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Abstract- In identification via channels the sum of two types of error probabilities of
identification goes to one as the block length of transmission tends to infinity at rates
above capacity when channels satisfy some stochastic properties. This is well known as a
strong converse theorem for the identification via channels. In this paper we prove that
the sum of two error probabilities tends to one exponentially and derive an explicit lower
bound of this exponent function.

1 Introduction

In 1989, Ahlswede and Dueck [1] proposed a new framework of communication system
using noisy channels. Their proposed framework called the identification via channels
(or briefly say the ID channel) has opened a new and fertile area in the Shannon
theory.

In some class of noisy channels the sum of two types of error probabilities of
identification goes to one as the block length n of transmitted codes tends to infinity
at rates above capacity. This is well known as a strong converse theorem for the
ID channel. Han and Verdu [2] established the strong converse theorem for the ID
channel in the case of stationary discrete memoryless channels (DMC). An extension
of the above result to more general class of noisy channels was studied by Han and
Verdi[3]. They introduced a new coding problem of approximation of output random
variables through noisy channels. They call it the channel resolvability problem. They
have established the direct and converse coding theorem for the channel resolvability
problem. Furthermore, they derived an upper bound of the capacity for the ID channel
by using some interesting relation between the direct coding theorem of the channel
resolvability problem and the converse coding theorem of the ID channel. Using the
fact that the upper bound coincides with the lower bound in the class of noisy channels
having what they call the strong converse property, they determined the capacity
and established the strong converse theorem for the ID channel in this class of noisy
channels. The results of Han and Verdi [2] was sharpened by Steinberg [4]. He
introduced a new notion called partial resolvability. Based on this notion he formulated
a new resolvability problem, which is an extension of that posed by Han and Verd|3].
By investigating this problem, he determined the capacity of the ID channel for general
noisy channels with finite input and output alphabets.

In this paper we deal with the ID channel for general noisy channels. For trans-
mission rates above capacity we derive some function which serves as a lower bound of
the sum of two error probabilities. In particular, in the case of the stationary DMC,
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we show that the sum of two error probabilities tends to one exponentially as n goes
to infinity at transmission rates above capacity, deriving an explicit form of the lower
bound of this exponent. For the derivation of the result, we consider the channel
resolvability problem formulated by Steinberg [4]. We first establish a stronger result
on the direct coding theoremn for this problem by deriving an exponential lower bound
for the approximation error of channel outputs to tend to zero as n goes to infinity.
Next, we derive the converse coding theorem for the ID channel based on an idea of
converting the direct coding theorem for the channel resolvability problem into the
converse coding theorem of the ID channel. This idea is similar to that of Han and
Verdi [3] and Steinberg [4] used for deriving a relation between the converse coding
theorem for the ID channel and the direct coding theorem for the channel resolvability
problem.

2 Identification via Channels

Let X and ) be finite sets. Let P(X™) and P(Y™) be sets of probability distributions
on X" and Y, respectively. A source X with alphabet X is the sequence {Px~ :
Pxn € P(X™)}52,. Similarly, a noisy channel W with input alphabet X' and output
alphabet Y is a sequence of conditional distributions {W?"(-|-)}52,, where W"(-|-) = {
Wr(-|x) € P(Y") }xexn.

Next, for P € P(AX") and y € Y™, set

PW™(y)= }_ Px)W"(yx), (1)

Xexn

which becomes a probability distribution on ™. We denote it by PW" = { PW"(y)
}yeyn. Set Q@ = PW™ and call Q the response of P through noisy channel W™ (or
briefly the response of P) . .
An (n, Ny, pin, An) ID code for W™ is a collection {(P,, D;),i=1,2,---, N,} such
that
1) P, € P(A™),D; S Y™,

2) Q; is the response of P;,

@) — O.(De = (@)
3) lJ‘n - Ql (Dt) ’ Un ]érilg?{vn u"n 3

(8 — {D. — (®)
4)A) = njlgszJ(D,) s An = Jex AV

The rate of an (n, Ny, tin, Ap) ID code is defined by
1
T = - loglog N, . (2)

Definition 1 A rate R is said to be (g, A)-achievable ID rate if there exists an (n, Ny,
Pn, Ar) code such that

limsup pn, <
n—o0

limsup A, < A, (3)

n—o0

e
hgggf-ﬁloglogNn >R.
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The supremum of the (u, A)-achievable ID rates for W is denoted by Cip(u, A|W),
which we call the (u, A)-ID capacity. -

To state results for the identification capacity, we prepare several quantities which
are defined based on the notion of the information spectrum introduced by Han and

Verdi [3].

