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1. Introduction

The effect of risk change on economic decision making has been discussed by
many researchers including Feder (1977), Kraus (1979), Katz (1981), Meyer and
Ormiston (1983), and Cheng, Magill and Shafer (1987) since the seminal study by
Rothschild and Stiglitz (1970). However, the signs of comparative static analysis
in fields under uncertainty cannot generally be determined as long as we represent
an increase of risk by a mean preserving spread. Recently, conditions to determine
the signs of comparative static analysis have been developed in the form of new
concepts regarding change of risk, and several researchers have obtained promising
results.

Meyer and Ormiston (1989), and Ormiston (1992) in particular have defined
change of risk by a deterministic transformation of random variables and have iden-
tified a sufficient condition to determine the signs of comparative static analysis.
However, their research was restricted to cases where the decision variables were
univariate. In this paper we discuss signing of comparative static analysis when the
decision variables are bivariate. We define change of risk by a simple transforma-
tion of random variables while preserving their mean, that is, a “mean preserving
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simple transformation” (hereafter MPST).
This paper is organized as follows. In the next section we formulate a prob-

lem of decision making under uncertainty. We define an MPST as an increase of
risk. Then we show that the signs of comparative static analysis of the MPST are
determined under some general conditions whenever the decision variables are uni-
variate. In Section 3 we show that we cannot determine the signs of the comparative
static analysis if we expand the decision variables to bivariate ones under the same
conditions as those given in Section 2. In Section 4 we discuss some special cases
in which the signs can be determined. Finally, we summarize this paper in Section
5.

2. Formulation of a Problem

Let x and y be two scalar decision variables. Consider a maximization problem
under uncertainty:

max
x,y

H = max
x,y
E[u(Z(x, y, S ))] = max

x,y

∫
u(Z(x, y, s))dF(s),

where Z denotes a payoff function and u denotes a utility function. S is a random
variable. F is a cumulative distribution function of S . Throughout this paper we
assume that uZ > 0 and uZZ < 0. Further, we assume that Zs > 0 without loss of
generality.

If we assume the existence of interior solutions, the necessary and sufficient
conditions of the maximization problem are given as follows:

Hi = E[uZZi] = 0, (1)
Hii = E[uZZii + uZZ(Zi)2] < 0, i = x, y,

(2)
and D = HxxHyy − (Hxy)2 > 0,

where Hxy = E[uZZxy + uZZZxZy].
Throughout this paper, we consider a mean preserving simple transformation

(MPST) of random variables as change of risk. The MPST is defined below:

Definition 1 (Definition of MPST). Let T (s) be a deterministic function of a
variable s. A random variable T (S ) is defined as an MPST of a random variable S
if the function K(s) := T (s) − s satisfies

(a) E[K(S )] = 0,
(b) Ks > 0.

In the above definition, condition (a) means that expectation of the transformed
random variable T is equivalent to that of the original random variable S , i.e.,
E[T (S )] = E[S ]. However, it does not always mean that expectation of the payoff
Z under each random variable coincides. If the payoff function is the product of
the random variable S such that Z(x, y, S ) = g(x, y)S , expectation of the payoff
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Figure 1 Properties of the MPST.

also coincides, since E[Z(x, y, S )] = g(x, y)E[S ] = g(x, y)E[T ] = E[Z(x, y,T )].
On the other hand, condition (b) means that T (s) is a monotone function of s.
Suppose that [smin, smax] and [tmin, tmax] are supports of the random variables S and
T , respectively. Then inequalities tmin < smin and smax < tmax hold under conditions
(a) and (b). This means that the support of the transformed random variable T is
broader than that of the original random variable S . Hence the payoff under the
transformed random variable is more divergent, since Zs > 0.

Now, consider a transformation of the random variable such that τ(S , t) = S +
tK(S ), 0 ≤ t ≤ 1. We note that if t = 0, τ = S , and if t = 1, τ = T (S ).
Therefore, the effects of a marginal increment of risk on the F.O.C. of maximization
is represented as
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Hit |t=0 = E[(uZZis + uZZZsZi)K] (3)

=

∫
uZZisKdF −

∫
AuZZiZsKdF, i = x, y.1)

