt)0dt$, $k\in \mathbb{Z}$ ,

$(\epsilon_{k}^{\mathrm{J}},\otimes\{\iota(\wedge k))(t)$ $:=$ $\epsilon_{k}^{},$ (f)\^u $(k)j$ $t\in[0.1]$
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$\mathrm{A}\iota‘ \mathrm{i}$ is well-known, the Banach-valued version of Fe.$|\mathrm{c}\mathrm{r}’ \mathrm{s}$ theorem holds, that is, the sequence

of Cesaro means of the sequence $\{F_{N}u\}_{N=}\infty 0$ converges to ?4 in $L^{\mathrm{p}}(0,1;X)$ for every $u\in$

$L^{p}(\mathrm{o}$ . $1$ ; and every $1\leq p<\infty\grave{\text{ノ}}$ .

It follows in particular that the vector space of trigonometric $\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{y}\eta \mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}1_{\llcorner}\backslash$
’

$T(X):=\mathrm{s}_{k\in}\mathrm{p}\mathrm{a}.\mathrm{n}\{\epsilon_{k}\mathrm{z},\}$

is dense in $L^{p}(\mathrm{o}, 1;X),$ $p\geq 1$ . It is also known that the sequence $\{F_{\mathrm{A}^{\Gamma}}u\}_{N=}^{\infty}0$ converges to

$u$ in $L^{\mathrm{p}}(0,1$ ; for every $u\in L^{p}(0,1$ ; iff the Riesz projection $P$ defined on $T(X)$ by

$Pu:= \sum\epsilon,\otimes k\mathrm{t}\iota(\lambda k\geq 0\wedge i)$

is $1_{)\mathrm{O}\mathrm{U}\mathrm{n}}\mathrm{t}1\epsilon 1\mathrm{t}1$ in the $L^{p}(0,1;X)$ norm.

This is the case when $1<p<$ oc and $X=\mathbb{C}[11]$ or more gener.ally iff $X$ has the UMD

property.

TInder these conditions the sequence of bounded projections $\{E_{k}\}_{k=}^{\infty}0$ in $L^{\mathrm{p}}(0,1$ ; defined

by $E_{0}:=F_{0}$ and $E_{k}:=F_{k}-F_{k-1},$ $h_{i}>\rceil$ is a Schauder decomposition of the space

$L^{\mathrm{p}}$ ( $0,1_{\mathrm{i}}X1\cdot \mathrm{t}\mathrm{t}^{\mathrm{v}_{\mathrm{h}\mathrm{p}nX}}=\mathbb{C}$, this $\mathrm{d}\mathrm{e}.\mathrm{r}\mathrm{o}\mathrm{m}\mathrm{P}^{1}$)$\mathrm{S}\mathrm{i}\mathrm{f}_{l}\mathrm{i}o\mathrm{n}\mathrm{i}_{\iota}\mathrm{s}$ unconditional iff $p=2$ . In remarkable

papers Paley and Littlewood $[10]j[11]$ showed t,hat the dyadic blocking of $\{E_{k}\}_{k0}^{\infty}=$ defined

$|_{\mathrm{J}_{\mathrm{L}}}\mathrm{Y}^{\mathrm{P}}D_{k}:=F_{2^{k}}-F_{2^{k-1}},$ $k=1,2,$
$\ldots,$

$D_{0}:=F_{1},$ $\mathrm{i}_{l}\mathrm{s}$ unconditional. This property has been

extended to the case $X$ is UMD $\mathrm{I}_{\mathrm{J}}\mathrm{y}$ Bourgain [3]. A detailed proof of this fact can be found

in Venni [12]. A careful analysis of this proof $\mathrm{S}\mathrm{l}\mathfrak{l}\mathrm{o}\mathrm{v}\mathrm{V},\mathrm{s}$ that the notion of R-boundedness

(which is not mentioned explicitly) plays an irnportant role. This $\mathrm{h}\mathrm{a}_{\iota}\mathrm{s}$ been the starting
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point of [4].

In view of Theorem 1.1 a sequence $\{L_{k}\}_{k-0}^{\infty}$ of bounded linear operators in $L^{\mathrm{p}}((|, 1;x),$ $1<$

$p<\infty$ satisfying (1.7) and (1.12) induces a bounded linear operator $T_{L^{\mathrm{S}\mathrm{a}}}\mathrm{t}\mathrm{i}\mathrm{S}\mathrm{f}_{\}}\gamma \mathrm{i}\mathrm{n}\mathrm{g}(1.13)$ .