Definition 2 For n = 1,2,---, let X™ be an arbitrary prescribed random variable
taking values in A™. The probability mass function of X™ is Pxn(X), x € X™. Let
X = {X™ }32, denotes a sequence of those random variables. Let Y = {Y"}2, be a
sequence of output random variables when we use X as a channel input of the noisy
channel W. In this case the joint probability mass function of (X™,Y") denoted by
PX"Y"(x,y )’ (X, y) € A" X y" is equa'l to Pxn(X)Wﬂ'(y|X).

Definition 3 Given a joint distribution Pxnyn( X, y) = Pxs(x) W"(y|x), the infor-
mation density is the function defined on X" x Y :

W (ylx)
Pyr(y)

Let {Z,}32, be a sequence of arbitrary real-valued random variables. We introduce
the notion of the so-called probabilistic limsup/inf in the following.

(4)

ixnyn(X;y) = log

Definition 4 (The limsup/inf in probability)

p- hm supZ mf{a 1ir¥)1o Pr{Z, > a} =0}, (5)
p- liminf Z, £ sup{a : Jim Pr{Z, < a} =0}. (6)

The probabilistic limsup/inf in the above definitions is considered as an extension
of ordinary (deterministic) limsup/inf. The operation of liminf/sup has the same
properties as those of the operation of liminf/sup. For the details see Han and Verdi
[3] and Han [5]. Set

T(X;Y) £ p-limsup —ixnyn (X" Y7), 7)
I(X; Y) p- lim inf %anyn(Xn Y™). (8)

Furthermore, set
TW) = supT(X;Y), C(W) = sup [(X:Y). 9)

As a special case of noisy channels, we consider the case when W = {W"}®_ is a
stationary discrete memoryless channel (DMC) given by

W(ylx) = H W (y:|z:) - (10)
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The stationary DMC is specified with W = {W (y|z) }zyexxy- Let (X,Y) be a pair
of random variables taking values in X’ x J) whose joint distribution Pxy = {Pxy(z,y)
Yewexxy is Pxy(z,y) = Px(z)W (y|z). Set

C(W)= Rixéja,:zcx)l(X;Y). (11)

In the above stationary DMC, we have
C(W)=C(W)=C(W). (12)

It is well known that C(W) is the channel capacity of the stationary DMC.

Identification via channels was first posed and investigated by Ahlswede and Dueck
[1] for the stationary DMC. They have established the direct coding theorem by proving
that the channel capacity C(W) of the stationary DMC serves as a lower bound of
the identification capacity Cm(u, A|W). However, they could not obtain a satisfactory
result on the converse coding theorem. Subsequently, Han and Verdu [2] established
the following strong converse theorem for the stationary DMC.

Theorem 1 (Han and Verdi [2]) Suppose that W is the stationary DMC given by
(10). Then, if u+ A < 1, we have

Cio(p, A[W) = C(W). (13)

The strong converse property stated in Theoremn 1 implies that if
o N |
liminf r, = h,ﬂl&lf - loglog N,, > C(W), (14)

then the sum p, + A, of two types of error probabilities of (n, Ny, i, An) code with
pn + An < 1 necessarily converges to one as n tends to infinity. However, the rate of
convergence has not been discussed so far. In this paper we shall prove that the rate
of convergence for u, + A, to tend to one has at least an exponential order of the code
length n and derive an explicit lower bound of this exponent.

The characterization of the ID capacity for general noisy channels was studied by
Han and Verdd [2],[3] and Han [5] and Steinberg [4]. According to Han and Verdd
[2,[3], Cip(u, A|W) has the following lower bound.

Theorem 2 (Han and Verdd [2],[3]) For any A > 0, > 0 and any noisy channel
W, we have

C(W) < Cip(p, A[W). (15)

An upper bound of Cp(u, A\|W) was studied by Han and Verd [3] and Han [5]. The
derivation of the upper bound has some close connection with the channel resolvability
problem posed and investigated by Han and Verdd [3].

- The results of Han and Verdu [3] was sharpened by Steinberg[4]. He generalized the
notion of resolvability introduced by Han and Verdd. The generalized notion is called
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the partial resolvability. Steinberg posed a new extended channel resolvability problem
based on the partial resolvability. Using a connection between the extended channel
resolvability problem and the ID channel, he proved that the capacity Cip(0, 0|W) is
equal to the transmission capacity C(W) of the general noisy channel. In this paper
we derive a stronger result on upper bound of 1 — u, — A, for general noisy channels.
The result of Steinberg immediately follows from our result.

