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ABSTRACT
A few improved particle methods have been developed for refined simulation of free-surface
fluid flows. Two particle methods, namely, the Incompressible Smoothed Particle Hydrodynamics
(ISPH; Shao and Lo, 2003) and the Moving Particle Semi-implicit (MPS; Koshizuka and Oka,
1996) are chosen as the basic numerical tools. Improvements are achieved by revisiting the original
formulations, more precisely, differential operator models of the mentioned particle methods.
Improved particle methods are proposed by deriving refined differential operator models from a
physical-mathematical view point. In general, the developed particle methods can be divided into
three distinctive categories:
I.

The “Corrected” ISPH and MPS methods developed by improvement of momentum
conservation. In case of the ISPH method, the improvement of momentum conservation is
achieved by applying corrective terms derived based on a variational approach to ensure the
invariance of potential energy with respect to rigid body motions and hence guarantee the
conservation of angular momentum. In case of the MPS method, the improvement in
conservation of momentum is obtained by deriving a new pressure gradient term which
exactly conserves both linear and angular momentum.

II.

The modified ISPH and MPS methods proposed for refined solution of pressure field. A
less-fluctuating and more-accurate pressure field is obtained by deriving a higher order
source term for Poisson Pressure Equation (PPE) in both ISPH and MPS methods. It has been
shown that the modified ISPH and MPS methods can be applied to predict the wave impact
pressure on a coastal structure.

III.

The improved ISPH and MPS methods proposed for improved conservation of mechanical
energy. Improvement in energy conservation is achieved by deriving the internal interacting
forces from two energy-consistent frameworks, namely, an energy framework and a
variational framework. The latter is based on a variational internal energy-force-displacement
concept, while the former enforces the consistency of time rate of change of internal energy
and kinetic energy of a system.

Enhanced performance and improved precision of the developed particle methods are demonstrated
through the simulation of numerous free-surface fluid flows including a plunging wave breaking
and resultant splash-up, a dam break with impact, a wave impact on a coastal structure and the
evolution of an elliptical water drop.
The developed particle methods are not only able to well simulate complex free-surface fluid
flows characterized by large deformations and fragmentations, but in addition, are easy to code and
implement because of the simplicity of their computational algorithm. As a result, extension of the
proposed 2D single-phase particle methods to 3D multi-phase ones would be easier than extension
of a 2D single-phase Eulerian code to a 3D multi-phase one.
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Chapter 1

Introduction
Free-surface fluid flows are of significant industrial and environmental importance. Sloshing and its
induced impact loads in fluid containers; wave breaking in coastal areas and resultant sediment or
pollutant transport; and wave impact loads on coastal structures are only a few examples of
important free-surface fluid flows. In most circumstances, theoretical analysis is limited to the cases
with small deformations of the free-surface. Accordingly, dynamics of such flows have been mainly
investigated by either experimental or numerical studies. Focusing on the numerical studies, if the
free-surface does not break during its evolution and the flow remains irrotational, potential flow
theory can provide accurate solution of the problem. However, potential flow-based models break
down when the free-surface is characterized by breaking and fragmentation.
An appropriate and reliable numerical approach to simulate free-surface fluid flows is to solve
the Navier-Stokes equation. In most cases, the proposed solvers of the Navier-Stokes equation are
based on fixed grids; hence, they should be coupled with a mathematical treatment of the
free-surface such as solving an additional transport equation as in Volume of Fluid (VOF; Hirt and
Nichols, 1981) method. Despite their popularity and large range of applicability, VOF-based models
have a drawback because of numerical diffusion arising from the discretization of the advection
terms in both the VOF function transport equation and the Navier-Stokes equation by using a fixed
grid. Such a drawback is even intensified when the free-surface experiences abrupt and large
changes as in case of breaking or fragmentation. A few algorithms such as the CIP (Constrained
Interpolation Profile; Yabe et al., 2001) method has been proposed to attenuate the numerical
diffusion; yet, the implementation of such sophisticated algorithms would further complicate the
computational procedure for free-surface flow simulation.
Recently, particle methods or the Lagrangian gridless methods have been applied in many
engineering applications including the free-surface fluid flows. In the particle methods, the state of
a system is represented by a set of discrete particles, without a fixed connectivity; hence, such
methods are inherently well-suited for the analysis of moving discontinuities and large deformations
such as the free-surface fluid flows with breaking and fragmentation. In addition, fully Lagrangian
treatment of particles allows the advection terms to be calculated without numerical diffusion.
Accordingly, particle methods seem to be superior to the conventional grid-based methods for the
simulation of free-surface fluid flows, especially those involving large deformations and
fragmentations. However, since particle methods are relatively newcomers to the field of
free-surface flow calculations, still lots of research is required to investigate their applicability and
performance. In addition, it is necessary to find the source of probable numerical errors and
appropriate ways for their minimization.
The present thesis aims at proposing improved particle methods for accurate simulation of
1

complex free-surface fluid flows. Two particle methods, namely, the Smoothed Particle
Hydrodynamics (SPH; Lucy, 1977; Gingold and Monaghan, 1977) and the Moving Particle
Semi-implicit (MPS; Koshizuka and Oka, 1996) methods have been taken as the starting point. The
improvements are achieved by revisiting the original formulations, more precisely, differential
operator models (such as the derivative or gradient) of the mentioned particle methods. Refined
differential operator models are derived by focusing on both the physical principles and the
mathematical approximations. Improved performance and enhanced precision of the proposed
models are demonstrated through the simulation of numerous non-linear fluid-dynamics problems
such as a plunging breaking wave and resultant splash-up, a dam break with impact, or a wave
impact on a coastal structure. The background and motivation of the present work is further
discussed in the following section.

1.1

Background and motivation

Free-surface fluid flows are common in both nature and technological applications. A regular water
wave generated in deep ocean is a typical example of a free-surface fluid flow. For this case, a
theoretical solution to the problem may exist provided that the basic assumptions of the theory are
met. As the wave approaches the shore, however, the free-surface may experience large and abrupt
deformations accompanied by fluid coalescence and fragmentation. Examples of such violent
free-surface flows include a plunging wave breaking (Fig. 1.1) or a violent wave impact on a
coastal structure (Fig. 1.2). Wave breaking or violent wave-structure interactions are significant
phenomena with practical importance; yet, detailed understanding and prediction of such violent
flows are challenging issues. Complexities of fluid motions associated with violent free-surface
flows bring about many mathematical difficulties that eliminate the chance of a fully theoretical
description. For this reason, studies on free-surface fluid flows with breaking and fragmentation
have been either experimental or numerical.
Experimental studies on violent free-surface flows consist of the laboratory experiments (e.g.
Ting and Kirby, 1996; and Hull and Muller, 2002) and field studies (e.g. Muller and Whittaker,
1995; Briganti et al., 2005). Both laboratory experiments and field studies suffer from difficulties
and limitations such as scaling effects, measuring limitations, site access, and high cost. Such
limitations along with rapid advancement in computational power have led to recent popularity of
numerical simulations, by use of which, more detailed insight of the flow field can be provided. The
most direct and capable numerical approach in dealing with free-surface fluid flows, especially
those accompanied with breaking and fragmentation, is to solve the Navier-stokes equation. A
classification of Navier-Stokes solvers for simulation of free-surface fluid flows is presented in
Table 1.1. Detailed reviews are provided by Gotoh et al. (2005) or Sethian and Smereka (2003).
Like other numerical methods, Navier-Stokes solvers are divided into two classes of grid-based
methods and gridless methods. In each class, the governing equations can be described by an
Eulerian description, a Lagrangian description or a combination of Eulerian-Lagrangian
descriptions. All of the mentioned categories are overviewed in the following sub-sections.

2

Fig. 1.1. A typical example of violent free-surface fluid flows; a plunging wave breaking1

Fig. 1.2. A violent wave impact with significant fluid coalescence and fragmentation2
1

This is a public domain photo from PDphoto.org It has been released into the public domain by the copyright holder.
This image from PDPhoto.org has been released into the public domain by its author and copyright holder, Jon
Sullivan.

2

3

Table 1.1. Classification of Navier-Stokes solver for simulation of free-surface fluid flows
A. Grid-Based Method
Grid treatment Distortion of grid Interface tracking
Examples
Lagrangian

moveable

May occur in large
deformation

Eulerian

fixed

Non

Eulerian+
Lagrangian

moveable

Adjustable (with
limitation)

Calculated as the
grid deformation
Interface capturing
method

particles

Moveable

Eulerian

nodes

fixed

Eulerian+
Lagrangian

local coordinate
around each particle

moveable

Coordinates)

MAC, VOF, CIP
ALE

B. Gridless Method
Description of
Motion of
Interface tracking
physical properties calculation points
Lagrangian

BFC (Body-Fitted

Tracing the
moving particles
Interface capturing
method
Tracing the
moving particles

Examples
SPH, MPS
Gridless
Petrov-Galerkin
MPS-MAFL

1.1.1 Grid-based solvers of Navier-Stokes equation
There are two fundamental frames for describing the Navier-Stokes equation: the Eulerian
description and the Lagrangian description. The Eulerian description is a spatial description that
corresponds to the Eulerian grid which is a grid fixed in space. In the Eulerian grid-based solvers,
discretization of the governing equations is performed on the fixed Eulerian gird, while an
additional free-surface tracking model is introduced to track the free-surface. On the contrary, the
Lagrangian description is a material description leading to the Lagrangian grid which is a movable
grid. In the Lagrangian grid-based solvers, the Lagrangian grid is gradually deformed to fit its edges
to the water surface profile.
1.1.1.1 Lagrangian grid-based solvers
The Lagrangian grid-based solvers of Navier-Stokes equation are computationally efficient and
accurate since:
1. The grid is needed only within the computational domain
2. No convective term exists in the Lagrangian description of the Navier-Stokes equation; hence,
the code is conceptually simpler and faster.
3. The boundary conditions at free surfaces, moving boundaries, and material interfaces can be well
imposed because of the existence of grid nodes along the boundaries and material interfaces.
However, the main disadvantage of Lagrangian grid-based solvers is the problem of grid (mesh)
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distortion that makes such methods improper for solving free-surface fluid flows with large
deformations. When the grid is severely distorted, the accuracy of solution is highly affected.
Moreover, the time step of calculation, which is controlled by the smallest element size, can become
too small and may even cause the breakdown of computation. To overcome this problem, the
Arbitrary Lagrangian-Eulerian (ALE) approach (Hirt et al., 1974) which combines the use of the
two reference frames, was proposed. This approach allows for both a flexible grid and a grid that
allows the fluid to flow through it. The ALE method is useful in solving a variety of challenging
problems such as fluid-structure interactions; nevertheless, it does not yield accurate results when
large deformations (Li and Liu, 2002) or fragmentations (Gotoh et al., 2005) exist. In addition, the
convective transport effects in ALE often lead to spurious oscillation that needs to be stabilized by
for example an artificial diffusion. In other cases, a mesh may carry inherent bias in numerical
simulations, and its presence becomes a nuisance in computations.
1.1.1.2 Eulerian grid-based solvers
Since the Eulerian grid is fixed in space and time, large deformations in the fluid do not cause any
deformation in mesh and consequently do not lead to same numerical problems as in the Lagrangian
grid-based solvers. In principle, all hydrodynamic problems can be numerically solved using the
Eulerian method in which the mass and momentum flux is calculated across the cell boundaries.
Nevertheless, the position of free surfaces is not easy to be determined and is dependent upon the
appropriate selection of free-surface tracking model. The MAC (Harlow and Welch, 1965) and VOF
(Hirt and Nichols, 1981) methods are two of the most popular and robust free-surface tracking
models applied in the Eulerian solvers. The former uses marker particles to define the free surface,
while the latter solves a transport equation for the volumetric occupation rate of fluid. These
methods have been successfully applied to a variety of flow problems involving free-surface fluid
flows such as wave-structure interaction (e.g. Lohner et al., 2006) and breaking waves (e.g. Lin and
Liu, 1998 and Hieu et al., 2004). Nevertheless, as in both MAC and VOF methods, the
Navier-Stokes equations are solved on a fixed Eulerian grid, such methods have a drawback of
numerical diffusion arising from the discretization of advection terms on the basis of a fixed grid.
The numerical diffusion becomes significant when the free surface experiences large deformations
and especially when the fragmentation and coalescence of fluid exist. Some algorithms such as the
CIP (Constrained Interpolation Profile; Yabe et al., 2001) method have been proposed to suppress
the numerical diffusion caused by the advection terms; nonetheless, all of the proposed algorithms
would further increase the complexity of computational procedure for simulation of free-surface
fluid flows.