In particular condition (1.7) is satisfied when the operators $\{T_{r}k\}_{k-}\infty 0$ are diagonal operat$()\mathrm{r}\mathrm{s}$

of the $\mathrm{f}_{0\mathrm{r}}\mathrm{m}$ :

$L_{o}u$ $:=$ $\sum_{l=-1}^{1}\epsilon,l\otimes \mathit{1}\mathrm{t}f_{l}$ \^u $(\iota)$

$\tau_{k}\lrcorner?l$

.
$:=$

$2^{k-1}< \sum_{k ,|l|\leq 2}\epsilon j\iota\otimes M_{\iota}\hat{u}(\iota)$

$k=1,2,$ $\ldots$

where $\{\mathit{1}lf_{l}\}_{larrow\tau}\in$ is a family of bounded operators in $L^{p}(\mathrm{o}, 1;X)$ . In a recent work Arendt

and Bu [1] found an interesting sufficient condition on the sequence $\{\mathit{1}\mathrm{t}f_{l}\}_{\iota}\in\prime \mathrm{z}$ for the family

$\{L_{k}\}_{k=0}^{\infty}$ to be $\mathrm{R}$-bounded, namely

$\Pi_{A\mathit{1}},:=R$ ( $\{\mathrm{i}\nu[_{1\prime}\}_{\tau\in \mathbb{Z}}$ and $\{l(M_{l1}+-\mathit{1}\iota f_{\iota});\iota\in \mathbb{Z}\}$) $<\infty)$ (2.1)

This leads to the following

Theorem 2.1 $(\Lambda/\mathrm{p}\mathfrak{l}tdt- Bu)$

Le.t $n\in L^{\mathrm{p}}(\mathrm{o},$ $1;^{x)},$ $1<p<\infty_{i}^{\backslash }XUMD$ space.

Let $\{\text{\^{u}}(k)\}k\in\wedge\cdot\zeta$ be the $s\mathrm{e}que\mathit{1}\iota \mathrm{r}^{\}}.e$ of $Fourier-\prime j\mathit{0}\mathrm{f}^{\mathrm{J}},fficien\dagger S$ of $u$ and let $\{M_{l}\}_{l\in}\mathbb{Z}$ be a $s\mathrm{e}qu$ence

of $bou\mathit{1}\iota dedii$ } $\iota$ ear $ope;\mathrm{u}to\prime si_{l}\iota$ X. Then if the $cond,iti_{\mathit{0}}n(\mathit{2}.\mathit{1})h_{c}old\mathrm{J}s$, then the $s\mathrm{e}que\gamma tC\mathrm{e}$

{ $\mathit{1}lf_{k^{1\iota()\}_{k\in \mathrm{z}}}}\wedge k$ is the $s$ equence of Fourier $coeffi_{C}\tilde{l}\epsilon^{},\gamma m$ of a (unique) function $v\in L^{p}(0,1;x)$

and $tl‘ eI^{\cdot}e$ exists a $co\mathit{1}lSta;tC>0$ depcnding only on $p\in(1, \propto)$ and $X$ such that

$||v||_{L\beta(}0,1;\backslash ^{r})\leq c,R,.\iota t||u||_{T_{\text{ノ}}}\mathrm{p}(0,1;^{\mathrm{x}})$ (2.2)
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Remark

Theorem 2.1 is a simplified version of a more involved Marcinkiewicz type theorem due. to

\v{S}trkalj and Weis [13], which is a $\mathrm{d}\mathrm{i}\mathrm{s}(\iota \mathrm{e}\mathrm{t}\mathrm{e}$ version of the following $\mathrm{o}\mathrm{p}e,\mathrm{r}\mathrm{a}\mathrm{t}0\mathrm{r}$-valued Mikhlin

type theorem due to Weis [14].

Theorem 2.2 (Weis ’99)

Let $1<p<\infty$ and $X$ be a $UhID$ space.

Let $M\in C^{1}(\mathbb{R}\backslash \{0\};\mathcal{L}(X))$ . Then $M$ is th. $\mathrm{e}sy$} $r\iota bol$ of a bounded opeiutor in $L^{p}(\mathbb{R}, X)$ if

the collections $\{_{\wedge}h,f(\rho);\beta\in \mathbb{R}\backslash \{0\}\}$ and $\{pM’(p);p\in \mathbb{R}\backslash \{0\}\}a7\mathrm{P}R$-bounded in $\mathcal{L}(X)$ .