3 Results

3.1 Definitions of Functions and their Properties

In this subsection, we define several functions to describe our results and state their
basic properties.

Definition 5 Let S be an arbitrary subset of X"x Y™ and 1g(x,y) be an indicator
function which takes value one on S and zero outside S. Set

Cn,S — Cn,S(Ra Pxn, Wn) —E [2—ﬂlR—%ixnyn (Xn;yn)]ls(Xn’ Y")] .
Definition 6 Set
1.
T7={(x,y)€X"><y":;z—zan(X;y)SR—7,}- (16)

Furthermore, set

QL (R, P, W™) = Pr [Zixuya (X" Y™) > R~ (17)
Q2 (R, Pxn,W™) = (o, (R, Pxn, W™
Qnr(R, Pxn, W") = QU (R, Pxn, W") + v/QE (R, Pyn, W™) . (18)
Finally, set
Qn (R,W™) = p, 8% Qp (R, Pxn,W™). (19)

We can easily prove that Q, . (R, W") and Q,, (R, X", W") satisfies the following
two properties.

Property 1
a) Forany0<~vy<T,
QSzl,')y(R7 PX": Wn) = Q.E,,l’z)(R -7, qu, Wn) y
(R, Pyn, W) = 27 (R — , P, W™,

QSlz,')y(Ra PX"’ W'n) < 2= )
QP (R, Pxn, W) <27 + Q) (R, Pxn, W) — QD (R, Pxn, W™).
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b) For any~y >0 and R > 0, QS)Y(R, Pxn,W™) satisfies
0< QW (R, Pxn, W) < 1
and is a monotone decreasing function of R.

c) For any X, any~y > 0 aend any R > 0,

0 < Oy (R, Pxn, W™) <

o

Property 2
a) Foranyy >0 and R >0,

0< Qny(R,WT) <

> ] O

b) If R < C(W), then, for any v > 0,
lim Q,,(R,W") =1,

n-—00

and for v = 0,
lim inf Q o(R, W™) > 1.

c¢) If R > C(W), then, for any 0 <~y < R - C(W),
nlggo Qnry(R’ w?)=0.

Next, we examine an asymptotic behavior of Q,(R, W") for C(W)< R < C(W),

as n tends to infinity. To this end, for 0 < o, 3 < 1, define

Cx(a|W) = sup{R : limsup Pr [':.—Lixny'n (X"Y") < R] < a}

n—o00

Cx(B|W) = inf{R : lim sup Pr [%ixnyn(Xn;Yn) > R] < ,8}

and set

C(a|W) = sg(pr(alW) , C(BIW) = s;lcp_@x(ﬁlw) :

From the definition it is obvious that
I(X;Y) = Cx(0|W) < Cx(a|W) }
C(W) =C(0|W) < C(a|W).
Cx(B/W) < Cx(0|W) =TI(X;Y), }
aC(B|W) < C(0|W) = C(W).

Then, we have the following.

(20)

(21)
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Property 3
a) For any~ > 0, if
liminf O, (R, W >1-a, (24)
then
R<C(alW)+17. (25)
b) For anyy >0, if
limsup Q,,(R,W") < 3, (26)
n—o0
then
R > T(B/W). (27)

With respect to Property 2 part c), we are interested in the rate of convergence of
Qn(R, W™) for R > C( W) when n — co. To this end, set

o(R, W) = lim inf ("}1?) log Qno(R, W™). (28)

The function o(R, W) is a nonnegative function of R > 0. Since by Property 3 part
b), 0(R, W) vanishes if R < C( W), the condition R > C(W) is a necessary condition
for o(R, W) > 0.

If the channel W = {W" }22, is the stationary DMC, specified with W, we can
derive an explicit lower bound of ¢(R, W). To state the result, for nonnegative A,
define

F(R,W)= min min D(V||W|P),
PEP(X) VEP(V]X):
I(P;V)>R

F,\(R, W) = 1mi

: _ L1+
B o DR TRV +DVIWIPY, 09

where P(Y|X) is a set of all noisy channels with input X and output J. By an
elementary computation we can show that F(R, W) and Fy\(R, W) satisfy the following
properties.