1.1.2 Gridless solvers of Navier-Stokes equation
A recent interest has been focused on the development of the next generation computational
methods, namely, the gridless or meshless methods that are expected to become superior to the
conventional grid-based methods. The main idea behind the gridless methods is to obtain accurate
and stable numerical solutions for integral equations of Partial Differential Equations with all kinds
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of possible boundary conditions with a set of arbitrarily distributed calculation points (nodes or
particles) without use of any mesh that provides the connectivity of these nodes or particles. In the
gridless methods, calculation points are located in the vicinity of the target calculation point and
they can either be fixed (Eulerian approach) or moveable (Lagrangian approach). The Lagrangian
gridless method is called the particle method.
1.1.2.1 Particle methods, the Lagrangian gridless solvers
In particle methods, a set of finite number of discrete particles are employed to represent the state of
a system and its evolution. In case of Computational Fluid Dynamics (CFD), particles are supposed
to represent the fluid and its motion, while each particle possesses a set of field variables such as
mass, momentum, position, etc. The evolution of the system is determined by the underlying
equations of fluid motion, i.e. the Navier-Stokes equation and the continuity equation that are
discretized by the moving particles. Particle methods have many advantages over conventional
grid-based methods, the most important of which can be summarized as follows:
1. In particle methods, the continuum is discretized by particles without a fixed connectivity. As a
result, treatment of large deformations is much easier compared to grid-based methods.
2. Features of the entire physical system can be easily obtained through tracing the motion of
particles. Consequently, identifying free surfaces, moving interfaces and deformable boundaries
is no longer a difficult task.
3. Convection is directly calculated without numerical diffusion because of fully Lagrangian
treatment of particles.
4. More complex geometries and physics in the fluid dynamics can be analyzed; for example fluid
fragmentation and coalescence.
5. Refinement of the particles is much easier to perform than refinement of mesh.
Particle methods have been classified based on the length scale and the mathematical model
used. The particles can vary from very small (nano or micro) scale, to meso scale and to macro
scale, dividing the gridless particle methods into three categories of Microscopic (e.g. MD;
Molecular Dynamics), Mesoscopic (e.g. DPD; Dissipative Particle Dynamics, lattice gas Cellular
Automata) and Macroscopic (e.g. SPH; Smoothed Particle Hydrodynamics, PIC; Particle In Cell,
MPS; Moving Particle Semi-implicit). Another categorization is based on the mathematical model
used, where the particle methods are divided into two branches of probabilistic or deterministic.
Probabilistic particle methods (e.g. Molecular Dynamics, Direct Simulation Monte Carlo) are
inherent with probabilistic nature based on statistical principles; on the other hand, deterministic
particle methods (e.g. MPS, SPH) deal directly with the governing equations of physical law.
As one of the earliest particle methods, the Smoothed Particle Hydrodynamics (SPH; Lucy,
1977; Gingold and Monaghan, 1977) was initially developed as a probabilistic method for
astrophysical applications. However, since then it has been modified and extended as a
deterministic particle method to model the macroscopic continuum problems of computational solid
(e.g. Libersky and Petschek, 1991) and fluid mechanics (e.g. Monaghan, 1994). The SPH method
has been applied to solve the Navier-Stokes equation for simulating incompressible free-surface
fluid flows by treating the flow as Weakly (or slightly) Compressible (WCSPH; e.g. Morris et al.,
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1997) or strictly Incompressible (ISPH; e.g. Shao and Lo, 2003). Another macroscopic deterministic
particle method is the Moving Particle Semi-implicit (MPS; Koshizuka et al., 1995) method which
was initially developed for the simulation of incompressible free-surface fluid flows. Unlike
gridless Galerkin methods which estimate the weak form of PDEs, both MPS and SPH methods
approximate the strong form of PDEs by particle-based discretizations through using specific
mathematical models for differential operators. Both methods have proven useful in a wide variety
of engineering applications; yet, there are some shortcomings associated with these particle
methods:
1. An unavoidable pressure fluctuation exists in the particle methods (Gotoh et al., 2005) unless
proper modifications or corrections are introduced.
2. A Particle-based discretization may violate the exact conservation of some physical principles
such as momentum (Khayyer et al., 2008; Khayyer and Gotoh, 2008a,b) and mechanical energy.
3. The adjustment of resolution is not easy in the particle methods, since uniform particles are
utilized. Additional particles might be injected to the place where high resolution is needed;
however, those particles do not stay in their initial position because of the advection (Gotoh et
al., 2005).
4. Inflow and outflow of fluid is not permitted in the particle methods since they are Lagrangian
methods (Premoze et al., 2003; Fries and Matthies, 2005). Nevertheless, they can be combined
with Eulerian approach to handle inflow and outflow (Premoze et al., 2003).
1.1.2.2 Eulerian gridless solvers
Eulerian gridless solvers do not have problems with inflow/outflow boundary conditions or
resolution adjustment which are difficult to handle in particle methods. Meanwhile, the problem
with Eulerian gridless solvers arises when they are supposed to simulate a convection-dominated
system, a frequently occurring situation in fluid dynamics. In such a case, as a result of the Eulerian
discretization of advection terms by fixed nodes, the numerical diffusion becomes dominant and
significantly affects both the accuracy and stability of the calculation. To overcome the problem
with stability, Fries and Matthies (2005) have proposed gridless Petrov-Galerkin methods by
employing Petrov-Galerkin-Type stabilization techniques in a gridless solver of Navier-Stokes
equation. Meanwhile, the problem of artificial numerical diffusion is still present in Gridless
Petrov-Galerkin methods.
As an alternative to simulate problems with inflow/outflow boundary conditions using particle
methods, Yoon et al. (1999) proposed a Lagrangian-Eulerian method, namely, MPS with a Meshless
Advection using Flow directional Local grid (MPS-MAFL). For the Lagrangian phase, original
differential operator models of MPS method were used, while, for the Eulerian phase, a high-order
finite difference scheme was utilized to approximate the convection of fluid.
In the present study, two fully Lagrangian gridless methods, namely, the MPS and
Incompressible SPH (ISPH) methods are selected and improved as reliable numerical tools for
accurate simulation of incompressible viscous free-surface fluid flows accompanied with large
deformations or fragmentations of the free-surface. The major outcomes of the thesis are
summarized in the next section.
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Table 1.2. Developed particle methods in this study
Developed particle methods in this study
Method’s Name

Derived terms

Basic feature

Main Application

CISPH

Corrective terms for
calculation of viscous forces

Conservation of angular
momentum

Water-surfacetracking in breaking
waves

CMPS
CMPS-SBV

Refined gradient operator for
calculation of pressure forces Strain-Based Viscosity term

Conservation of linear
momentum, improved
conservation of angular
momentum – more realistic
viscous stresses

Water-surfacetracking in breaking
waves

CMPS-HS,
CMPS-HMS

Higher order Source term in
Poisson Pressure Equation

Accurate and less-fluctuating
pressure field

Wave impact
pressure

ISPH-HS,
CISPH-HS

Higher order Source term in
Poisson Pressure Equation

Accurate and less-fluctuating
pressure field

Wave impact
pressure

Improved conservation of
energy

Long-term
simulations

Refined gradient operator for

MPS-EF, MPS-VF
pressure forces from an energy
ISPH-EF
and a variational framework

1.2

Major findings

Accurate simulation of a free-surface fluid flow is a challenging problem due to the presence of an
arbitrary moving interface. The complexity of the task is further increased when the free-surface
undergoes large deformations accompanied by fluid fragmentations. Due to their gridless nature,
particle methods provide substantial potential for the analysis of problems which include moving
discontinuities characterized by large deformations or fragmentations as in case of highly deformed
free-surface fluid flows. In addition, because of their Lagrangian nature, particle methods are
inherently well-suited for the simulation of convection-dominated systems which are often seen in
fluid dynamics. By considering the mentioned advantages, two capable particle methods, namely
the ISPH and MPS methods were selected as the basic numerical tools for the simulation of
free-surface fluid flows. However, when the performance of the mentioned methods in the
simulation of numerous free-surface fluid flows was being studied, some unphysical predictions of
particle motions or pressure fields were observed. It was found that such unphysical behaviors
result from:
1) Non-conservation of some physical principles (mainly momentum) when the internal forces
were being estimated by the original differential operator models
2) Simplified mathematical approximations for the derivation of some basic equations of the
methods
By introducing refined differential operator models such as gradients or derivatives for resolving
the above mentioned deficiencies, a few corrected or modified particle methods are developed. The
developed models as well as their main features are summarized in Table 1.2.
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CISPH (a)

ISPH (a)

CMPS (a)

MPS (a)

CISPH (b)

CISPH (c)

ISPH (b)

ISPH (c)

CMPS (b)

CMPS (c)

MPS (b)

MPS (c)

CMPS-SBV (b)

CMPS-SBV (c)

CMPS-SBV (a)

Fig. 1.3. Enhanced reproduction of a plunging breaking wave and resultant splash-up by improved
particle methods: CISPH, CMPS and CMPS-SBV
Fig. 1.3 depicts the enhanced reproduction of a plunging breaking wave and its resultant
splash-up by Corrected ISPH (CISPH) and Corrected MPS (CMPS) methods. Significant
unphysical particle scatterings are seen in the ISPH snapshots. Such unrealistic behaviour is
efficiently recovered by introducing some corrective terms which ensure both the preservation of
angular momentum and exact calculation of a linear velocity field. Accordingly, compared to the
ISPH, the CISPH has provided a better reproduction of a plunging breaking wave and resultant
splash-up. For recovering the non-conservation of momentum in MPS method, a new pressure
gradient term which exactly conserves both linear and angular momentum, is proposed. The CMPS
snapshots portray clearer images of a plunging jet, the air chamber beneath it and the resultant
splash-up, with less particle dispersiveness as seen in MPS snapshots. The CMPS results are further
enhanced when the scalar viscosity term in original MPS method is replaced by a strain-based
viscosity. The CMPS-SBV (CMPS with a Strain-Based Viscosity) is proposed when the CMPS is
supposed to simulate a highly non-uniformly deformed flow with anisotropic strain rates.
Another major finding is related to the pressure solution process. It was found that the basic
Poisson Pressure Equation (PPE) in both MPS and ISPH methods was derived on the basis of an
assumption which was not fully valid as a result of the existence of numerical errors due to
particle-based discretization. By deriving a refined differential operator model, a more accurate
source term for the PPE was obtained resulting in a less-fluctuating and more accurate pressure
field. Fig. 1.4 shows a refined reproduction of a flip-through impact by CMPS-HS (CMPS with a
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Fig. 1.4. A flip-through impact – Refined simulation of both pressure field and free-surface profile
by CMPS-HS method
Higher order Source term) method. The improvement is evident in terms of both free-surface profile
and pressure field.

1.3

Structure of the thesis

The thesis is divided into two main parts. The first one is allocated to the description of two
numerical methods, namely, ISPH and MPS methods, previously developed for the simulation of
incompressible free-surface fluid flows. The performance of both methods is studied through the
simulation of some free-surface fluid flows and the required improvements are highlighted. In the
second part, improved ISPH and MPS methods are proposed by deriving refined differential
operator models to achieve improvement of momentum conservation, improved solutions for
pressure field and improvement of energy conservation.
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Chapter 2

Introduction to gridless particle methods
In this chapter the concept of the gridless particle methods is explained. Furthermore, the particle
methods are briefly reviewed from the view point of computational modeling. Among those
methods, the Moving Particle Semi-Implicit (MPS) and Incompressible SPH (ISPH) have been
chosen; hence, the second part of the chapter is dedicated to the state-of-art of the MPS and SPH
methods.

2.1 Overview
The origin of gridless particle methods can be traced back to a few decades, while substantial and
significant advances were made in this field after the early 1990s. Prior to 1990s, grid-based
numerical methods, such as the Finite Element Method (FEM), were the primary computational
methodologies in engineering computations. The underlying structure of FEM which originates
from its reliance on a prearranged topological environment, namely, a gird or a mesh, is not well
suited to the treatment of discontinuities which do not often coincide with the original grids. Hence,
the most workable strategy for dealing with moving discontinuities in a FEM-based computation is
to perform remeshing so that the mesh lines (or grids) remain coincident with the discontinuities.
Remeshing is not only a time consuming process, but may also lead to degradation of
computational accuracy.
The objective of gridless methods is to eliminate the use of a grid (or at least a part of it) by
constructing the approximations entirely in terms of nodes (or particles). Accordingly, moving
discontinuities can be treated without remeshing and its associated accuracy degradation. Thus,
gridless methods provide a significant potential to solve large classes of problems characterized by
moving discontinuities and large deformations. In addition, when problems with considerable
convective transports such as fluid flows are considered, it would be preferable to analyze the
problem in a Lagrangian framework to avoid the numerical diffusion arising from successive
fixed-points interpolations of advective terms. Hence, Lagrangian gridless methods, namely, the
particle methods, appear to be appropriate for the analysis of problems in continuum fluid dynamics
characterized by moving discontinuities.
From the viewpoint of computational modeling, particle methods can be classified into two
different classes: those serving as approximations to the weak form of a Partial Differential
Equation (PDE) and those providing approximations to the strong form of PDEs. The particle
methods serving as approximations to the weak form of PDEs are called meshfree Galerkin
methods as they use various Galerkin weak formulations of PDEs. Examples are: Reproducing
Kernel Particle Method (RKPM; Liu et al., 1993); Element Free Galerkin (EFG; Belytschko et al.,
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1994) method; and h-p cloud method (Duarte and Oden, 1996).
When particle methods are used to approximate the strong form of a PDE, the PDE is often
discretized by a collocation method through the use of particles serving as collocation points.
Examples are: Vortex method (Chorin, 1973; Leonard, 1980); Smoothed Particle Hydrodynamics
(SPH; Gingold and Monaghan, 1977; Lucy, 1977) method; generalized finite difference method
(Liszka and Orkisz, 1980); and Moving Particle Semi-implicit (MPS; Koshizuka et al., 1995)
method.
The Smoothed Particle Hydrodynamics (SPH; Gingold and Monaghan, 1977; Lucy, 1977) is
one of the earliest Lagrangian gridless methods (or particle methods) invented for modeling
astrophysical phenomena. Later, it was widely extended for the applications to problems in
continuum solid and fluid dynamics. The main concept in SPH is somewhat different to that in other
conventional discretization methods, which discretize a continuum system into a discrete algebraic
system. In astrophysics, the real physical system is discrete; in order to avoid singularity, a local
continuous field is generated by introducing a localized kernel function which can serve as a
smoothing interpolation field. Hence, the essence of the method is to choose a smooth kernel
function, W(x, h) (with h being the smoothing length), and to utilize it to localize the strong form of
a PDE through a convoluted integration. The kernel representation is not only an instrument which
can smoothly discretize a partial differential equation, but it also provides an interpolant scheme on
a set of moving particles. By utilizing this property, the SPH method can be applied as a Lagrangian
type method to solve problems in continuum solid and liquid mechanics.
By utilizing the interpolation property of a kernel function, Koshizuka et al. (1995) proposed a
particle method, namely, the Moving Particle Semi-implicit (MPS) method to simulate
incompressible free-surface fluid flows. The MPS method is similar to the SPH method in that both
methods provide approximations to the strong form of PDEs based on integral interpolants.
However, the MPS method employs simplified differential operator models solely based on local
weighted averaging processes without taking the gradient of a kernel function. In addition, the
solution process of MPS method differs to that of the original SPH method as the solutions to PDEs
are obtained through a semi-implicit predictor-corrector process rather the fully explicit one in
original SPH method.
A parallel path to construct gridless approximations is the use of Moving Least Square (MLS)
approximations. Nayroles et al. (1992) were the first to use MLS approximations in a Galerkin
method called the Diffuse Element Method (DEM). Belytschko et al. (1994) refined the method and
renamed it as Element Free Galerkin (EFG) method. Though being consistent (able to reproduce an
arbitrary physical field) and stable, gridless methods based on MLS are notably more
computationally expensive than SPH (or MPS) method.
Duarte and Oden (1996) recognized that the methods based on MLS are specific instances of
partition of unity. A partition of unity is a paradigm in which a domain is covered by overlapping
patches, or subdomains Ωi , each of which is associated with a function φi(x) which is non-zero only
in Ωi and has the property that:

∑φ ( x) = 1 in
i

Ω

(2.1)

i
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Table 2.1. Some typical particle methods and their associated method of approximation
Weak
Method of
Form/Strong
Particle Method
Reference
Approximation
Form of PDE
Smoothed Particle
Hydrodynamics (SPH)

Gingold and Monaghan,
1977; Lucy, 1977

Integral representation

Strong Form

Generalized finite
difference method

Liszka and Orkisz, 1980

Finite difference
representation

Strong Form

Diffuse Element Method
(DEM)

Nayroles et al., 1992

Moving Least Square
(MLS) approximation,
Galerkin method

Weak Form

Reproducing Kernel
Particle Method (RKPM)

Liu et al., 1993

Integral representation,
Galerkin method

Weak Form

Element Free Galerkin
(EFG)

Belytschko et al., 1994

MLS approximation,
Galerkin method

Weak Form

Moving Particle
Semi-implicit (MPS)

Koshizuka et al., 1995

Integral representation

Strong Form

h-p cloud method

Duarte and Oden, 1996

MLS approximation,
partition of unity

Weak Form

The partition of unity view point has led to several other approximations for gridless methods.
Babuska and Melenk (1995) developed a method called Partition of Unity Finite Element Method
(PUFEM). Duarte and Oden (1996) used the partition of unity concept to propose their h-p cloud
method. Although partition of unity gridless methods are consistent and stable, yet, both the
computational procedure and time associated with these methods are quite more than those of the
SPH method. Moreover, such methods have been mainly applied in structural engineering for
example for simulating the propagation of a crack with an arbitrary and complex path (Rabczuk et
al., 2007). Some typical gridless particle methods and their method of approximation are provided
in Table 2.1.
Among the mentioned gridless particle methods, the SPH and MPS methods are selected to
simulate free-surface fluid flows. In next two sections, more comprehensive state-of-arts of these
specific particle methods are presented.