In the above equation, A := − uZZ
uZ

denotes the coefficient of absolute risk aver-
sion of Pratt (1964). As a result, the effects of a marginal increment of risk on the
decision variables x and y are given as

di
dt

∣∣∣∣∣
t=0
=

1
D

(Hi jHjt |t=0 − Hj jHit |t=0), i, j = x, y, i � j, (4)

by Cramer’s formula.
We notice that, supposing Hxy = 0, the signs of di

dt

∣∣∣
t=0, i = x, y, coincide with

the signs of Hit |t=0 by the S.O.C. of maximization, i.e., Hii < 0, and D > 0. Next
suppose that Hi j < 0, i, j = x, y, i � j and Hit |t=0 = 0. Then the sign of d j

dt

∣∣∣
t=0

coincides with that of Hjt |t=0, note, however, that the sign of di
dt

∣∣∣
t=0 is determined by

the signs of Hi j and Hjt |t=0.
Finally, suppose that Hxy � 0 and Hit |t=0 � 0, i = x, y. Then, if Hit |t=0, i = x, y,

have the same signs, such that Hit |t=0 > 0(< 0), i = x, y, and also if Hxy ≥ 0, then
di
dt

∣∣∣
t=0 > 0(< 0); that is, the signs of the effects of an increase of risk on the decision

variables are determined. On the other hand, if the signs of Hit |t=0, i = x, y, are
different such that Hxt |t=0 > 0(≤ 0) and Hyt |t=0 < 0(≥ 0), and also if Hxy ≤ 0, then
the signs of the comparative static analysis are determined to be dx

dt

∣∣∣
t=0 > 0(≤ 0) and

dy
dt

∣∣∣
t=0 < 0(≥ 0). In this way, the sign of Hxy is a sufficient condition to determine

the signs of the comparative static analysis.

3. Main Results

In this section we show that, even if we put such a strict restriction on an
increase of risk as the MPST, we cannot draw general conclusions about the ef-
fects of an increase of risk on decision variables. We must investigate the signs
of Hit |t=0, i = x, y and Hxy in order to identify signs of comparative static analysis
expressed by (4) even if the S.O.C. of maximization implies that Hii < 0 and D > 0.
To identify the signs, we make the following assumptions.

Assumption 1. uZ > 0, uZZ < 0 and AZ ≤ 0.

Assumption 2. Zs > 0 and Zss ≤ 0.

Assumption 1 implies a gradual decrease of the coefficient of absolute risk aver-
sion. This assumption is usually acceptable in economics. Further, if we note that
Zs > 0 does not lose generality and that many economic models have assumed that

1) See Ormiston (1992) for this treatment of an increase in risk.
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Zss = 0, Assumption 2 is also not so restrictive. As for signs of Hit |t=0, i = x, y, the
next lemma holds.

Lemma 1. Let the MPST represent an increase of risk. Then Hit |t=0 < (>)0, i =
x, y, if Zis > (<)0 and Ziss ≤ (≥)0. Otherwise Hit |t=0 = 0 if Zis = 0.

Proof. At first we show Hit |t=0 = 0 if Zis = 0. From the F.O.C. of maximization
(1) and uZ > 0, Zis = 0 leads to Zi = 0. Thus, if Zis = 0, then Hit |t=0 = 0 from
(3). We prove the remaining assertion of the lemma only in the case where Zis > 0
and Ziss ≤ 0. Since the proof in the other case is quite similar, it is omitted. Let
α(s) = uZ(Z(s))Zis(s)2). According to the given assumptions, we can readily say
that dα(s)

ds < 0 for all s. From the definition of MPST, there exists sK such that
K(s) ≤ 0 for s ≤ sK and K(s) > 0 for s > sK . Hence

∫
αKdF =

∫ sK

α(s)K(s)dF(s) +
∫

sK
α(s)K(s)dF(s)

<

∫ sK

α(sK)K(s)dF(s) +
∫

sK
α(sK)K(s)dF(s)

= α(sK)
∫

K(s)dF(s).

Since E[K(S )] = 0 from the definition of MPST, we see that∫
uZZisKdF =

∫
αKdF < 0. (5)

Since uZ > 0, Zis > 0 for all s and E[uZZi] = 0 from (1), there exists si such
that Zi(s) ≤ 0 for s ≤ si and Zi(s) > 0 for s > si. Define M = max{sK , si}. Since
A(s)uZ(s)Zi(s)Zs(s)K(s) > 0 for all s > M,

∫
AuZZiZsKdF >

∫ M

AuZZiZsKdF. (6)

Suppose M = si. Let β(s) = A(s)uZ(s)Zi(s)Zs(s). Since dβ
ds > 0 for all s ≤ M under

the given assumptions,
∫ M

AuZZiZsKdF =

∫ M

β(s)K(s)dF(s)

=

∫ sK

β(s)K(s)dF(s) +
∫ M

sK
β(s)K(s)dF(s)

>

∫ sK

β(sK)K(s)dF(s) +
∫ M

sK
β(sK)K(s)dF(s)

= β(sK)
∫ M

KdF.