Property 4

a): F(R,W) and F\(R,W) are monotone increasing and convexr downward function
of R and are positive if and only if R > C(W).

b): Let (P*,V*) be a joint probability distribution on P(X x ) that attains the
minimization stated in the definition of F(R,W). Let (P, V}) = {Px(z) Vi(y|T)
Hew)exxy be a joint probability distribution that attains the minimum of

MR- I(P;V))+ D(V||W|P).
Set Ry = I(Py; V). Then, we have

D(V*|W|pP*) for C(W) < R< Ry,

F\(R,W) = (30)
{A(R — I(P;VA) + D(AIWIR)  for R > Rj.
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Furthermore, F5\(R, W) has the following alternative form:

F\(R,W) = inin {MR - RI* + F(R, w)}. (31)
¢): For R,R >0
|F\(R,W) — FA\(R,W)| < AR-R/. (32)

Then, we have the following.

Lemma 1 For any R > 0 and any stationary DMC specified with W, we have

o(R, W) > %Fl(R, W), (33)

3.2 Statement of the Results

The main result in this paper is the following.

Theorem 3 For any (n, Ny, pn, An) code with p,+ A, < 1, if the rate r, = %log log
N, satisfies :

1 1
a2 Rn+ == + = loglog| ¥, (34)
then, for any v > 0, the sum p, + A, of two error probabilities satisfies the following:
1= pn — Ay <y (R,WT). (35)

From Theorems 2 and 3, the following capacity formula for the identification ca-
pacity due to Steinberg [4] can be obtained as a simple corollary.

Corollary 1 (Steinberg [4]) For any nonnegative numbers u, A and o that satisfy
0<u+A< ax<l, we have

C(W) < Cip(p, AIW) < C(a|W). (36)
In particular, by letting a be zero, we obtain
Cip(0,0|W) = C(W). (37)

It immediately follows from Theorem 3 and the second part of Property 2 that the
following strong converse result for the identification channel holds.

Corollary 2 If
liminfr, > R > C(W), (38)

then, the sum of two types of error probabilities ., + A, converges to one as n tends
to infinity. In particular, if

C(W) =C(W), (39)
then pun + An converges to one as n — oo at rates above the identification capacity.

This implies that the strong converse property holds with respect to the sum of two
types of error probabilities.
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Next, we discuss the speed of the convergence for the sum of two types of error
probabilities p, + A, to tend to one. We consider the case when in addition to (39),
R > C(W) is a necessary and sufficient condition for o(R, W) > 0. The following is
a direct consequence of Theorem 3 and Lemma 1.

Corollary 3 For any (n, Np, pn, An) code with pu,+ A, < 1, if the code rate r,
satisfy iminf, ., 7, > R, then the sum p, + A, of two error probabilities satisfies the
following:

. 1
lim inf (—;7-) log (1 - up — Ap) 2 (R, W). (40)
In particular, if W is the stationary DMC specified with W = W1, we have
limint (=2 ) 1og (1~ g = M) 2 o(RW) 2 (/DR W), (41)

It follows from Corollary 3 that when R > C(W), for any sequence of codes {(n, Ny,
Hn, An) Y2 satisfying p, + A, < 1 and lim, o 7» > R, the sum of two types of error
probabilities un, + A, goes to one exponentially and this exponent is lower bounded by
o(R, W).

We can expect that for a fairly general class of noisy channels the condition R >
C(W) is a necessary and sufficient condition for o(R, W) > 0. In particular, if W is
the stationary DMC, o(R, W) has the explicit lower bound given by (1/2)F(R, W),
which is positive if and only if R > C(W). It is interesting to note that the exponent
function Fj(R, W) has the same form as what appears as a reliability function for the
DMC at rate above capacity in Arimoto [6] and Dueck and Kérner (7).

4 Proof of the Results

4.1 Channel Resolvability Problem

Let W = {W" }2 | be an arbitrarily prescribed noisy channel. For a given X =
{X"}%2,, let Y = {Y" }22, be a channel output when we use X as a channel input
of the noisy channel W. Let Uy, be the uniform random variable taking values in
Uum, = {1,2, ---, M,}. By the map @, : Uy, — A™, the uniform random variable
U, is transformed into the random variable X™ = @,(Ups,).