2.2 SPH: the state-of-art
SPH was invented about 30 years ago to solve astrophysical problems in three-dimensional open
space, in particular polytropes (Lucy, 1977; Gingold and Monaghan, 1977). In astrophysics, a
polytrope refers to a solution of the Lane-Emden equation in which the pressure is related to density
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via a constant known as polytropic index. For many years, the SPH method has been applied to
problems in the astrophysical field, as documented in the review paper by Benz (1988). Hence,
relevant improvements of the solver were achieved within that research area. During the last decade,
the SPH method has been increasingly modified and extended to provide approximations to the
PDEs in a wide range of scientific and engineering applications particularly in the hydrodynamic
field. The main steps leading to the current state-of-art of the SPH method are summarized here.
Method efficiency: Hernquist and Katz (1989) significantly improved the efficiency of the SPH
method by introducing a hierarchical algorithm to approximate the interactions between the
particles located relatively far away from each other. As a result, in case of spatially persisting
forces such as gravitational attractions among bodies, the cost of a computational step reduced from
O( N 2 ) to O( N log N ), with N being the number of particles. In their paper, Hernquist and Katz also
provided a generalization of SPH method which allowed the use of non-uniform kernel supports (i.e.
variable smoothing length). As a result, local refinement of the computational domain could be
performed where it was needed for example in areas where large gradients were expected. Nelson
and Papaloizou (1994) discussed the SPH method with variable smoothing length and emphasized
the need for additional terms that had been neglected in the work by Hernquist and Katz (1989). It
was shown that such additional terms are essential for the conservation of energy especially during
impact problems.
Martel et al. (1994) showed that an isotropic smoothing algorithm with spherical kernel would
lead to poor results where considerable anisotropic volume changes are present. To handle this
difficulty, they proposed a new version of SPH method, namely, the Adaptive SPH (ASPH) method.
In ASPH method, the isotropic kernel is replaced by an anisotropic kernel whose axes evolves
automatically to follow the mean particle spacing as it varies in time and space. Although ASPH
method may have better performance than the SPH method for the simulation of problems with
anisotropic volume changes, its mathematical formulations are more complicated than those of the
SPH method. In addition, more research is required to study the convergence, consistency,
conservation and stability of ASPH formulations.
Stability: Stability is one of the most important aspects in all numerical calculations. One of the
most critical instabilities of the SPH method is the so-called tensile instability that mainly occurs in
the situation where particles are under a certain tensile stress state. The tensile instability manifests
itself as a clustering of the particles which may lead to unphysical results or even breakdown of
calculation. By performing a Von Neumann stability analysis, Swegle et al. (1994;1995) concluded
that tensile instability results from an effective stress emerging from a non-physical negative
modulus being produced by the constitutive relation and the kernel interpolation. In other words, the
kernel interpolation employed for spatial discretization changes the nature of original PDE. From
Swegle et al. (1994; 1995) stability analysis the criterion for stability was found to be:

W ′′σ > 0

(2.2)

Where W ′′ = second derivative of the kernel; and σ = stress, negative in compression, positive in
tension. From this criterion, it can be seen that such kind of instability can also occur in
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compression, not only tension. However, because of the characteristics of general kernel functions
(such as B-spline kernel) applied in SPH calculations, the instability is generally observed in
tension and hence referred as tensile instability.
Several remedies have been proposed to avoid such tensile instability. To remove the instability,
Dyka et al. (1995) proposed a so-called stress point method. The main idea of this approach is to
add additional points when evaluating stresses of other state variables. Randles and Libersky (1996)
suggested certain dissipative terms which they call conservative smoothing. However, such
approach is not always promising (Mandell et al., 1996). Monaghan (2000) proposed an artificial
pressure to provide a relatively small repulsive force in order to stabilize the computation.
SPH for incompressible inviscid free-surface fluid flows: Monaghan (1994) was the first who
applied the SPH method to simulate incompressible free-surface fluid flows. In his work, the fluid
was considered as weakly (slightly) compressible so that the pressure field could be explicitly
obtained from the density field by an appropriate equation of state. Weakly Compressible SPH
(WCSPH) simulations are usually performed at a low Mach number (typically M = 0.1) leading to
small fluctuations in density (theoretically of the order of O ( M 2 ) = 0.01). The WCSPH method has
been applied to simulate numerous free-surface fluid flows such as runup and rundown of waves on
beaches (Monaghan and Kos, 1999), wave breaking on arbitrary structures (Colagrossi and Landrini,
2003; Monaghan et al., 2004) and wave breaking and post-breaking on beaches (Dalrymple and
Rogers, 2006).
An alternative and favored approach to enforce the incompressibility in the SPH method is to
apply a two-step projection method similar to that in the Moving Particle Semi-Implicit (MPS)
method (Koshizuka et al., 1995). Based on this approach, Cummins and Rudman (1999) proposed
an Incompressible SPH (ISPH) method in which an intermediate velocity field is projected onto a
divergence free space by solving a Poisson Pressure Equation derived from an approximate
projection. Analogous to this SPH projection method, Shao and Lo (2003) developed an ISPH
method for the simulation of free surface hydrodynamic flows and successfully simulated several
free-surface fluid flow problems such as wave overtopping (Shao et al., 2006), wave-structure
interaction (Gotoh et al., 2004; Shao and Gotoh, 2004) and wave breaking (Shao, 2006). In addition
to satisfying the fluid incompressibility, another advantage of ISPH to WCSPH is its independency
from the speed of sound; thus, according to the required stability conditions (such as Courant
condition) a larger computational time step would be allowed in ISPH calculations.
SPH for viscous laminar flows: The majority of SPH implementations employ an artificial
viscosity initially introduced to permit strong shocks (Monaghan, 1992). The first introduction of a
realistic viscosity term in a SPH-based calculation of Navier-Stokes equation was given by Takeda
et al. (1994). The method was successfully applied to the 2D Poiseuille flow, to the 3D
Hagen-Poiseuille flow, and to flow around a cylinder for Reynolds number ranging between 6 and
55. Still in the context of low Reynolds number flows, Morris et al. (1997) calculated viscous
stresses by a hybrid viscosity term that combines a standard SPH first derivative with a finite
different approximation of first derivative. The authors verified their method by calculating Couette
and Poiseuille flows and the flow passed through a regular lattice of cylinders.
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SPH for turbulent flows: Welton (1998) applied the SPH method within a Monte-Carlo
probability density formulation to simulate a few turbulent flows. Wagner and Liu (2000) applied
the Reproducing Kernel Particle Method (RKPM) as a filter in their Large Eddy Simulation (LES)
of turbulent flows. By applying the same concept of Sub-Grid-Scale turbulence modeling in
grid-based methods to particle methods, Gotoh et al. (2001) developed a Sub-Particle-Scale
turbulence model for particle-based simulations of turbulent flows. By employing the SPS
turbulence model, Gotoh et al. (2004) performed an ISPH-LES simulation to study wave
transmission and reflection by a half-immersed curtain breakwater. Good agreement was achieved
in terms of both free-surface profile and turbulent eddy viscosity near the curtain wall. Shao et al.
(2006) carried out an ISPH calculation of wave overtopping from coastal structures. In their
calculation, turbulence was treated by a SPS turbulence model. The estimation of wave overtopping
rate by ISPH was in agreement with the experimental data as well as some grid-based numerical
models. Shao (2006) carried out an ISPH-RANS (Reynolds-Averaged Navier-Stokes) simulation by
introducing a k-ε turbulence model derived using the SPH schemes. Their method was applied to
simulate the plunging and spilling breaking waves. Computed free-surface profiles, turbulence
intensities and undertow profiles were in good agreement with the experiment and other numerical
results.
SPH for multi-phase flows: Monaghan and Kocharyan (1995) proposed a general SPH
formulation for the simulation of multi-phase flows. The SPH capability to simulate weakly
compressible multi-phase flows with small density differences is shown by Monaghan et al. (1999).
However, when their approach is applied to simulate a multi-phase flow with large density
differences as in case of air-water, severe instabilities develop along the interface. Colagrossi and
Landrini (2003) modified the spatial derivative approximation to diminish the effect of large density
difference across the interface. As another remedy, Hu and Adams (2006) proposed a
particle-averaged spatial derivative approximation and applied their multi-phase SPH method to
simulate both weakly compressible (Hu and Adams, 2006) and incompressible (Hu and Adams,
2007) flows.

2.3 MPS: the state-of-art
The MPS method was developed by Koshizuka et al. (1995) to simulate incompressible free-surface
viscous flows particularly those with fluid fragmentation. The main feature of MPS method lies in
the simplicity of its formulations and satisfaction of the fluid incompressibility. The method
employs simplified differential operator models to approximate the gradient or Laplacian of a field
variable. In addition, incompressibility is efficiently enforced by applying a two step projection
method. Through the past year, the MPS method has been applied in a wide range of engineering
applications such as elastic structures (Koshizuka et al., 2001), nuclear reactor safety (Koshizuka
and Oka, 2001) or blood flow simulation (Tsubota et al., 2006). The MPS method has been
improved and extended into coastal engineering to study wave breaking (Gotoh and Sakai, 1999;
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Gotoh et al., 2005) and two-phase sediment-water interactions (Gotoh et al., 2001a). The main steps
leading to the current state-of-art of the MPS method are summarized here.
Method efficiency: A few algorithms have been proposed to reduce the computational effort in
generating the neighboring particle list of a target particle. Koshizuka et al. (1998) applied a
screening circle, defined by a circle with a radius larger than that of the influence circle. The
screening circle was utilized to generate the candidate list of neighboring particles, among which
the neighboring particles were selected. Later, Gotoh et al. (2005) employed a screening grid to
improve the efficiency of the neighbor list generation. In their method, the candidate list of
neighboring particles is generated first, and then a local search of neighboring particles is carried
out in nine cells, namely, in and around the cell in which the target particle exists. The method
suggested by Gotoh et al. (2005) appears to be more effective than the method by Koshizuka et al.
(1998) in case of large number of particles.
Stability: To improve the stability of MPS method Koshizuka et al. (1998) proposed a modified
pressure gradient model which ensures the interparticle repulsive force. Successful simulations of
plunging and spilling breakers were performed by using the MPS method with a modified pressure
gradient term. In another attempt, Ataie-Ashtiani and Farhadi (2006) examined the stability and
performance of MPS method according to different kernel functions as well as different radius of
interactions. They concluded that the B-spline kernel would improve the stability and performance
of MPS method.
MPS for turbulent fluid flows: Gotoh et al. (2001b) proposed a Sub-Particle-Scale (SPS)
turbulence model analogous to the Sub-Grid-Scale (SGS) models in grid-based Large Eddy
Simulations. By employing the SPS turbulence model, the effect of turbulent motions smaller than
size of a particle is taken into account and therefore, more realistic simulations of high Reynolds
number flows can be obtained. The SPS turbulence modeling has been carried out in both MPS (e.g.
Gotoh et al., 2003) and SPH (e.g. Gotoh et al., 2004; Dalrymple and Rogers, 2006) simulations.
MPS for multi-phase flows: Gotoh et al. (2000) extended the MPS method to a solid-liquid
two-phase flow model and successfully simulated the deposition and diffusion processes of soil
dumped into water. The sediment concentration curves by two-phase MPS method was in good
qualitative agreement with the experiment. The two-phase MPS method was also applied to study
the generation process of a tsunami due to a large-scale landslide (Gotoh et al., 2001a). The detailed
processes of wave generation due to inflow sediment including the formation of a plunging breaker,
deformation of front of inflow sediment and a resultant sediment-water mixing process were
simulated by the two-phase MPS method. Liu et al. (2005) proposed a hybrid MPS-FVM (Finite
Volume Method) method, in which one phase was represented by moving particles while another
phase was defined on a grid. The efficiency of the hybrid method was demonstrated through a few
numerical tests.
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Chapter 3

Numerical solution: gridless tools
The primary feature of particle methods is the discretization of the problem by use of moving
computational points (or particles). The domain is discretized into a set of discrete particles the
motion of each is governed by the conservation laws of continuum dynamics, for instance in case of
fluids, the continuity and Navier-Stokes equations. In case of kernel-based particle methods such as
SPH and MPS methods, the governing equations that are in form of Partial Differential Equations
(PDE) are transformed into integral equations through the use of an interpolating function which
gives the kernel estimate of the field variables at a point. In this chapter, the interpolating integrals
or the “integral interpolants” applied in the SPH and MPS methods are discussed. In addition,
another important aspect in particle methods, namely, the neighbor search strategy or the algorithm
to identify neighboring particles efficiently and accurately, is presented.

3.1 Integral interpolation techniques
In particle methods the fluid is considered as finite number of fluid particles, each with its own
mass and other physical properties. To simulate the fluid motion, the evolution of these particles is
followed and the Partial Differential Equations (PDEs) governing the fluid motion are solved by
using the information at moving particles to reconstruct the fluid properties all over the domain. To
obtain the information, we use interpolation techniques by interpolating integrals or integral
interpolants. The integral interpolants applied in the SPH and MPS methods are discussed in this
section.