2) Hereafter we suppress the arguments x, y of the function Z to simplify the notation.
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Here, noting that
∫ M

KdF ≤ 0 by the definition of MPST and the definition of M,
and that β(s) ≤ 0 for all s ≤ M, we get

∫ M

AuZZiZsKdF > 0. (7)

On the other hand, suppose M = sK . Let γ(s) = A(s)Zs(s)K(s). Then we can
easily demonstrate that dγ

ds > 0 for all s ≤ M. Hence
∫ M

AuZZiZsKdF =

∫ M

γ(s)Zi(s)uZ(s)dF(s)

=

∫ M

si
γ(s)Zi(s)uZ(s)dF(s) +

∫ si

γ(s)Zi(s)uZ(s)dF(s)

>

∫ M

si
γ(si)Zi(s)uZ(s)dF(s) +

∫ si

γ(si)Zi(s)uZ(s)dF(s)

= γ(si)
∫ M

Zi(s)uZ(s)dF(s).

Since E[uZZi] =
∫

Zi(s)uZ(s)dF(s) = 0 from (1),
∫ M

Zi(s)uZ(s)dF(s) ≤ 0 by the
definition of M. Further noting γ(s) ≤ 0 for all s ≤ M, we get

∫ M

AuZZiZsKdF > 0. (8)

From (5), (6), (7) and (8) we can conclude that the lemma holds. �

This lemma provides a sufficient condition for identifying the signs of Hit |t=0, i =
x, y, under Assumption 1 and Assumption 2. Consider the case in which the deci-
sion variables are univariate and denoted by x; then the effects of an increase of risk
(in the sense of MPST) on the variable x is given by

dx
dt

∣∣∣∣∣
t=0
= −Hxt |t=0

Hxx
.

Therefore, we can deduce dx
dt

∣∣∣
t=0 ≤ (>)0, since Hxt |t=0 ≤ (>)0 by Lemma 1 under

the assumption that Zis ≥ (<)0 and Ziss ≤ (≥)0. In other words, we can determine
the signs of the comparative static analysis. Even should decision variables be
bivariate, if Hxy = 0 and if Zis ≥ (<)0 and Ziss ≤ (≥)0, the signs of effects of an
increase of risk on the decision variables (in the sense of MPST) i.e., di

dt |t=0, i =
x, y, coincide with the signs of Hit |t=0, i = x, y, and thus the signs of the comparative
static analysis are determined. However, if Hxy � 0, the signs of the comparative
statics depend on the sign of Hxy. To investigate this sign, the next lemma is useful.

Lemma 2. Suppose the MPST represents an increase of risk. Then

E[AuZZxZy] ≥ 0

if Zis ≥ (≤)0 for i = x, y.
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Proof. We first assume that Zis = 0 holds. Then since Zi = 0 from (1) and
uZ > 0, E[AuZZxZy] = 0.

Next, we assume that Zis > 0 holds. Since uZ(s) > 0, Zis(s) > 0, i = x, y for
all s and E[uZZi] = 0 from (1), there exists si such that Zi(s) ≤ 0 for s ≤ si and
Zi(s) > 0 for s > si.

Define m = max{sx, sy}. Since A(s)uZ(s)Zx(s)Zy(s) ≥ 0 for all s ≥ m,

E[AuZZxZy] =
∫

AuZZxZydF ≥
∫ m

AuZZxZydF. (9)

Here we suppose m = sy. Let δ(s) = A(s)Zy(s). Since dδ(s)/ds > 0 for s ≤ m,
∫ m

AuZZxZydF =

∫ m

δ(s)uZ(s)Zx(s)dF(s) (10)

=

∫ sx

δ(s)uZ(s)Zx(s)dF(s)

+

∫ m

sx
δ(s)uZ(s)Zx(s)dF(s)

>

∫ sx

δ(sx)uZ(s)Zx(s)dF(s)

+

∫ m

sx
δ(sx)uZ(s)Zx(s)dF(s)

= δ(sx)
∫ m

uZZxdF.