Definition 7 (M,-type) Let Py, (X™) be a set of all probability distributions on
X™ that can be created by the transformation of Uum,. Elements of Py, (X™) are
called M,-type. Clearly, every random variable X* = @,( U, M, ) created by some
transformation map @, : Up;, — A™ and Uy, has M,-type. Let X = {X"}%2; and
let Y = {Y"}%, be a channel output when we use X as a channel input of the noisy
channel W. We denote the distributions of X® and Y™ by P = {P(x)}xex~ and Q

= {Q(¥)}yeyn, respectively.
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Definition 8 (Partial response) Let S be a subset of X"x Y".
Define a measure on Y" by

Qs(y)= Y W"(ylx)Px(x)1s(x,y) (42)

Xexn

We call the measure Qg the partial response of P on S through noisy channel wn,
By definition of the partial response, it is obvious that

Q=Qs+ Qs-. (43)

Note that Qs is no longer a probability measure.

Definition 9 Let ®,(R) be a set of maps ¢, : Upy, — A™ that satisfy the rate
constraint & ~log M, < R. and let QT,, be a partial response of P on QT., Let S be an
arbitrary prescnbed subset of X™ xY". For ¢,, € ®,(R) let P= Py, (Un,,) and let Qs
be a partial response of Py, on S.

We consider the situation that Qs is used as an approximation of @. In this
situation we are interested in the asymptotic behavior of the approximation error
d(Q, Qs) measured by the variational distance. We shall derive an explicit upper
bound of d(Q, Qs). This result is a mathematical core of the converse coding theorem
for the ID channel.

Lemma 2 Let ®,(R) be a set of maps @, : Uy, — X" that satisfy the rate- constraint
Llog M, < R. Then, for any n, any P € P(X™), and its response Q = PW™, there
exists pn € ®,(R) such that the variational distance between @ and the partial response
Qs of M, -type P = Fg,(uy,) on S satisfies the following:

d(Q,@s) < E[Ls:(X™, Y™)] + \/ens (44)

Proof of Theorem 3: Let P, € P(X"),i € Ny, be codewords of (n, Ny, tin, An)
code of the ID channel and D; C V", ¢ € N, be decoding regions corresponding to the
codewords. For P; € P(X™),i € Np, let the response P,W" of P; be denoted by Q;.
Then, for any j # k, we have

d(QJ’ Qk) > 2 [QJ( ) Qk(D )] >2 (1 — Hn — )‘n) (45)

We denote the right member of (44) by 7,. By Lemma 2, for any P, € P(X™),i € Nn
and its response Q;, their exists P, € 'PMn(X ") and its partial response Q, T, on T,
such that d(Q;, Q; 1) < Np. Set 2"® = M,. Note that the cardinality of 'PMn(X")

does not exceed |X |"2 . Then, if N, > |X I"Qw or equivalent to

! loglogN >R+ log

L |
+ ~loglog| ], (46)

there exists a pair (5, k), 7 # k € N, such that PJ = P;. For the above pair of integers,
we have

d(Qj, Q) < d(Qj,Qsr,) + d(Qk, Qjr,) = d(Q;, Qi) +d(Qk, Qi) < 21,  (47)



178

which together with (45) yields that 1 — g, — A, < 7, . This completes the proof of
Theorem 3. o

Proof of Corollary 1: We assume that y+ A < a and R is (u, A)-achievable. Then,
there exists (n, Ny, tn, As) code such that

lim inf % loglog N, > R, (48)
limsup pn, <
n—o00
limsup A, <A {° (49)
n—oo
Since | )
) ogn
)\ —— 4+ 1 X|| =
i | ——+ —~loglog| l] 0, (50)
for any ¢ > 0, there exists n; = n,(6, |X|) such that for any n > n,
5
logn 1 glog|¥| < 2. (51)
n n 2

On the other hand, by virtue of (48), there exists ny = ny(é) such that for any n > ny

1 )
—loglog N, > R— =. (52)
n 2
Set ng = ny(d, |X|) = max{n;,ny}. Then, for any n > ng, we have
1 1 1
—ﬁloglogNnZR—éﬁ— ogn-4—7—zloglog|./1"|. (53)

Applying Theorem 3 with respect to R — 6, for n > ng, we have
1=ty — A < Qn,'y(R -6,W"). (54)
. Taking the limit of both sides of (54) and using (49), we obtain

liminf Qn (R — 8, W") > 1~ limsup(pn + An) 21~ (u+X) 21—a, (55

n—oo

which together with Property 3 yields that
R<C(a|W)+6+7. (56)

Since 4 > 0 and 6 > 0 can be taken arbitrary small, we have R < C(a|W). a
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