3.1.1 SPH: Integral interpolants
In the SPH method, the “interpolating integral” providing the approximation of an arbitrary function
f (x) in terms of a kernel function W (x, h) is written as:

f ( x) = ∫ f (ξ ) W ( ξ − x , h ) dV

(3.1)

Ω

where h = the smoothing length taken slightly larger than particle diameter (h =1.2d in this study); x
and ξ = position vectors of particles x and ξ respectively. Computationally, information is known
only at discrete points; hence, integrals are evaluated as sums over neighboring particles:
M

(

)

f ( xi ) ≈ ∑ f ( x j )W x j − xi , h V j
j ≠i

; Vj =

mj

(3.2)

ρj
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Fig. 3.1. A schematic representation of the kernel-based interpolation in SPH method
where M = number of neighboring particles of particle i and mj, ρj and Vj are the mass, the density
and the tributary (or statistical) volume associated with neighboring particle j, respectively. Vj is
defined as:
M

(

V j−1 = ∑W x j − xi , h
j ≠i

)

(3.3)

The integration is calculated for each particle in a circular domain or the influence circle of particle
i with a radius re. A schematic representation of the kernel-based interpolation in SPH method is
given in Fig. 3.1.
In the SPH framework, the kernel function should have the following properties:
•
•
•

•

W ( ξ − x , h ) ≥ 0 for ξ ∈ Ω x ⊂ Ω

∫ W ( ξ − x , h ) dξ = 1
W ( ξ − x , h ) decreases as ξ − x increases
∇ W ( ξ − x , h ) = −∇ξ W ( ξ − x , h )
Ω

x

The approximations for the derivative of a function can be deduced by:
∇ x f ( x) = ∫ ∇ξ f (ξ )W ( ξ − x , h ) dV

(3.4)

Ω

where ∇ x f (x) denotes the gradient of f (x) at particle position x. By using the following identity:
∇ξ f (ξ )W ( ξ − x , h ) = ∇ξ [ f (ξ )W ( ξ − x , h )] − f (ξ ) ∇ξ W ( ξ − x , h )
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(3.5)

Accordingly, Eq. (3.4) can be written as:
∇ x f ( x) = ∫ ∇ξ [ f (ξ )W ( ξ − x , h )] dV − ∫ f (ξ ) ∇ξ W ( ξ − x , h ) dV
Ω

Ω

(3.6)

By applying the Gauss (or divergence) theorem:
∇ x f ( x) = ∫ f (ξ )W ( ξ − x , h ) ndS − ∫ f (ξ ) ∇ξ W ( ξ − x , h ) dV
Ω

S

(3.7)

In simulation of astrophysical problems the assumption is that either the function f or the kernel is
zero on S; hence, the surface integration is not included. In applications of SPH to free-surface fluid
flows the same assumption has been made, although such an assumption is not fully valid close to
the free surface. Ignoring the surface term, the spatial derivative of a function is obtained by simply
shifting the del ( ∇ ) operator from the physical quantity to the kernel function:
∇ x f ( x) = − ∫ f (ξ ) ∇ξ W ( ξ − x , h ) dV = ∫ f (ξ ) ∇ x W ( ξ − x , h ) dV
Ω

Ω

(3.8)

Accordingly:
M

(

)

∇ xi f ( xi ) ≈ ∑ f ( x j ) ∇ xiW x j − xi , h V j
j ≠i

(3.9)

In a SPH-based calculation, the choice of the kernel function not only affects the CPU time but
also the stability of calculation. When the second derivative of a kernel is discontinuous, the kernel
becomes quite sensitive to particle disorders or randomness of particle positions (Monaghan, 1992);
thus, instability may arise. Most SPH calculations employ the cubic B-spline kernel proposed by
Monaghan (1992):

10
3 2 3 3
⎧
⎪ W (r , h) = 7π h 2 (1 − 2 Q + 4 Q )
⎪
10
⎪
(2 − Q )3
⎨ W ( r , h) =
2
28
h
π
⎪
⎪ W ( r , h) = 0
⎪
⎩

Q <1
1≤ Q ≤ 2

(3.10)

Q>2

where Q = rij /h. This kernel resembles a Gaussian kernel while it has a compact support, meaning
that interactions are exactly zero for r > 2h. In addition, the second derivative of a cubic B-Spline
kernel is continuous, and the dominant error term in the integral interpolant is O(h2) (Monaghan,
1992). Morris et al. (1997) applied a higher-order Quintic spline kernel:
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(3.11)

2≤Q≤3
Q>3

The second derivative of the above kernel is of order 3, hence; calculations would be less sensitive
to particle disorders. However, compared to B-Spline kernel, the Quintic spline is computationally
more intensive. Alternative kernels in SPH simulations include modified Gaussian (e.g. Colagrossi
and Landrini, 2003) and quadratic (Dalrymple and Rogers, 2006) kernels. In the present study, a
B-spline kernel is applied.

3.1.2 MPS: Integral interpolants
The MPS method is similar to the SPH method in many aspects including the kernel-based
approximation by an interpolating integral, i.e. Eq. (3.2). Accordingly, in a MPS-based calculation:

(

M

)

f i ≈ ∑ f j w r j − ri V j
j ≠i

; Vj =

mj

(3.12)

ρj

where fi and fj represent the value of function f at particles i and j whose positions are denoted by ri
and rj, respectively. In MPS method, the statistical volume associated with particle j is denoted by
the so-called “particle number density” or n. In Eq. (3.12), V is replaced by 1/n where n is defined
as:
M

(

n = ∑ w r j − ri
i≠ j

)

(3.13)

The kernel function in MPS method is defined as:

⎧ re
−1
⎪
w r j − ri = ⎨ r j − ri
⎪0
⎩

(

)

0 ≤ r < re

(3.14)

re ≤ r

where re = the radius of influence. The above kernel function has an important feature: it is infinity
at r = 0. As a result, particle clustering would be avoided. Furthermore, the above kernel is infinitely
differentiable.
The main difference between MPS and SPH methods lies in the calculation of differential
operators such as the gradient or Laplacian. Unlike in SPH method, in original MPS method the
derivative of a kernel is not calculated, instead, the gradient or Laplacian are obtained by local
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(φ j −φi )(r j − ri )

φi

r j − ri

2

φj

i
re

rij
j

Fig. 3.2. Concept of the gradient model in MPS method
weighted averaging of the gradient or Laplacian calculated between a pair of particle i and its
neighboring particle j. For example, the gradient of a scalar quantity is estimated simply as:

f j − fi
r j − ri

2

(r j − ri )

(3.15)

Then from Eqs. (3.12), (3.13) and (3.15), the weighted averaged gradient is written as:
M

∇ fi ≈ ∑
j ≠i

(

1 f j − fi
(r j − ri ) w r j − ri
nj r − r 2
j
i

)

(3.16)

The divergence of a vector field can be calculated as:
M

∇ ⋅ fi ≈ ∑
j ≠i

(

1 ( f j − f i ) ⋅ (r j − ri )
w r j − ri
2
nj
r −r
j

)

(3.17)

i

The concept of the gradient model in MPS method is depicted in Fig. 3.2. The above equations are
slightly modified when expressed in a Cartesian coordinate system (Koshizuka et al., 1995):
M

∇ ⋅ f i ≈ Ds ∑
j ≠i

(

1 ( f j − f i ) ⋅ (r j − ri )
w r j − ri
2
nj
r −r
j

)

(3.18)

i

Where Ds = number of Cartesian coordinates. In addition, since MPS was originally developed for
incompressible flows, one assumption is that the particle number density of all the particles stay
close to the initial particle number density (= n0); thus:

∇ ⋅ fi ≈

Ds
n0

M

∑
j ≠i

( f j − f i ) ⋅ (r j − ri )
r j − ri

2

(

w r j − ri

)

(3.19)

Or in case of a scalar quantity, the gradient of fi is calculated as:
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∇ fi ≈

Ds
n0

M

( f j − fi )

j ≠i

r j − ri

∑

2

(

(r j − ri ) w r j − ri

)

(3.20)

From Eqs. (3.19) or (3.20), it can be seen that the inverse of the statistical volume corresponding
to a neighboring particle j is assumed to remain constant (= n0) regardless of the instantaneous
particle positions. This is another difference of MPS and SPH methods. In other words, in MPS
method the particle number density field is not calculated by Eq. (3.12) and is assumed to be
constant. Furthermore, as it will be seen in chapter 4, in MPS method, the pressure field is directly
calculated at the particle positions by solving a linear system of algebraic equations. Thus, Eq.
(3.12) is not used in the calculation of pressure field either.
The Laplacian operator ( ∇ 2 ) can be derived from the following basic equation:
∂2 f ∂2 f ∂2 f
∇ f = ∇ ⋅ ∇f = div grad f = 2 + 2 + 2
∂x
∂y
∂z
2

(3.21)

In spherical geometry, the Laplacian is expressed as:

∇2 f =

1 ∂ ⎛ 2 ∂f ⎞
⎜r
⎟
r 2 ∂r ⎝ ∂r ⎠

(3.22)

Applying the chain rule of differentiation:
∇2 f =

∂ ⎛ ∂f ⎞ ⎞
1 ∂ ⎛ 2 ∂f ⎞ 1 ⎛ ∂f
+ r 2 ⎜ ⎟ ⎟⎟
⎜r
⎟ = 2 ⎜⎜ 2r
2
r ∂r ⎝ ∂r ⎠ r ⎝ ∂r
∂r ⎝ ∂r ⎠ ⎠

(3.23)

On the other hand, a Taylor series expansion of f (xj) in a neighborhood of particles i would give:

f ( x j ) = f ( xi ) + rij

∂f ij

2
1 ∂ f
+ rij2 2ij + ...
∂rij 2 ∂rij

(3.24)

By considering up to the second order differentiation:

∂ 2 f ij
∂rij2

=

2 f ij
rij2

−

2 ∂f ij
rij ∂rij

(3.25)

Where fij = fj − fi ; rij = rj − ri . Combining Eqs. (3.23) and (3.25), we will get:

∇ 2 f ij =

∂f
∂f ⎞ 1
1 ∂ ⎛⎜ 2 ∂f ij ⎞⎟ 1 ⎛⎜
= 2 2rij ij + 2 f ij − 2rij ij ⎟ = 2 2 f ij
rij
2
rij ∂rij ⎜⎝ ∂rij ⎟⎠ rij ⎜⎝
∂rij
∂rij ⎟⎠ rij

(3.26)

Accordingly an estimation of Laplacian in MPS method would be:

∇2 fi ≈

2 Ds
n0

f
∑ r w( r
M

j ≠i

ij
2
ij

j

− ri

)

(3.27)
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In MPS method, rij2 is replaced by a representative length scale λ to give:

2 Ds
∇ fi ≈
n0 λ
2

∑ f w( r
M

j ≠i

ij

j

− ri

)

(3.28)

In above equation the parameter λ is the weighted average of rij2 written as:

λ=

∑ w( r − r )
M

i

i≠ j

∑ w( r

)

M

1

i≠ j

− ri rij2

j

(3.29)

j

In addition, λ implies the variance of the randomly distributed particle positions:

λ =σ =
2

(

)

∑ w rj − ri (rj − ri )2
M

i≠ j

∑ w( r
M

i≠ j

j

− ri

)

∑ w( r
M

=

i≠ j
M

j

∑ w( r
i≠ j

)

− ri rij2
j

− ri

(3.30)

)

Accordingly the applied weighted averaging process would be a function of the variance of
randomly distributed particle positions (=σ 2) consistent with the central limit theorem which states
that identically-distributed random variables (particles) will be approximately normally distributed
i.e. they follow a Gaussian distribution. The introduction of λ would make the increase of variance
due to the re-distribution of the Eq. (3.28) equal to the increase of variance estimated from the
unsteady diffusion equation (Koshizuka et al., 1996). Furthermore, by applying a representative
length scale as λ, the Laplacian operator in MPS method would become more consistent with that in
the PSE (Particle Strength Exchange; Degond and Mas-Gallic, 1989) method. The Laplacian
operator in PSE method is defined as:

∇ fi ≈ ε
2

−2

M

∑( f
j ≠i

j

(

)

− f i ) w r j − ri = ε

−2

∑ f w( r
M

j ≠i

ij

j

− ri

)

(3.31)

where the constant ε is a representative length scale dependent upon the choice of kernel function.

3.2 Neighbor search strategy
Both SPH and MPS methods apply kernel functions with a compact support, thus, a list of
neighboring particles j for a target particle i must be always correct. An efficient and accurate
particle-based calculation requires an efficient and suitable neighboring search strategy. The
simplest and most direct search of neighboring particles is the so-called “all-pair search algorithm”.
For each target particle i, the distance from another particle k is checked to see if particle k lies
inside the target particle’s influential area to become a neighboring particle j for particle i. Despite
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re 2h

Fig. 3.3. Linked list algorithm for generation of neighboring list
its simplicity, the all-pair search algorithm is only applicable to the small-scale problems as it needs
a significant computational effort. Most SPH-based calculations with a constant smoothing length
appear to use the so-called linked list algorithm in which substantial savings in computational time
is achieved by using cells as a bookkeeping tool. The same approach is applied in both SPH and
MPS calculations performed in this study. For calculations consisting of adaptive smoothing lengths
(or variable radiuses of influence circle), another neighbor search strategy, namely, the tree search
algorithm has been found to be appropriate. In the tree search algorithm ordered trees are created
according to the particle positions. Once the tree structure is created, it can be applied efficiently to
set up the list of neighboring particles. In this section, the linked list algorithms applied in SPH and
MPS calculations are discussed.

3.2.1 SPH: list generation of neighboring particles
A background Cartesian square-shaped grid is overlaid on the problem domain (Fig. 3.3). The grid
spacing is selected to be consistent with the compact support of the applied kernel. In case of using
a B-Spline kernel, the size of each square cell (lbg) is chosen as 2h. For a target particle i, its
neighboring particles j lie either in the same cell or the adjacent cells. Hence, the search is carried
out over 9 cells (in case of a 2-dimensional computation) to give a candidate list of neighboring
particles. The list of neighboring particles is efficiently generated from the candidates’ list of
neighboring particles.
Number of operations Ncan to generate candidates’ list of neighboring particles would be (Gotoh
et al., 2005):
N can = aN +

A0
A
= aN + 0 2
2
lbg
( 2h )

(3.32)

in which N = number of particles; A0 = the total area of calculated domain; and a = the number of
operations required for a single particle. The first term of Eq. (3.32) denotes the number of
operations needed to identify the positions of particles on the background grid while the second
term shows the number of operations required for the initialization of the screening greed. The
number of operations required for the search of neighboring particles in 9 cells is written as (Gotoh
31

et al., 2005):
N nei = b M c N ; M c =

9lbg2

πr

2
e

M=

9

π

(3.33)

M

where M = number of neighboring particles in the influence circle with radius re ; Mc = the number
of candidate particles in the area of neighboring particle search; b = the number of operations for a
single particle. Accordingly, the total number of operations required for the neighboring particle
search is written as (Gotoh et al., 2005):
N list = N can + N nei = (a +

9b

π

M )N +

A0
( 2h ) 2

(3.34)

The order of operation count is approximately M N because a, b and A0/(2h)2 are quite smaller than
M especially in case of a problem with a high resolution where a large number of particles are
introduced. On the other hand, the number of operations in case of the all-pair search algorithm is
written as:
N list ∝ N 2

(3.35)

Conclusively, the number of operations in case of applying a linked list algorithm would be less
than those in case of all-pair search by a factor of M/N.

3.2.2 MPS: list generation of neighboring particles
A linked list algorithm is applied for the MPS calculations in the present study. A screening grid
(Gotoh et al., 2005), similar to the background grid in SPH calculations, is arranged to cover the
domain. The only main difference is that, the uniform grid spacing is different to 2h of SPH
calculations and is set according to the maximum radius of influence considered for different
differential operator models namely the gradient and Laplacian operators. However, similar to the
SPH calculations, the scale of operation count is about M N.
Koshizuka et al. (1998) proposed a screening circle instead of a screening grid to generate the
list of neighboring particles. In their study the number of operations was proportional to N 1.5
resulting in a reduction of operations by a factor of 1/N 0.5. Therefore, whenever M < N 0.5, the
employment of a screening grid would be more efficient than employing a screening circle. This is
the case for the problems with a large number of particles.
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Chapter 4

Numerical solution: SPH and MPS for Incompressible viscous
fluid flows with a free-surface
4.1 Governing Equations
The motion of an incompressible viscous fluid flow is described by the Navier-Stokes and
continuity equations written as follows:

1 Dρ
+∇⋅u = 0
ρ Dt

(4.1)

Du
1
= − ∇p + g + ν ∇ 2 u
ρ
Dt

(4.2)

where u = particle velocity vector; t = time; ρ = fluid density; p = particle pressure; g = gravitational
acceleration vector and ν = laminar kinematic viscosity. It should be noted that Eq. (4.1) is written
in the form of a compressible flow. Incompressibility is enforced by way of setting Dρ/Dt = 0 at
each particle at each calculation time step. The left hand side of Eq. (4.2) denotes the Lagrangian
derivative involving the advection term. In the particle methods, including the SPH and MPS
methods, the advection term is automatically calculated through the tracking of particle motion;
hence, the numerical diffusion arising from the successive interpolation of the advection function in
Eulerian grid-based methods is controlled without using a sophisticated algorithm.