Noting Zx(s) ≥ 0 for s ≥ m, we get
∫ m

uZZxdF ≤ 0 from (1). Further, since
δ(s) ≤ 0 for all s ≤ m, combining (9) with (10), we obtain E[AuZZxZy] > 0.

Whenever m = sx, we only have to exchange the subscripts x and y in the above
argument to arrive at the same conclusion. We can also demonstrate the lemma
when Zis < 0 by an argument quite similar to the above. �

When Zis ≥ (<)0 and Ziss ≤ (≥)0 hold for i = x, y, the signs of Hit |t=0 coincide
from Lemma 1. Furthermore, this lemma insists on E[AuZZxZy] ≥ 0 in this case.

When the signs of Zis, i = x, y, differ between Zxs and Zys the next lemma holds.

Lemma 3. Let the MPST represent an increase of risk. Then

E[AuZZxZy] ≤ 0

if Zxs ≥ (≤)0 and Zys ≤ (≥)0.

Proof. The proof is quite similar to that of Lemma 2, so, it is omitted. �

On the basis of the above lemmas, we will discuss the signs of the comparative
statics given by (4). As we saw in the preceding section, whenever Hxy � 0 and
Hit |t=0 � 0 if the signs of Hit |t=0 (do not) coincide and Hxy > (<)0, then the signs of
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the comparative statics can be determined. The sign of Hit |t=0 � 0 depends on the
signs of Zis and Ziss.

Assume that the signs of Hit |t=0 � 0 (i = x, y) are the same when signs of Zis

and Ziss are given. Then even if Zxy > 0 holds, Hxy > 0 does not always hold, since

Hxy = E[uZZxy + uZZZxZy] = E[uZZxy] − E[AuZZxZy] (11)

and E[AuZZxZy] can be non-negative from Lemma 2. Therefore, the effect of the
MPST on the decision variables x, y can not be determined.

Similarly, if both signs of Hit |t=0 � 0 (i = x, y) are different when the signs of Zis

and Ziss are given, Hxy < 0 does not always holds even if Zxy < 0, since, by Lemma
3, E[AuZZxZy] can be non-positive. Hence we can derive the next proposition.

Proposition 1. We cannot decide the effects of an increase of risk in the sense
of MPST on the decision variables x, y only on the basis of the information of the
signs of Zxy, Zis, and Ziss, i = x, y, under Assumption 1 and Assumption 2.

4. Some Special Cases

Through the proposition in the previous section, it becomes clear that we need
more restrictive conditions than the signs of Zxy, Zis, and Ziss to determine the
effects of the MPST on the decision variables x and y under Assumption 1 and
Assumption 2. In this section, we discuss some exceptions in which we can deter-
mine the effects without additional conditions. In both special cases, we assume a
monopoly firm that is trying to maximize its utility through operating such decision
variables as product price x and product quality y of the product.

4.1. Where the Pay-Off Function is a Multiplier of the Random Variables

Suppose the firm’s profit function is represented as:

Z(x, y, s) = (x −C(y))Q(x, y)s, Qx < 0, Qy > 0 and Cy > 0,

where C and Q denote the variable cost and the sales volume, respectively. We
assume S > 0 w.p.1 in this subsection.

Since

Zx(s) = ((x −C)Qx + Q)s, Zy(s) = ((x −C)Qy −CyQ)s,

noting uZ > 0 and S > 0 w.p.1, we obtain

(x −C)Qx + Q = (x −C)Qy −CyQ = 0

from the F.O.C. of maximization (1). Accordingly,

Zx(s) = ((x −C)Qx + Q)s = 0, Zy(s) = ((x −C)Qy −CyQ)s = 0 ∀ s.

Further, these equations lead to

Zxs(s) = (x −C)Qx + Q = 0, Zys(s) = (x −C)Qy −CyQ = 0 ∀ s.
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Therefore, we see that
Hxt |t=0 = Hyt |t=0 = 0

from (3). Hence, from (4), we can conclude that

dx
dt

∣∣∣∣∣
t=0
=

dy
dt

∣∣∣∣∣
t=0
= 0.

4.2. Where the Fixed Cost Depends Only on the Quality: Ibarra-Salazar (1995)

Suppose the firm’s profit function is represented as:

Z(x, y, s) = (x −C)(Q(x, y) + s) − f (y), Qx < 0, Qy > 0 and fy > 0,

where f denotes the fixed cost and C is assumed to be a constant.
Since Zy = (x − C)Qy − fy does not depend on the random variable S , Zys = 0.