Comments

This remarkable theorem is $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ first, operator-valued multiplier theorem in $L^{\mathrm{p}}(\mathbb{R}, X),$ $1<$

$p<\infty$ where $X$ is $\underline{\mathrm{n}\mathrm{o}\mathrm{t}}$ isomorphic t,o a Hilbert space. Another proof can be found in

[5]. It should $\mathrm{I}$) $\mathrm{e}$ mentioned that the $\mathrm{c}o\mathrm{n}\mathrm{t}\mathrm{e}p\eta \mathrm{t}$ of [4] has been made available to Professor

L. $\backslash \cdot 1^{\vee}\mathrm{e}\mathrm{i}_{t}\cdot$; in December ’98.

3 Converse theorems, $\mathrm{R}$-sectoriality and $L_{p}$-Maximal
Regularity

In this $t\cdot;\mathrm{e}\mathrm{c}:\mathrm{t}\mathrm{i}0\mathrm{n}$ we $\mathrm{f};\mathrm{h}.\mathrm{a}1$] present some results showing t,hat the $\mathrm{B}_{\ulcorner}\mathrm{b}\mathrm{o}\iota 1\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{d}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{s}$ of the

$,\backslash \mathrm{m}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{p}^{]}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{h}’ \mathrm{i}t\cdot$; a necessa,ry ($;\cdot \mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}_{0\mathrm{n}\mathrm{t}}:\mathrm{n}\mathrm{d}$ that this notion naturally leads to the notion

of $\mathrm{R}- \mathrm{s}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{a}$]$\mathrm{i}\mathrm{t}_{\sim}\mathrm{v}$.
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Theorem 3.1 $(\mathrm{L}7’e.is f\mathit{9}\mathit{9})I^{7}4]$

Let $(X, ||\cdot||)$ be a $\zeta’.O$ }$\gamma|,pie.x$ Banach space (not neccs.sari$lyUMD$) $an_{\mathrm{f}}l$, let $M\in c_{\text{ノ}^{}1}(\mathbb{R}\backslash \{0\};c(X))$

$If\wedge’ \mathrm{t}\prime f$ is the symbol of a bounded operator in $\Gamma\nearrow(\mathbb{R};^{x})$ , 1 $<p<$ oo then th, $e$ famiiy

$\{M(\rho):\rho\in \mathbb{R}\backslash \{\mathrm{o}\}\}$ is R-bouitded.

Remarks

1. ilnotllPr proof of this result can $\mathrm{I}\mathrm{J}\mathrm{e}$ found in [5].

2. An analogue of this result in the discrete cnse $\mathrm{h}\mathrm{a}\{\cdot$; been established by Arendt and

Bu [1], namely if { $\lambda/f_{\iota\}_{\iota\in \mathbb{Z}}}$ is a”multiplid: in $L^{p}(0,1;X)$ then the family $\{\mathit{1}lf_{l}\}\iota\in \mathbb{Z}$ is

$\mathrm{R}- \mathrm{I}_{\mathrm{J}\mathrm{O}}\mathrm{u}\mathrm{n}(\iota \mathrm{p}\mathrm{d}$ in $\mathcal{L}(X)$ .

An application of Theorcm 3.1 leads to the following $L_{p}$-maximal regularity theorem.

Theorem 3.2 Let $(X_{i}||\cdot||)$ be a complex Ranach space $a\mathit{1}\iota d$ let $A:D(J1)\subset Xarrow X$ be

a sectoriai $ope/ato/\cdot$ with spectral $\mathit{0},ngle\omega_{A}<\pi/2$ , and let $1\leq p<\infty$ .

If $the\gamma e$ exists a $‘\wedge.or\iota \mathrm{L}9tant\perp ff>0.\mathrm{s}uch$ that

$||u’||L^{p}\mathrm{f}^{\rfloor \mathrm{L}_{:}X)}.+||Au||L\nu_{()}\mathrm{J}\mathrm{R};^{x}\leq M||u’+Au||_{Lp(X}\mathbb{R};)$ (3.1)

for every $u\in \mathrm{t}^{i}\mathrm{f}^{r1,\mathrm{p}}(\mathbb{R};X)\backslash \cap L^{\mathrm{p}}(\mathbb{R}, D(\lrcorner 4)),$ $t,h,en$ the $fami,ly$

$\{\rho(i\rho+A)-1; \rho\in \mathbb{R}\backslash \{\mathrm{o}\}\}$ (3.2)

is R-bounded.