4.2 Solution Process
4.2.1 Semi-implicit calculation of governing equations
In many SPH-based calculations the equations are solved fully explicitly. However, in both the
Incompressible SPH (ISPH) and MPS methods, pressure is implicitly calculated by solving a
Poisson Pressure Equation (PPE), while approximation of other terms is carried out in an explicit
way. The equation solution process is a two-step prediction-correction process. The first prediction
step is an explicit integration in time without enforcing incompressibility, while, the second
correction step is an implicit computation of a divergence free velocity field.
In the ISPH and MPS methods, similar to the Chorin projection method (1967), the
Helmholtz-Hodge decomposition of a vector field is utilized, i.e. an intermediate velocity field u* is
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considered as a divergence free velocity field plus the gradient of a scalar field:

uk* = uk +1 +

∆t

ρ k*

∇p k +1

(4.3)

where k denotes the step of calculation and ρ k* signifies the temporal density calculated at time step
k. In the first prediction step an intermediate velocity field is obtained explicitly, by considering the
viscosity and gravity terms:

uk* = uk + g∆t + ν ∇ 2 uk-1 ∆t

(4.4)

In the second correction step a divergence free velocity field is obtained implicitly. From Eq. (4.3):

uk +1 − uk* = ∆uk** = −

∆t

ρ k*

∇p k +1

(4.5)

The velocities and the particle densities in the second process satisfy the mass conservation law as
follows:
1 Dρ
+∇ ⋅ (∆uk** ) = 0
ρ 0 Dt

(4.6)

where ρ 0 = initial density. Assuming a perfect incompressibility, the above equation is written as:

1 ρ 0 − ρ k*
+∇ ⋅ (∆uk** ) = 0
ρ 0 ∆t

(4.7)

From Eqs. (4.5) and (4.7), the Poisson Pressure Equation is obtained as follows:
⎛ 1
⎞ ρ − ρ*
∇ ⋅ ⎜⎜ * ∇p k +1 ⎟⎟ = 0 2k
⎝ ρk
⎠ ρ 0 ∆t

(4.8)

In MPS calculations Eq. (4.8) is written as (Koshizuka et al., 1998):
⎛ 1
⎞ n − n*
∇ ⋅ ⎜⎜ ∇p k +1 ⎟⎟ = 0 2k
⎝ ρ0
⎠ n0 ∆t

(4.9)

where the temporal density ρ∗ is replaced by the constant fluid density ρ 0 seeing that the MPS
method assumes a perfectly incompressible fluid. The implicit pressure correction is analogous to
that of SMAC method in grid-based calculations. In the SMAC method the right hand side of the
PPE is the divergence of the temporal velocity, while, in the ISPH and MPS methods, the right hand
side of is the deviation of particle density or particle number density. The left hand side of Eq. (4.9)
is discretized to simultaneous algebraic linear equations by a differential operator model. The
resulting system of linear equations is solved by Gaussian elimination method in ISPH method, and
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the incomplete Cholesky decomposition conjugate gradient method in MPS method. By solving the
system of linear equations, pressure field is updated. Substituting the new pressure field into Eq.
(4.5) the correction of velocities is calculated; consequently, uk+1 is obtained. Finally the coordinates
of particles are updated by using Eq. (4.10) in ISPH method:

rk +1 = rk +

(uk + uk +1 )
∆t
2

(4.10)

and Eq. (4.11) in MPS method:
rk +1 = rk + uk +1 ∆t

(4.11)

4.2.2 Incompressible SPH (ISPH) vs. Weakly Compressible SPH (WCSPH)
There are two major SPH frameworks for simulation of incompressible flows. The more common
and straight forwarded approach is to treat the fluid as weakly (slightly) compressible and calculate
the pressure explicitly from an appropriate equation of state relating the pressure in the fluid to the
local density (Monaghan, 1994):

⎞
⎛ ⎡ ρ ⎤γ
p = B ⎜ ⎢ ⎥ − 1⎟ ; γ = 7.0
⎟
⎜ ⎣ ρo ⎦
⎠
⎝

(4.12)

where B is a parameter which determines the speed of sound (= Cs) . B is set such that the speed of
sound is:

Cs =

∂p
≈ 10 umax
∂ρ

(4.13)

where umax = the maximum speed of water in calculations. The actual speed of sound is not used
seeing that very small time step is required for numerical stability. Since the Mach number, M =
umax /Cs = 0.1 and compressibility effects are O(M 2), theoretically the changes in fluid density
would be about 1%. However, under particular flow conditions (for example those characterized by
stagnation points), it could be necessary to further reduce the Mach number (and therefore
calculation time step) in order to keep the fluctuations in density about 1% (Ellero et al., 2002).
In addition to the compressibility effects, in a Weakly Compressible SPH (WCSPH)
computation the time step of the calculation for satisfying the Courant stability condition should be
taken at least 10 times smaller than that in an ISPH calculation. On the other hand, however, in an
ISPH calculation the Poisson Pressure Equation should be solved implicitly; hence, the required
computation per time step would be higher than that in a WCSPH calculation. Nevertheless, in most
cases especially in case of high Reynolds number flows, the ISPH computation would be much
more efficient than a WCSPH one (Cummins and Rudman, 1999, Shao et al., 2006).
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4.3 Differential Operator Models
The discretization of a gradient, a derivative or a Laplacian is performed by use of differential
operator models described in the following sections.

4.3.1 Differential operator models in ISPH method
In SPH method, the density at particle i is obtained by summing over the contributions of the
neighboring particles:
M

(

)

M

ρi = ∑ m j W r j − ri , h = ∑ m j Wij
j ≠i

(4.14)

j ≠i

Pressure gradient: the pressure gradient can be obtained by using the following approximation as
described in chapter 3:
M

∇ p ( xi ) = ∑
j ≠i

mj

ρj

(

)

M

p( x j ) ∇ xiW x j − xi , h = ∑
j ≠i

mj

ρj

p j ∇iWij

(4.15)

Accordingly, the acceleration of particle i due to pressure gradient is written as:

−

1

ρi

M

(∇ p )i = − 1 ∑
ρi

j ≠i

mj

ρj

p j ∇i Wij

(4.16)

where ∇ iWij represents the gradient of the kernel function with respect to the position of particle i.
Eq. (4.16) gives an approximation of pressure gradient at particle i; however, this equation does not
conserve linear and angular momentum since the force on particle i owing to j is not equal and
opposite to the force on particle j owing to i, in other words:

mi m j p j

ρi ρ j

∇ i Wij ≠ −

mi m j pi

ρi ρ j

∇ j Wij

(4.17)

Because p j ≠ pi . Note that ∇ i Wij = − ∇ j Wij . Eq. (4.16) can be written in a conservative form by
placing the density inside the operator (Monaghan, 1992):

⎛ p⎞ p
= ∇⎜⎜ ⎟⎟ + 2 ∇ρ
ρ
⎝ρ⎠ ρ

∇p

(4.18)

Hence:
M m p
M
⎛ ∇p ⎞
p
⎟⎟ = −∑ j j ∇i Wij − ∑ 2i m j ∇i Wij
− ⎜⎜
j ≠i ρ j ρ j
j ≠i ρ i
⎝ ρ ⎠i

(4.19)
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Therefore, the acceleration due to pressure gradient is obtained in ISPH method as follows:
M
⎛p
⎛ ∇p ⎞
p ⎞
− ⎜⎜
⎟⎟ = −∑ m j ⎜ 2j + 2i ⎟ ∇i Wij
⎜ρ
⎟
j ≠i
⎝ ρ ⎠i
⎝ j ρi ⎠

(4.20)

In chapter 6 it will be shown that the above equation conserves both linear and angular momentum.

Laplacian: the Laplacian operator in PPE is expressed as (Shao and Lo, 2003):

pij rij ⋅ ∇ iWij
⎛1
⎞
8
∇ ⋅ ⎜⎜ ∇p ⎟⎟ = ∑ m j
2
( ρi + ρ j ) 2
j
⎝ρ
⎠i
rij

(4.21)

A brief derivation of the above equation is given here. In one dimension we can write the diffusion
equation as:

⎛1
⎞ ⎛ d 1 dp 1 d 2 p ⎞ ⎛ d
dp
d2 p ⎞
⎜
⎟
⎜
∇ ⋅ ⎜⎜ ∇p ⎟⎟ = ⎜ ( ) +
= ⎜ ( A) + A 2 ⎟⎟
2 ⎟
dx
dx ⎠i
⎝ρ
⎠i ⎝ dx ρ dx ρ dx ⎠i ⎝ dx

(4.22)

By considering the Taylor series expansions of Aj and pj in the vicinity of Ai and pi , we will have:
A j = Ai + ( x j − xi )

dA 1
d2 A
+ ( x j − xi ) 2 2 + ...
dx 2
dx

(4.23)

p j = pi + ( x j − xi )

dp 1
d2 p
+ ( x j − xi ) 2 2 + ...
dx 2
dx

(4.24)

Ignoring the second order derivatives and multiplying both sides of Eqs. (4.23) and (4.24):

( A j − Ai ) ( p j − pi ) = ( x j − xi ) 2

dA dp
dx dx

(4.25)

The integral interpolant of Eq. (4.25) would be:

( A − Ai )
∂W ( x j − xi )
∂W ( x j − xi )
dA dp
dA
dx j = − ∫ j
( p j − pi )
dx j
= ∫ ( p j − pi )
dx dx
dx
( xi − x j )
∂xi
∂xi

(4.26)

Besides from Eq. (4.24):
−

p j − pi
xi − x j

=

dp 1
d2 p
− ( xi − x j ) 2
dx 2
dx

(4.27)

The integral interpolant form of the second term on the right hand side of Eq. (4.22) can be derived
by taking the gradient of both sides of Eq. (4.27) with respect to neighboring particles j:
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−∫

p j − pi ∂W ( x j − xi )
( xi − x j )

∂x j

dx j = ∫

dp ∂W ( x j − xi )
1
d 2 p ∂W ( x j − xi )
dx j − ∫ ( xi − x j ) 2
dx j
∂x j
∂x j
dx
2
dx

(4.28)

The first term on the right hand side of Eq. (4.28) can be written as:

dp ∂W ( x j − xi )
dp ∂W ( x j − xi )
d ⎛ dp ⎞
d2 p
d
x
d
x
=
−
=
−
=
−
⎟
⎜
j
j
∫ dx ∂x j
∫ dx ∂xi
d ⎝ dx ⎠
dx 2

(4.29)

Furthermore, by applying the integration by parts we can write:

∫ ( x j − xi )W ( x j − xi ) dx j =∫ W ( x j − xi )

∂ ( x j − xi )
∂x j

dx j + ∫ ( x j − xi )

∂W ( x j − xi )
∂x j

dx j

(4.30)

The first term on the left hand side of Eq. (4.30) denotes the first moment of kernel function which
is assumed to be zero following the basic properties of kernel functions applied in particle methods.
Hence:

∫

( x j − xi )

∂W ( x j − xi )
∂x j

dx j = − ∫ W ( x j − xi )

∂ ( x j − xi )
∂x j

dx j = − ∫ W ( x j − xi ) dx j

(4.31)

Therefore:

∂W ( x j − xi )
d2 p
d2 p
(
x
−
x
)
d
x
=
−
j
∫ dx 2 j i
∫ dx 2 W ( x j − xi ) dx j
∂x j

(4.32)

Thus, the second term on the right hand side of Eq. (4.28) becomes:
−

1
d 2 p ∂W ( x j − xi )
1 d2 p
1 d2 p
(
)
d
(
)
d
x
x
x
W
x
x
x
−
=
−
=
i
j
j
j
i
j
2∫
dx 2
2 ∫ dx 2
2 dx 2
∂xi

(4.33)

From Eqs. (4.33), (4.29) and (4.28):

Ai

p − pi ∂W ( x j − xi )
d2 p
dx j
= −2 Ai ∫ j
2
dx
xi − x j
∂xi

(4.34)

and from Eqs. (4.34) and (4.26):

( A − Ai ) ( p j − pi ) ∂W ( x j − xi )
p − pi ∂W ( x j − xi )
⎛ dA dp
d2 p ⎞
⎜⎜
+ A 2 ⎟⎟ = − ∫ j
dx j − 2 Ai ∫ j
dx j
∂xi
∂xi
dx ⎠i
xi − x j
xi − x j
⎝ dx dx

(4.35)

Hence, in one dimension, the Laplacian will be approximated as follows:

m ( A + A j )( pi − p j ) ∂Wij
⎛ dA dp
d2 p ⎞
⎜⎜
+ A 2 ⎟⎟ = ∑ j i
dx ⎠i
( xi − x j )
∂xi
j ρj
⎝ dx dx
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(4.36)

and in two or three dimensions:

(∇A ⋅ ∇p + A∇ p ) = ∑ mρ
2

j

i

j

j

( Ai + Aj )( pi − p j )
ri − r j

2

(ri − r j ) ⋅ ∇ i Wij

(4.37)

or:
(

1

m ρ
⎞
⎞ ⎛ 1
⎛1
1
∇ ⋅ ⎜⎜ ∇p ⎟⎟ = ⎜⎜ ∇ ⋅ ∇p + ∇ 2 p ⎟⎟ = ∑ j i
ρ
j ρj
⎠i
⎠i ⎝ ρ
⎝ρ

+

1

ρj

)( p j − pi )

r j − ri

2

(r j − ri ) ⋅ ∇ i Wij

(4.38)

Considering the sharp variation of density at particles close to the free-surface, Cummins and
Rudman (1999) replaced the densities in the numerator by their arithmetic average to get:

m
⎛1
⎞
∇ ⋅ ⎜⎜ ∇p ⎟⎟ = ∑ j
j ρj
⎝ρ
⎠i

(

2
2
+
)( p j − pi )
ρi + ρ j ρi + ρ j
r j − ri

2

(r j − ri ) ⋅ ∇Wij = ∑
j

mj

ρj

(

p r ⋅∇ W
4
) ij ij 2 i ij (4.39)
ρi + ρ j
rij

And to further smooth the effect of density variations, Shao and Lo (2003) replaced ρ j in the
denominator by the arithmetic average of densities at particles i and j, such that:

pij rij ⋅ ∇ i Wij
p r ⋅∇W
2m j
⎛1
⎞
4
8
(
) ij ij 2 i ij = ∑ m j
∇ ⋅ ⎜⎜ ∇p ⎟⎟ = ∑
2
( ρi + ρ j )
rij
rij2
j ( ρi + ρ j ) ρi + ρ j
j
⎝ρ
⎠i

(4.40)

Viscous stresses: In many SPH calculations viscosity is modeled by the so-called artificial viscosity
term originally proposed to stabilize the calculations. The most frequently used artificial viscosity in
SPH research is the one proposed by Monaghan (1992):
⎧ − α cij µij + β µij2
⎪
Π ij = ⎨
ρij
⎪
0
⎩

uij .rij < 0

(4.41)

uij .rij ≥ 0

where the corresponding artificial viscous acceleration would be obtained by Eq. (4.42):

(ν ∇ 2 u)i ≡ −∑ m j Π ij ∇ iWij

(4.42)

j

In Eq. (4.41), α and β = empirical coefficients; cij = (ci + c j ) / 2 = the mean sound speed;