This leads to Hyt |t=0 = 0 from Lemma 1.
On the other hand, since Zx = (x − C)Qx + Q + s, Zxs = 1 > 0 and Zxss = 0.

This leads to Hxt |t=0 < 0 from Lemma 1. Further, since Zy = 0 and uZ > 0,
Hxy ≤ (≥)0 ⇐⇒ Zxy ≤ (≥)0 from (11). Therefore, the effects of an increase of
risk (in the sense of the MPST) on the decision variables x and y can be represented
as:

dx
dt

∣∣∣∣∣
t=0

= − 1
D

HyyHxt |t=0 < 0,

dy
dt

∣∣∣∣∣
t=0

=
1
D

HxyHxt |t=0 ≥ (≤)0 ⇐⇒ Zxy ≤ (≥)0.

5. Concluding Remarks

In this paper we discussed the effects of an increase of risk on decision making.
We showed in Section 3 that we cannot generally determine the signs of the com-
parative static analysis only on the basis of the signs of Zxy, Zis and Ziss, i = x, y. In
Section 4 we considered some cases in which we can determine the signs of com-
parative static analysis only on the basis of these signs. However, these cases are
exceptional. For example, suppose the firm’s profit function is represented as:

Z(x, y, s) = (x −C(y))(Q(x, y) + s), Qx < 0, Qy > 0 and Cy > 0.

In this case, we can readily show that −Hyt |t=0 = CyHxt |t=0 from the F.O.C. of
maximization (1). Substituting this equation in (4), we obtain

dx
dt

∣∣∣∣∣
t=0

= − 1
D

(CyHxy + Hyy)Hxt|t=0,

dy
dt

∣∣∣∣∣
t=0

=
1
D

(Hxy +CyHxx)Hxt |t=0.
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Therefore, dx/dt|t=0 < 0 and dy/dt|t=0 > 0 if and only if Hxy < 0 from Lemma 1.
However, we can also show CyZx = −Zy. This leads to

E[AuZZxZy] ≤ 0

since Cy > 0 and Assumption 1. Thus, from (11), even if Zxy < 0, Hxy < 0 does
not always hold. That is, we can no longer determine the signs of the comparative
static analysis without adding further restrictions.

Acknowledgements

This research was partially supported by the Ministry of Education, Culture,
Sports, Science and Technology (MEXT), Grant-in-Aid for 21st Century COE
Program.

References

Black, J. M. and G. Bulkey (1989) “A ratio criterion for signing the effect of an increase in
uncertainty”, International Economic Review 30: 119–130.

Cheng, H., M. Magill and W. Shafer (1987) “Some results on comparative statics under
uncertainty”, International Economic Review 28: 493–507.

Choi, G. and I. Kim (1996) “Demand uncertainty, multiplicative cost, and the price and
quality setting firm”, mimeo.

Feder, G. (1977) “The impact of uncertainty in a class of objective functions”, Journal of
Economic Theory 16: 504–512.

Hammond, J. S. (1974) “Simplifying the choice between uncertain prospects where prefer-
ence is nonlinear”, Management Science 20: 1047–1072.

Ibarra-Salazar, J. (1995) “The price and quality setting firm facing random demand”, mimeo.
Katz, E. (1981) “A note on a comparative statics theorem for choice under risk”, Journal of

Economic Theory 25: 318–319.
Kraus, M. (1979) “A comparative statics theorem for choice under risk”, Journal of Eco-

nomic Theory 21: 510–517.
Meyer, J. and M. B. Ormiston (1983) “The comparative statics of cumulative distribution

function changes for the class risk averse agents”, Journal of Economic Theory 31:
153–169.

Meyer, J. and M. B. Ormiston (1985) “Strong increase in risk and their comparative statics”,
International Economic Review 26: 425–437.

Meyer, J. and M. B. Ormiston (1989) “Deterministic transformation of random variables and
the comparative statics of risk”, Journal of Risk and Uncertainty 2: 179–188.

Ormiston, M. B. (1992) “First and second degree transformations and comparative statics
under uncertainty”, International Economic Review 33: 33–44.

Pratt, J. W. (1964) “Risk aversion in the small and in the large”, Econometrica 32: 122–136.
Rothschild, M. and J. E. Stiglitz (1970) “Increasing risk I: a definition”, Journal of Economic

Theory 2: 225–243.