Co’rverseiy if $1<p<\infty\rangle$ $a?ldx$ is [,$r_{\mathrm{A}}\eta,ID$, then $con($],$itiJon(\sigma d.\mathit{1})$ is also $s\uparrow l,ffiCient$ for (3.2)

to hoid.
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Comments

1. The characterization of $L_{p}$-maximal $\mathrm{r}e,\mathrm{g}_{111}\mathrm{a}\Gamma \mathrm{i}\mathrm{t}_{\mathrm{V}}$ for abstract differential equations in

a UMD space has been obtained independently $\}_{)}\mathrm{y}$ Kalton and NVeis (see [14]).

2. The characterization in the case $X=L^{q}(-\Omega; \mu),$ $1\leq q<\infty$ has been presented in a

seminar in Delft, $\mathrm{D}\mathrm{e}\mathrm{C}^{\cdot}\mathrm{e}\mathrm{m}\mathrm{I}_{\mathrm{J}\mathrm{e}\mathrm{r}}’ 98$ by Professor L. Weis in $\mathrm{t}_{l}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{S}$ of a $\mathrm{s}\mathrm{q}\iota 1\mathrm{a}\mathrm{r}\mathrm{c}-\mathrm{f}_{1}1\eta \mathrm{C}\mathrm{t}\mathrm{i}_{0}\mathfrak{n}$

estimate:

Theire exists a $\mathrm{c}\mathrm{o}\eta \mathrm{S}\mathrm{t},\mathrm{a}\mathrm{n}\mathrm{t}_{l}C>0$ such that for all $f\in L^{q}(L^{2})$

$||(J^{\cdot}|tR(?.\prime t,, A)f(t)\mathbb{R}|2df)^{1}/2||_{\backslash }\vee\leq C_{\text{ノ}}||(J^{\cdot}|f(t)|2d\mathrm{f})1/2||_{arrow 1}\mathrm{K}$

This notion is in this special case equivalent to condition (3.2).

3. It is natural to call a sectorial operator $A,$ $\mathrm{R}$-sectorial if in the definition of secto-

riality, the notion of $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{f}o\mathrm{r}\gamma \mathrm{r}\mathrm{l}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\theta \mathrm{d}\mathrm{n}‘ 1\mathrm{A}\mathrm{S}_{\iota \mathrm{S}}$ is replaced $\mathrm{I}_{\mathrm{J}}\mathrm{y}\mathrm{R}$-boundedness. See [5],

[14] for definitions and examples of $\mathrm{R}$-sectorial operators and [8] for examples of

sectorial operators which $\dot{\mathrm{r}}\iota \mathrm{r}\mathrm{e}\underline{\mathrm{n}\mathrm{o}\mathrm{t},}\mathrm{R}$-sectorial in $T^{q},(([0,1]), 1<q<\infty),$ $q\neq 2$ .

4. As is shown in [1] Theorem 2.1 and its partial convprlse are strong enough to char-

acterize $L_{\mathrm{p}}$-maximal regularity in UMD spaces.

Concluding remarks

It appears that the notion of $\mathrm{R}$-boundedness is an appropriate notion for operator-

valued multiplier theorems. Applications of this notion has been made by B. de Pagter,
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F. Sukochev and H. Witvliet, $\mathrm{f}_{\mathfrak{l}}\mathrm{o}$ Schur type multipliers [6]. We recall that in Theorem 1.1,

the $\mathrm{R}-\mathrm{b}\mathrm{o}\iota\ln[]\theta \mathrm{t}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{S}^{}$ of the family $\{T_{k},\}^{\infty}k=1$ is in general only :1, $\mathrm{s}\mathrm{u}\mathrm{f}\mathrm{f}\mathrm{i}\iota\cdot,\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ condition for the

$|_{\mathrm{J}\mathrm{o}\mathrm{u}\mathrm{n}}\mathrm{d}(\backslash \mathrm{d}\mathrm{n}\mathrm{f}\wedge\aleph \mathrm{s}$ of $\mathrm{t}_{\mathrm{J}}\mathrm{h}\mathrm{e}$ operator $T_{L}$ . Examples where the family $\{L_{k}\}_{k}\mathrm{K}=0$ in Theorem 1.1 is

not $\mathrm{R}$ -bounded and the operator $T_{L}$ is bounded can be found in [15].
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