ρ ij = ( ρ i + ρ j ) / 2 ; µij = (h uij .rij ) /(rij2 + 0.01h 2 ) , with uij = uj − ui and rij = rj − ri. There are few
advantages and disadvantages associated with the artificial viscosity term. In addition to being a
Galilean invariant, such kind of viscosity term conserves both linear and angular momentum and
vanishes for rigid body rotations (Monaghan, 1992). However, it is a scalar viscosity which cannot
take the flow directionality into account. In addition, it leads to strong dissipation in some cases of
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flow simulation (Dalrymple and Rogers, 2006) like the case of complex shearing flows where a too
large vorticity decay and unphysical momentum transfer are present (Ellero et al., 2002). Hence, it
is preferable to model the viscosity in a realistic manner, while, preserving the advantages of the
artificial viscosity term.
A few expressions for treatment of realistic viscosity in the SPH calculations exist, among
which are the strain-based viscosity expressions of Watkins et al. (1996) and Takeda et al. (1994).
The former includes nested summations over the particles (which significantly increases the
computational effort), while the latter involves second derivatives of the kernel. The disadvantage
of employing second order derivatives is the increase in susceptibility of interpolation to error
(Morris et al., 1997). Another approach lies in the introduction of a hybrid term that combines a
standard SPH first derivative with a finite difference approximation of the first derivative (e.g.
Morris et al., 1997; Cummins and Rudman, 1999; Shao and Lo, 2003). In ISPH calculations of the
present study a hybrid strain-based viscosity (Shao and Lo, 2003) is applied to model the viscosity
in a realistic and efficient manner. From the SPH approximations the divergence of a function can
be written as:
M

∇ ⋅ f ( xi ) = ∑

mj

f ( x j ) ⋅ ∇ i Wij

(4.43)

⎛1
⎞
1 i m
= ⎜⎜ ∇ ⋅ T ⎟⎟ = ∑ j Tij ⋅ ∇ iWij
⎝ρ
⎠i ρ i j ≠ i ρ j

(4.44)

j ≠i

ρj

Hence:

(ν ∇ u)
2

i

N

Where T = viscous stress tensor. In a SPH calculation the density at each particle is obtained by use
of Eq. (4.14); thus, in case of simulation of a free-surface flow, the calculated densities at particles
near the free surface experience large variations. For this reason, the densities at particles are
replaced by their arithmetic average of densities at particles i and j, i.e.:

ρi → (ρi + ρ j ) / 2 ; ρ j → (ρi + ρ j ) / 2

(4.45)

Therefore, Eq. (4.44) is written as:
M
4Tij
⎛1
⎞
⎜⎜ ∇ ⋅ T ⎟⎟ = ∑ m j
∇ i Wij
( ρi + ρ j ) 2
⎝ρ
⎠i j ≠i

(4.46)

The viscous stress tensor T can be related to the strain rate of flow by the following equation:

Tij = 2 µ Sij

⎡⎛ ∂u ⎞
⎢⎜ ⎟
⎢⎝ ∂x ⎠ij
; Sij = ⎢
⎢⎛⎜ 1 ⎡ ∂u ∂v ⎤ ⎞⎟
⎢⎜ 2 ⎢ ∂y + ∂x ⎥ ⎟
⎦ ⎠ij
⎣⎝ ⎣

⎛ 1 ⎡ ∂u ∂v ⎤ ⎞ ⎤
⎜ ⎢ + ⎥⎟ ⎥
⎜ 2 ∂y ∂x ⎟
⎦ ⎠ij ⎥
⎝ ⎣
⎥
⎛ ∂v ⎞
⎥
⎜⎜ ⎟⎟
⎥
⎝ ∂y ⎠ij
⎦
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(4.47)

In Eq. (4.47), µ = dynamic viscosity; u and v = the components of the particle velocity in x and y
directions, respectively. The velocity and kernel gradients are approximated for each particle as:

⎛ ∂u ⎞ ⎛ ∂u ∂r ⎞ uij xij u j − ui x j − xi
=
⎟ =
⎜ ⎟ =⎜
rij
rij
⎝ ∂x ⎠ij ⎝ ∂r ∂x ⎠ij rij rij
⎛ ∂W
⎛ ∂Wij ⎞
⎟⎟ i + ⎜⎜ ij
∇ iWij = ⎜⎜
⎝ ∂x ⎠i ⎝ ∂y

(4.48)

⎛ ∂W ∂r ⎞
⎛ ∂W ∂r ⎞
⎞
⎟⎟ j
⎟⎟ i + ⎜⎜ ij
⎟⎟ j = ⎜⎜ ij
⎝ ∂r ∂x ⎠i ⎝ ∂r ∂y ⎠i
⎠i

(4.49)

4.3.2 Differential operator models in MPS method
As previously discussed in chapter 3, compared to ISPH method, the MPS method employs a more
simplified approach to approximate the gradient and Laplacian.

Pressure gradient: the gradient operator is a local weighted average of the gradient vectors
between particle i and its neighboring particles j:

( p j − pi )

M

(∇ p )i = Ds ∑
n0

r j − ri

j ≠i

2

(

(r j − ri ) w r j − ri

)

(4.50)

Following Koshizuka et al. (1998), the pressure gradient is defined by replacing pi in Eq. (4.50) by
the minimum value of pi among its neighboring particles or p̂i , such as:

∇p i =

Ds
n0

∑
j ≠i

p j − pˆ i
r j − ri

2

(

)

(4.51)

) }

(4.52)

( r j − ri ) w r j − ri

{

(

pˆ i = min ( pi , p j ) , J = j : w r j − ri ≠ 0
j∈J

This replacement improves the stability of the code by ensuring the interparticle repulsive force
(Koshizuka et al., 1998).

Laplacian: as seen in chapter 3, in the MPS method the Laplacian operator is written as:

∇2 fi =

2 Ds
n0 λ

(

M

∑( f
j ≠i

− f i ) w r j − ri

j

)

(4.53)

Therefore:

∇ 2 pi =

2 Ds
n0 λ

M

∑( p
j ≠i

j

(

− pi ) w r j − ri

)

(4.54)
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Dummy particles

Inner Wall Particles

Fluid Particle

Fig. 4.1. Wall Boundaries in ISPH and MPS methods
Viscous Stresses: In original MPS method the acceleration due to viscous stresses is modeled using
the above Laplacian operator:

ν (∇ 2 u)i =

2ν Ds
n0 λ

M

∑ (u
j ≠i

j

(

− ui ) w r j − ri

)

(4.55)

The above formulation models the viscous stresses in a realistic but simple manner. The
components of the relative velocity vector between particle i and its neighboring particle j are
treated as a scalar quantity and are diffused to neighboring particle j using the Laplacian model. For
this reason, it would be difficult for the MPS method to perfectly model a highly non-uniformly
deformation of a lump of water as in the splash-up process. In section 6.3, a tensor-type strain-based
viscosity term is proposed for the MPS calculation of a highly deformed flow with anisotropic
strain rates.

4.4 Boundary conditions
In both ISPH and MPS methods, solid boundaries such as walls or other fixed objects are
represented by fixed particles, i.e. particles with zero velocity. The wall particles consist of two
main layers, namely, inner wall particles and a few lines (at least two lines) of dummy particles as
shown in Fig. 4.1. The Poisson Pressure Equation is solved on the inner wall particles analogous to
the treatment of wall particles in a grid-based method. The pressure that is computed at inner wall
particles repels the fluid particles from the fixed objects. For the calculated particle number
densities (in the MPS method) or particle densities (in the ISPH method) at the inner wall boundary
not to become small, dummy particles (Fig. 4.1) are introduced, without which, the inner wall
particles would be recognized as free surface.
The calculated particle number density or particle density on the free-surface drops abruptly.
Thus, a particle which satisfies a simple condition:

ρi < β ρ0

(in ISPH method)

(4.56)
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ni < β n0

(in MPS method)

(4.57)

is considered as a free-surface particle for which, the zero pressure boundary condition is applied
during the pressure calculation.
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Chapter 5

Performance of the original MPS and ISPH methods
In this chapter the performance of the original MPS and ISPH methods is studied through
simulating three fluid flow simulations: 1) the evolution of a circular water drop to an elliptical one
2) a dam break with impact 3) a plunging breaking wave and resultant splash-up. By focusing on
both the simulation results and the original differential operator models, a few improvements are
proposed to enhance the performance of both MPS and ISPH methods.

5.1 Evolution of an elliptical drop
The simulation of an elliptical water drop (Monaghan, 1994; Bonet and Lok, 1999) is simulated by
ISPH and MPS methods. The initial fluid configuration is a circle of radius 1 m subjected to no
external forces but an initial velocity field as (-100x ,100y) m/s. During the calculation due to the
absence of external forces total linear and angular momentum should be preserved. Moreover, the
drop should stay elliptical, the value of ab (semi-minor axis × semi-major axis) should remain
constant (as the fluid is incompressible) and the outer boundary surface should remain smooth. The
domain is represented by a total number of 1960 particles being 4 cm in diameter. The density and
viscosity of fluid are chosen equal to those selected in (Bonet and Lok, 1999), that is ρ = 1000
kg/m3 and µ = 0.5 kg m-1 s-1. The equation governing the time variation of b is given as (Monaghan,
1994; Bonet and Lok, 1999):

− 1 db
dB B 2 (b 4 − z 4 )
=
; B=
4
4
dt
(b + z )
b dt

(5.1)

where z is the initial value of ab. The above second order differential equation is solved and the
analytical solutions together with the results obtained from both MPS and ISPH methods are plotted
in Fig. 5.1(a). Compared to the MPS results, the results by ISPH method appear to be in better
agreement with the analytical solution. Yet, from t = 0.005 s, both methods have not accurately
tracked the evolution of the drop. Fig. 5.1(b) shows the time variation of ab which should remain as
1.0 analytically (as the area of the ellipse which is πab should remain equal to that of the initial
circle). The numerical error seen in both ISPH and MPS calculations appear to be negligible up to t
= 0.005 s. From that instant; however, the inaccurate estimation of the water drop evolution by both
methods is evident.
The snapshots showing the particle configurations at three instants, namely t = 0.000, t = 0.005
and t = 0.008 s are depicted in Fig. 5.2. At t = 0.005 s, some irregular distribution of particles can be
seen in the MPS snapshot. Such irregularities are further intensified as the drop continues to evolve.
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(a)

(b)

Fig. 5.1. Computational and theoretical variation of the elliptical drop a) semi-minor (a) and
semi-major (b) axes, b) axes production (ab)
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Fig. 5.2. MPS and ISPH particle configurations for the evolution of an elliptical drop as it evolves
from a circle to a narrow ellipse
Accordingly, at t = 0.008 s the MPS snapshot portrays irregular configuration of particles in both
inside the drop and the outer boundary. The results by ISPH method do not contain the irregular
particle distributions such as those seen in MPS snapshots. However, the outer boundary
(free-surface) appears to be somewhat ragged.
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Z10 -4

Z10 -3

Fig. 5.3. Variation of total x-direction (left) and y-direction (right) linear momentum during the
evolution of the elliptical drop
Z10 -3

Fig. 5.4. Variation of total angular momentum during the evolution of the elliptical drop
Fig. 5.3 shows the time variation of total linear momentum in x and y directions for both ISPH
and MPS methods. The figure confirms that the conservation of linear momentum is not guaranteed
in a MPS calculation. On the contrary, total linear momentum of the system is preserved in the
ISPH calculation. The time variation of angular momentum is depicted in Fig. 5.4. The figure
shows that angular momentum has not been conserved in both ISPH and MPS calculations.

5.2 A dam break with impact
The flow originated by the break of a dam and the impact of the water front against a vertical wall
has been widely used (e.g. Colagrossi and Landrini, 2003; Hu and Kashiwagi, 2004) as a test
problem for the validation of numerical methods. Despite its simplicity, this problem embeds
several interesting features related to practical hydrodynamic problems, among which is the wave
impact load on a structure. Hu and Kashiwagi (2004) conducted a laboratory experiment to
determine the impact pressure in a dam break with impact problem and to validate their CIP-based
numerical model. The same problem is simulated here by the ISPH and MPS methods. The physical
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Fig. 5.5. Schematic sketch of the dam break simulation
0.2
0.0

464.6

929.2 1393.8 1858.3 2322.9

ISPH

y(m)
0.0

0.0

0.4

x(m)

0.2
0.0

356.0

712.0 1068.0 1424.0 1780.0

MPS

y(m)
0.0

0.0

0.4

Fig. 5.6. Dam break simulation - Snapshots of water particles at t = 0.002 s
conditions and the particle size (= 0.004 m) are set equal and equivalent to those in the study by Hu
and Kashiwagi (2004). A schematic view of the computational domain is shown in Fig. 5.5. Point A
denotes the point where a pressure sensor was installed in the experiment.
Fig. 5.6 depicts the snapshots of water particles together with the distribution of pressure just at
the beginning of the calculation when the dam is released (t = 0.002 s). An irregular and spurious
pressure field can be seen in the MPS snapshot. On the other hand, at this instant the ISPH method
has provided a much better pressure calculation compared to the MPS method. The flow after the
dam break is characterized by the development of a tongue of water spreading along the horizontal
boundary. Later on, this tongue of water impacts upon the vertical wall producing a large impact
pressure. Fig. 5.7 shows the computed pressure fields by ISPH and MPS methods at the impact
instant when the peak impact pressure is recorded. The impact instant is nearly the same for both
the methods, yet, again there is a distinctive difference in the calculated pressure field by the two
methods. In contrast to the ISPH method, the MPS method has resulted in a spurious pressure field.
After the impact, the water is deviated upwards and rises up the wall in form of a jet. In rising
up the wall, the jet slows down under the restoring action of gravity and starts to reverse. Eventually,
due to the oncoming flow, the jet overturns in form of a plunging wave and hits the underlying
water. Fig. 5.8 shows the snapshots of water particles illustrating such violent plunging jet impact at
t = 0.75 s. An irregular pressure distribution together with some scattering of plunging jet particles
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Fig. 5.7. Dam break simulation - Snapshots of water particles at the impact instant

0.2

0.0

721.6 1443.3 2164.9 2886.6 3608.2

0.2
0.0

y(m)

ISPH

y(m)

356.0

712.0 1068.0 1424.0 1780.0

MPS

0.1

0.1

0.0

0.0
1.0

1.1

1.0

x(m)

1.1

x(m)

Fig. 5.8. Dam break simulation - Snapshots of water particles at t = 0.75 s
can be seen in standard MPS snapshot. The ISPH snapshot is characterized by quite more scattering
of fluid particles which does not allow the method to portray a clear image of the reversing
plunging jet.
In Fig. 5.9, time histories of calculated pressure at point A by ISPH and MPS methods are
depicted together with the experimental data by Hu and Kashiwagi (2004). In this figure, solid line
represents the mean value of the measured pressure data in 8 repeated experiments, while, the lower
and upper range of the experimental data are shown by dashed lines. The first pressure peak occurs
at the impact instant (ti-exp = averaged experimental impact time = 0.348 s), while the second
pressure peak is induced when the plunging jet hits the underlying water and initiates a jet splash-up
(tsp-exp = averaged experimental time of second pressure peak = 0.750 s). Neither ISPH nor MPS
methods could well estimate the time variation of pressure at point A. Both methods have also
underestimated the impact instant. Thus, both ISPH and MPS method do not seem to be applicable
for the calculation of wave impact pressure, unless corrections or modifications are made.
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Fig. 5.9. Dam break simulation - time histories of calculated pressure at point A
by MPS and ISPH methods

5.3 A plunging breaking wave and resultant splash-up
The breaking and post-breaking of nearshore waves are significant phenomena in the field of
coastal engineering. Nevertheless, the complexities of fluid motion associated with wave breaking
bring about many mathematical difficulties that eliminate the chance of a fully theoretical
description. Both of experimental techniques and grid-based numerical simulations suffer from
certain constraints and difficulties when they are applied in the study of such violent free-surface
flows (see Gotoh et al., 2005 or Shao, 2006 for more details). On the other hand, particle methods
have a significant potential to provide a comprehensive description of the full processes associated
with wave breaking. Numerous SPH-based simulations of wave breaking (e.g. Shao, 2006) and
post-breaking (e.g. Dalrymple and Rogers, 2006; Khayyer et al., 2008) have been carried out. The
MPS method has also been applied in the simulation of wave breaking (e.g. Koshizuka et al., 1998;
Gotoh and Sakai, 1999; and Gotoh et al., 2005) and post-breaking (e.g. Khayyer and Gotoh, 2007).
In this section, the ISPH and MPS methods are applied to simulate the breaking and
post-breaking of a solitary wave over a slope (=s) of 1:15. The incident relative wave height; which
is defined as the ratio of offshore wave height (=H0) to offshore water depth (=h0), is H0/h0=0.40.
To provide a better comprehensive comparison between the gridless and grid-based Navier-Stokes
solvers, a VOF-based calculation is also carried out. The computational domains corresponding to
the grid-based calculation (VOF) and particle-based calculations (MPS and ISPH) are shown in Fig.
5.10. The difference in computational domains arises from the different wave generators applied in
grid-based and particle-based computations. In the VOF-type model (Khayyer et al., 2004), the
solitary wave is generated by means of a mass source function (Lin and Liu, 1999) located inside
the computational domain, while, in particle-based models the solitary waves are generated by use
of a moving wall. The initial offshore water depth is 0.200 m for all the models. In the VOF
simulation, the entire domain is discretized by means of a finely square mesh composed of
2000 × 90 cells the size of each is 0.005 m being exactly equal to the particle size in particle-based
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Fig. 5.10. Sketch of the computational domain for (a) VOF (b) MPS and ISPH calculations
simulations. About 20000 particles are located inside the particle-based computational domains. In
both MPS and ISPH calculations, the waves are generated by a moving wall (which initially moves
backward) and a constant number of particles are employed. The incident wave height and the
offshore water depth for particle-based simulations are 0.075 m and 0.187 m, respectively. For all
the grid-based and particle-based calculations, the increment of the calculation time step is set
according to the Courant stability condition and a time resolution of 0.0005 s. The territory area (or
the influence circle) of one particle is the same (re= 2h = 2.4d ) in both MPS and ISPH calculations.
The conditions of H0 /h0 = 0.40 and s = 1:15 cause a strong plunging breaking in which the
plunging jet hits the still water ahead of the wave (and not the dry slope); consequently a secondary
shoreward-directed jet is generated followed by the plunging jet impact. The splash of water in the
form of a secondary jet, which is known as the splash-up, is due to the penetration of plunging jet
and the momentum exchange between the plunging jet and the wedge shape still water at the toe of
the wave. The splash-up is very complex, yet an important process as it is responsible for the
generation of large-scale vortices and plays a significant role in the dissipation of wave energy and
momentum transfer. The simulation of a highly non-linear process such as the splash-up requires
accurate numerical solutions of the governing equations.
In grid-based methods, the convective flux of momentum is combined with the momentum
already present in each cell; thus, an average value of momentum is obtained through a sort of
interpolation for each cell at each time step. When advanced in time, this interpolated value is
passed on to the next cell in the direction of flow. Repetition of the simplified interpolations
contributes to a “diffusion” of momentum in the direction of flow. The conventional grid-based
methods usually apply a linear interpolation for the time and spatial discretization; for this reason,
the computation of a highly non-linear process with such numerical models result in considerable
numerical errors. The Constrained Interpolation Profile (CIP) method (Yabe et al., 2001) is one of
the approaches that has been introduced to minimize the numerical diffusion in grid-based
calculations. In the CIP method, the spatial profile within each grid is interpolated with a cubic
polynomial rather than a linear one, accordingly the results show higher accuracy, yet the
computational effort seems to be considerably higher too. In contrast to the conventional grid-based
methods, particle methods are free of numerical diffusion as the discretization of advection terms is
accomplished by moving particles rather than fixed computational grids. In addition, due to the
discrete nature of moving particles, particle methods prove to have a substantial potential for the
simulation of problems characterized by large deformations and fragmentations such as the
splash-up.
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Fig. 5.11. MPS, ISPH and VOF snapshots illustrating (a) breaking (b) plunging jet development (c)
splash-up initiation and (d) splash-up formation for a strong plunging breaker (H0/h0=0.40)
Fig. 5.11 shows MPS, ISPH and VOF snapshots of water profile representing the initiation of
breaking, development of the plunging jet, initiation of the resultant splash-up and the splash-up
formation. A general image of the breaking process can be illustrated by all the three numerical
models, although ISPH computation of wave breaking is accompanied by considerable particle
scattering. Compared to the MPS and ISPH methods, the VOF method has overestimated the
breaking point (= the place where the front face of the wave becomes vertical = xB), as for each
method, the x-axis zero point is set at the breaking point corresponding to the results of that method.
The overestimation of the breaking point by the VOF method is probably due to the excessive
energy dissipation as a result of numerical diffusion. Such excessive energy dissipation causes the
wave energy, height and propagation speed to be lower than reality during the breaking process.
Fig. 5.12 is constructed from laboratory photographs (Li and Raichlen, 2003) and the typical
MPS, ISPH and VOF snapshots. From Fig. 5.12(b-c), compared to the ISPH and VOF methods, the
MPS method has better reproduced the plunging jet and its impingement with less particle
scattering as seen in corresponding ISPH snapshots. The geometrical shape of the plunging jet and
the air chamber beneath it are in line with the laboratory photographs. On the other hand, in VOF
snapshots the thickness of the jet is far greater than what is observed in the laboratory photographs.
Accordingly, the air chamber beneath the plunging jet is not simulated well by the VOF method.

52

(a)

(d)

(b)

(e)

(c)

(f)

Fig. 5.12. A strong plunging breaker and the resultant splash-up (H0/h0=0.40) - qualitative
comparison of laboratory photographs (Li and Raichlen, 2003) with MPS, ISPH and VOF snapshots
The ISPH method can not either portray a clear image of the plunging jet as the particles forming
the jet tend to become considerably scattered during the development of the plunging jet.
The initiation and the formation of the splash-up are better reproduced by the MPS method (Fig.
5.12(d-e)) than by the ISPH or VOF methods. The VOF method can also reproduce the initiation of
splash-up; however, the formation of splash-up does not well match the laboratory photograph as
the reflected jet angel is much less than the experiment. A clear reproduction of the splash-up
initiation and formation cannot be seen in case of the ISPH snapshots. From Fig. 5.12(f), the
development of the splash-up is roughly simulated by the MPS method. Although a rough image of
the splash-up is depicted by the MPS snapshot, details and exact conditions of the splash-up are not
well simulated. The ISPH snapshot cannot even illustrate a rough image of the splash-up process as
most of the particles in the vicinity of the wave front become fully dispersed. The splash-up is
reproduced by the VOF method; however, its height is noticeably underestimated. Moreover, the
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BP-VOF
IP-ISPH
IP-VOF
BP-ISPH BP-MPS

IP-MPS

Fig. 5.13. Comparison of variation in wave height during breaking and post-breaking
(H0/h0=0.45) - BP and IP correspond to Breaking Point and Impact Point, respectively
fragmented splash of water is simply reproduced by a single continuous jet. As the splash-up
proceeds, the reflected jet curls back toward the incident jet and eventually becomes nearly vertical.
This phenomenon is moderately simulated by the VOF method in Fig. 5.12(g). In conclusion, from
Figs. 5.11 and 5.12, the MPS results appear to be superior to those of ISPH and VOF in the
reproduction of a plunging wave breaking and formation of splash-up. However, existence of
unphysical fluid fragmentation and dispersive particle motions is evident in both MPS and ISPH
snapshots.
The accuracy of the numerical models in the tracking of water surface during a plunging
breaking should be further investigated through a quantitative comparison of simulation results with
the experimental data. Hence, another case of solitary plunging breaking with H0 /h0 = 0.45 is
simulated over a slope of 1:15. Fig. 5.13 shows a comparison of the variation in wave height H /H0
among the MPS, ISPH and VOF methods and the experimental data (Li and Raichlen, 1998). In the
figure xs is the starting location of the slope. The wave height in MPS and ISPH methods is
determined as the distance between the wave crest particles and the still water. A fully-isolated
particle (an isolated particle for which there is no neighboring particle) is not taken into account for
the determination of wave height. From Fig. 5.13, one can conclude that both VOF and ISPH
methods do not provide an accurate estimation of the wave height during breaking and
post-breaking. The ISPH prediction of wave height works quite well prior to the impact point of the
plunging jet. Nevertheless, near the impact point an abrupt change is present in the trend of the
wave height variation leading to inaccurate results. The VOF method significantly overestimates the
breaking point and results in a wave height variation curve which does not agree with the
experiment. On the other hand, the MPS method has well predicted the variation of wave height
during the entire processes of breaking and post-breaking.

5.4 Improvements for enhanced particle-based simulation of free-surface
fluid flows
As seen in previous sections of this chapter, the results by both ISPH and MPS methods contain
some unphysical dispersiveness of fluid particles especially when a highly deformed flow such as a
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plunging breaking wave or a reversing plunging jet is about to be simulated. In addition, neither
ISPH nor MPS methods could simulate a process where considerable momentum exchange is
present as in case of the splash-up process. In section 5.1, it was shown that exact conservation of
linear and angular momentum is not guaranteed in a MPS-based calculation. In the ISPH
calculation of water drop evolution, linear momentum was conserved, yet, angular momentum did
not remain preserved. Such behaviors of MPS and ISPH methods confirm the need for further
evaluation of momentum conservation in these methods. To resolve the problem with momentum
conservation, we may apply correction techniques or replace the original formulations with new
formulations which preserve linear and angular momentum.
In section 5.2, it was seen that the MPS method has a drawback in calculation of pressure. The
calculated pressure field by ISPH method was better than that by the MPS method, yet, the ISPH
results also showed some pressure fluctuations. Especially, in case of the impact of a dam break
induced wave, neither ISPH nor MPS could provide acceptable time histories of pressure.
Therefore, it is necessary to find the cause of such pressure fluctuations and to propose alternative
formulations for obtaining a less-fluctuating and a more-accurate pressure field.

5.4.1 Improvements for conservation of linear and angular momentum
All computational models for simulating fluid flows are based on the fundamental principles of
physics including mass and momentum conservation. Particle methods are not an exception;
however, due to the particle-based discretization, local (and hence global) conservation of
momentum may not be guaranteed in a particle method unless special attention is given to the
interparticle forces. The study of momentum conservation has been an important theme in SPH
research (e.g. Monaghan, 1992; Bonet and Lok, 1999; Vaughan et al., 2008). Monaghan (1992,
2005) proposed modified SPH formulations to give interparticle interacting forces in a
momentum-conservative form. Bonet and Lok (1999) set forth a discrete variational SPH approach
which ensures the balance of both linear and angular momentum. They proposed corrective
techniques to ensure the invariance of potential energy with respect to rigid body motions, and
hence, to guarantee the conservation of both linear and angular momentum. In section 6.1, the same
variational approach is employed to improve the performance of ISPH method. Later, in section 6.2,
momentum-conserved formulations are derived and employed to enhance the performance of the
MPS method in simulation of free-surface fluid flows.
5.4.1.1 Application of correction techniques
In the present study, the variational approach introduced by Bonet and Lok (1999) has been applied
to derive corrective terms for the ISPH formulations. Introduction of corrective terms guarantees the
invariance of potential energy with respect to rigid body motions and therefore, ensures the
conservation of angular momentum. In addition, linear velocity fields are exactly calculated when
such a variational formulation is being employed. The modified ISPH method has been given the
name Corrected Incompressible SPH (CISPH) analogous to the Corrected SPH (CSPH) method
proposed by Bonet and Lok (1999). Detailed derivation, verification and application of CISPH
method will be given in next chapter.
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5.4.1.2 Derivation of momentum-conserved numerical schemes
By revisiting the momentum conservation properties of MPS formulations it was found that both
linear and angular momentums are not conserved in a MPS-based calculation. To resolve the
problem while keeping the simplicity and robustness of formulations, a new momentum-conserved
pressure gradient term is derived considering the same concept of gradient model in original
(standard) MPS method. The conservation of both linear and angular momentums considerably
improves when the momentum-conserved pressure gradient term is being applied. The modified
MPS method regarding to momentum conservation has been given the name Corrected MPS
(CMPS). Section 6.2 is allocated to the study of momentum conservation in original MPS method,
as well as development, verification and application of CMPS method.

5.4.2 Higher order mathematical terms for attenuation of pressure fluctuation
As it was seen in section 5.2, both MPS and ISPH methods appear to have a drawback in accurate
calculation of pressure field. By revisiting the derivation of Poisson Pressure Equation (PPE) in
MPS and ISPH methods, a new source function is derived to provide a less-fluctuating and
more-accurate source term and hence pressure field. Chapter 7 is devoted to introduction of
modified MPS and ISPH methods for improved calculation of pressure especially in wave impact
problems.

5.4.3 Minimization of artificial energy dissipation
One problem associated with both MPS and ISPH methods is the problem of artificial energy
dissipation arising from approximations by particle-based discretization and time integration. In
chapter 8, based on two different frameworks, namely, an energy framework and a variational
framework, new formulations are derived and are proposed for improvement of energy conservation
in a particle-based calculation.

References:
Bonet, J. and Lok, T. S., Variational and momentum preservation aspects of smooth particle
hydrodynamic formulation. Comput. Methods Appl. Mech. Eng. 180, 97-115, 1999.
Colagrossi, A. and Landrini, M., Numerical simulation of interfacial flows by smoothed particle
hydrodynamics. J. Comput. Phys., 191, 448-475, 2003.
Dalrymple, R.A. and Rogers, B.D., Numerical modeling of water waves with the SPH method,
Coastal Eng. 53, 141-147, 2006.
Gotoh, H., Ikari, H., Memita, T., Sakai, T., Lagrangian particle method for simulation of wave
overtopping on a vertical seawall. Coast. Eng. J. 47(2 & 3), 157-181, 2005.
Gotoh, H. and Sakai, T., Lagrangian simulation of breaking waves using particle method, Coast.

56

Eng. J. 41 (3 & 4), 303-326, 1999.
Hu, C.H., Kashiwagi, M., A CIP Method for Numerical Simulations of Violent Free Surface Flows,
Journal of Marine Science and Technology, 9 (4), 143-157, 2004.
Khayyer, A. and Gotoh, H., Applicability of MPS Method to Breaking and Post-Breaking of
Solitary Waves, Annual Journal of Hydraulic Engineering, JSCE, 51, 175-180, 2007.
Khayyer, A., Gotoh, H. and Shao, S.D., Corrected Incompressible SPH method for accurate
water-surface tracking in breaking waves, Coastal Engineering, 55, 236-250, 2008.
Khayyer, A., Yeganeh-Bakhtiary A., Ghaheri A. and Asano T., Numerical simulation of breaking
waves by a VOF-type numerical model, International Journal of Civil Engineering (IJCE), ISSN:
1735-0522, 2(4), 201-212, 2004.
Koshizuka, S., Nobe, A. and Oka, Y., Numerical Analysis of Breaking Waves Using the Moving
Particle Semi-implicit Method, Int. J. Numer. Meth. Fluid, 26, 751-769, 1998.
Li, Y. and Raichlen, F., Energy balance model for breaking solitary wave runup. Journal of
Waterway, Port, Coastal, and Ocean Engineering, 129(2), 47-59, 2003.
Lin, P. and Liu, P. L. F., An internal wave-maker for Navier-Stokes equations models. J. Wtrwy.
Port Coast. Oc. Eng. 125(4), 207-215, 1999.
Monaghan, J. J., Smoothed particle hydrodynamics. Ann. Rev. Astron. Astrophys. 30, 543-574,
1992.
Monaghan, J. J., Simulating free surface flows with SPH. J. Comput. Phys. 110, pp. 399-406, 1994.
Monaghan, J.J., Smoothed particle hydrodynamics, Rep. Prog. Phys, 68, 1703-1759, 2005.
Shao, S.D., Simulation of breaking wave by SPH method coupled with k–ε model. Journal of
Hydraulic Research, 44(3), 338-349, 2006.
Vaughan, G. L., Healy, T. R., Bryan, K. R., Sneyd, A. D. and Gorman, R. M., Completeness,
conservation and error in SPH for fluids. Int. J. Numer. Meth. Fluids, 56, 37-62, 2008.
Yabe, T., Xiao, F., Utsumi, T., The constrained interpolation profile method for multiphase analysis,
J. Comput. Phys. 169, 556-593, 2001.

57

Part II
Improved MPS and ISPH Methods
for Refined Simulation of
Free-Surface Fluid Flows

58

Chapter 6

Improved MPS and ISPH methods; improvement of momentum
conservation
In the absence of external forces, the motion of a continuum or particles representing a continuum
must be such that the total linear and angular momentum are preserved. In particle methods, the
conservation laws of continuum dynamics that are in form of Partial Differential Equations (PDE)
are transformed into algebraic equations through the use of differential operator models such as
gradient or Laplacian. Unless special attention is given to the approximated interparticle
accelerations (and hence forces), linear and angular momentum may not remain preserved locally.
Therefore, global momentum conservation may also be violated. In this chapter, the conditions for
preservation of linear and angular momentum are discussed in section 6.1. Later, by focusing on the
momentum conservation properties of ISPH and MPS formulations, two corrected particle methods,
namely, Corrected Incompressible SPH (CISPH; Khayyer et al., 2008) and Corrected MPS (CMPS;
Khayyer and Gotoh, 2008a,b) are proposed and presented in sections 6.2 and 6.3, respectively.

6.1 Conditions for momentum conservation in a particle-based calculation
6.1.1 Condition for conservation of linear momentum
The total linear momentum of a system of particles is given by:
N

G = ∑ mi ui

(6.1)

i =1

where N = total number of fluid particles; mi and ui represent the mass and velocity of particle i,
respectively. The motion of each particle is governed by the Newton’s second law:

Fi − A i = mi a i

(6.2)

where Fi and Ai denote the external and internal forces acting on particle i and ai is the
instantaneous particle acceleration. In the absence of external forces, the rate of change of total
linear momentum is:
N

N

i =1

i =1

G& = ∑ mi ai = −∑ Ai

(6.3)

Hence, the condition for preservation of linear momentum can simply be written as:
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N

N

Ni

∑ A = ∑∑ A
i

i =1

i =1 j ≠i

ij

=0

(6.4)

In Eq. (6.4), Ni = total number of neighboring particles of particle i; Aij = the internal interacting
force between particle i and its neighboring particle j.

6.1.2 Condition for conservation of angular momentum
The total angular momentum of a system of particles with respect to origin is given as:
N

H = ∑ ri × mi ui

(6.5)

i =1

By time differentiating and considering the law of motion in the absence of external forces, the rate
of change of angular momentum of the system is:
N

N

i =1

i =1

H& = ∑ ri × mi ai = −∑ ri × Ai

(6.6)

Thus, conservation of angular momentum will be guaranteed if:
N

∑r × A
i =1

i

i

=0

(6.7)

when Aij = -Aji, the angular moment of the interacting forces between particles i and j will be:

ri × Aij + r j × A ji = − rij × Aij

(6.8)

The above term will vanish whenever the interaction force Aij is co-linear with the position vector
rij.

6.2 Development of Corrected Incompressible SPH (CISPH) method
6.2.1 Momentum conservation properties of ISPH formulations
6.2.1.1 Conservation of linear momentum
As previously seen in chapter 4, in the ISPH method the accelerations due to the pressure gradient
are calculated as:
M
⎛p
⎛ ∇p ⎞
p ⎞
⎟⎟ = −∑ m j ⎜ 2j + 2i ⎟ ∇i Wij
− ⎜⎜
⎟
⎜ρ
j ≠i
⎝ ρ ⎠i
⎝ j ρi ⎠

(6.9)

While the viscous accelerations are obtained as:
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j

Aij = A j →i
rij

A ji = Ai → j

i

Fig. 6.1. Internal interaction forces between two neighboring particles

M
4Tij
⎞
⎛1
⎜⎜ ∇ ⋅ T ⎟⎟ = ∑ m j
∇ i Wij
( ρi + ρ j ) 2
⎠i j ≠i
⎝ρ

(6.10)

where the viscous stress tensor T is defined as:

Tij = 2 µ Sij

⎡⎛ ∂u ⎞
⎢⎜ ⎟
⎢⎝ ∂x ⎠ij
; Sij = ⎢
⎢⎛⎜ 1 ⎡ ∂u ∂v ⎤ ⎞⎟
⎢⎜ 2 ⎢ ∂y + ∂x ⎥ ⎟
⎦ ⎠ij
⎣⎝ ⎣

⎛ 1 ⎡ ∂u ∂v ⎤ ⎞ ⎤
⎜ ⎢ + ⎥⎟ ⎥
⎜ 2 ∂y ∂x ⎟
⎦ ⎠ij ⎥
⎝ ⎣
⎥
⎛ ∂v ⎞
⎥
⎜⎜ ⎟⎟
⎥
⎝ ∂y ⎠ij
⎦

(6.11)

A pair of particles, particle i and its neighboring particle j, is depicted in Fig. 6.1. It can be shown
that both pressure gradient term (Eq. 6.9) and viscosity term (Eq. 6.10) conserve linear momentum
exactly. Writing the kernel gradient as a function of the position vector of particles i and j:

∇ iWij = rij Z ij

(6.12)

where Zij is a scalar function of r j − ri . Considering the pressure gradient term (Eq. 6.9), the force
on particle i owing to j is then:

A jp→i = mi m j (

pi

ρi2

+

pj

ρ 2j

)rij Z ij

(6.13)

Given that ∇ iWij = rij Z ij = −r ji Z ij = −∇ jWij , the above force is exactly equal and opposite to the
force on particle j owing to i. Consequently, the total sum of all interaction pairs between particles
due to pressure gradient will vanish and total linear momentum of the system will be preserved. The
same is true for the viscosity term. The x-direction viscous force on particle i owing to j can be
written as:
−x
Avj →
i =

4ν 0 ρi
2
( ρi + ρ j ) rij 2
mi m j

∂Wij
∂Wij ⎤
⎡
(
)
2
u
x
v
x
u
y
+
+
ij
ij
ij
ij
ij
ij
⎢
⎥
∂x
∂y ⎦
⎣

(6.14)

which is exactly equal and opposite to the viscous force on particle j owing to i. Note that:

∇ iWij = −∇ jWij

; uij xij = ( −u ji )(− x ji ) = u ji x ji

(6.15)

61

(a)

Aiv→− xj j

(b)

Aip→− jy

A jp→− yi
i

Aip→− xj j

Aiv→− yj

−y
Avj →
i

i

Ajp→− xi

−x
Avj →
i

Fig. 6.2. Decomposition of internal interaction forces between two neighboring particles –
(a) internal forces due to pressure (b) internal forces due to viscosity
The same explanation can be given for the y-direction viscous forces. Therefore, for each pair of
particles the viscous interacting forces also vanish. Consequently, the total linear momentum of the
system of particles will be exactly conserved in an ISPH calculation.
6.2.1.2 Conservation of angular momentum
As previously discussed in section 6.1.2, in a particle-based calculation, the conservation of angular
momentum will be guaranteed if the interaction force Aij is co-linear with the vector rij. Recalling
from Eq. (6.12) that ∇ iWij is a function of vector rij and a scalar Zij, it can be concluded that the
angular moment of the two interacting forces between a pair of particles will vanish only if the
internal stress tensor is isotropic. In ISPH calculations the internal stress tensor is composed of
pressure and viscous stresses as follows:

σ = pI + T

(6.16)

in which I is a unit tensor. The first stress tensor, i.e. the internal pressure tensor, is isotropic. Hence,
the interacting forces resulting from the internal pressure lie on the same line with the vector rij (Fig.
6.2(a)). As a result, there will be no moment by one pair of interacting pressure forces and the total
moment of internal pressure forces will be exactly equal to zero. For the viscous forces, however,
this is not the case. Due to the anisotropic nature of the viscous stresses in a realistic viscosity
calculation such as in ISPH calculations, the resulting viscous forces do not lie on the same line
with the position vector rij (Fig. 6.2(b)) and produce a moment. The summation of all the moments
between each pair of particles will not necessarily vanish and therefore, angular momentum will not
be preserved. In next section, corrective terms are derived to ensure the correct calculation of
viscous accelerations and the preservation of angular momentum.

6.2.2 CISPH; derivation of corrective terms
Conservation of angular momentum can be guaranteed by enforcing the invariance of potential
energy with respect to the rigid body motions, as demonstrated by Bonet and Lok (1999). For a
general 3-dimensional domain by considering an angular velocity vector [ωx, ωy, ωz]T, the velocity
at any given point can be expressed as:

u = ω× r

(6.17)
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The true gradient of this velocity field can be found by:

⎡0
⎢
Ω = ⎢ ωz
⎢− ω y
⎣

∇ u = Ω;

− ωz
0

ωx

ωy ⎤

⎥
− ωx ⎥
0 ⎥⎦

(6.18)

where Ω = the angular velocity tensor. Considering the skew nature of Ω , the rate of deformation
tensor D = (∇u + ∇uT ) / 2 and its trace divu obviously vanish. Accordingly, in the absence of
approximations resulted by the discretization the total potential energy would be independent of
translations. In the SPH method the velocity gradient has the following form:
∇ui = ∑ V j (u j − ui ) ⊗ ∇iWij ; V j =
j

mj

(6.19)

ρj

Writing the particle velocities in terms of Ω :
⎛
⎞
∇ui = ∑ V j ( Ω j r j − Ωi ri ) ⊗ ∇ iWij = Ωi ⎜⎜ ∑ V j (r j − ri ) ⊗ ∇ iWij ⎟⎟
j
⎝ j
⎠

(6.20)

Considering Eqs. (6.18) and (6.20), the correct skew tensor would be obtained only if the following
condition is satisfied:

∑ V (r
j

− ri ) ⊗ ∇ iWij = I

j

(6.21)

j

As an alternative to ensure that Eq. (6.21) is satisfied, kernel gradients can be modified through the
application of a corrective matrix L. The velocity gradient is therefore computed as:

∇ui = ∑ V j ( u j − ui ) ⊗ Li ∇ iWij

(6.22)

j

The corrective matrix L is obtained by enforcing that Eq. (6.21) is satisfied:

∑ V (r
j

j

j

⎛
⎞
− ri ) ⊗ Li ∇ iWij = ⎜⎜ ∑ V j (r j − ri ) ⊗ ∇ iWij ⎟⎟ LTi = I
⎝ j
⎠

(6.23)

Therefore:

⎛
⎞
Li = ⎜⎜ ∑ V j ∇ iWij ⊗ ( r j − ri ) ⎟⎟
⎝ j
⎠

−1

(6.24)

In two dimensions the corrective matrix applied in CISPH method is written as follows:
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Fig. 6.3. Simulation of an elliptical drop - CISPH (left) and ISPH (right)
particle configurations at t = 0.008 s

⎛⎡
⎜ ⎢∑ V j
⎜ j
Li = ⎜ ⎢
⎢
⎜⎢ V
j
⎜ ⎢∑
⎝⎣ j

DWij xij
DQ rij h
DWij yij
DQ rij h

x ji
x ji

⎤⎞
∑j V j DQ r h y ji ⎥ ⎟⎟
ij
⎥
⎥⎟
DWij yij
∑j V j DQ r h y ji ⎥⎥ ⎟⎟
ij
⎦⎠
DWij xij

−1

(6.25)

where Q = r / h . The employment of this correction guarantees that the gradient of any linear
velocity field is exactly evaluated. Moreover, angular momentum will be preserved since the
internal forces are derived from a variational principle. In view of the fact that the pressure gradient
terms in the ISPH calculations preserve both linear and angular momentum, the above corrective
term is only applied during the calculation of viscous accelerations. By enforcing the preservation
of angular momentum for viscous internal forces, both linear and angular momentum are preserved
in a CISPH calculation.

6.2.3 CISPH; verification
In this section, a simple test is carried out to validate the CISPH method and to show its enhanced
performance compared to the ISPH method. The test is the simulation of an elliptical drop already
discussed in chapter 5. The initial fluid configuration is a circle of radius 1 m subjected to no
external forces but an initial velocity field as (-100x,100y) m/s. During the calculation due to the
absence of external forces total linear and angular momentum should be preserved. Moreover, the
drop should stay elliptical and the outer boundary surface should remain smooth.
The snapshots showing the particle configurations at t = 0.008 s are depicted in Fig. 6.3. The
CISPH method has resulted in a far smoother outer boundary than the ISPH method. Fig. 6.4
depicts the time variation of total linear momentum in x and y directions. In both CISPH and ISPH
methods the total linear momentum has been conserved up to order of 1E-7. The time variation of
total angular momentum is shown in Fig. 6.5. In the CISPH calculation the order of total angular
momentum preservation is 1E-6 which is 2 orders less than that in the ISPH computation.
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(x10-7)

(x10-7)

Fig. 6.4. Time variation of total linear momentum in x and y directions in ISPH and CISPH methods
during the evolution of an elliptical drop
(x10-4)

Fig. 6.5. Time variation of total angular momentum in ISPH and CISPH methods during the
evolution of an elliptical drop

6.2.4 CISPH vs. ISPH; simulation of a plunging breaker and resultant splash-up
In this section, the CISPH method is applied to the simulation of a solitary wave breaking and
post-breaking on a uniform slope. At first, the performance of the presented method in the
simulation of different types of wave breaking is demonstrated. Afterwards, the capability of the
CISPH in the simulation of plunging breaking waves and the resulting post-breaking processes such
as the complex process of splash-up is shown through the qualitative comparisons with still
photographs taken during the laboratory experiments (Li, 2000; Li and Raichlen, 2003). Followed
by the qualitative comparison, the enhanced accuracy of the developed method is verified through
the quantitative comparisons of both the CISPH and the ISPH simulation results with those
obtained from the laboratory experiment of Li (2000), also those from the VOF and the BEM
methods.
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Fig. 6.6. A schematic presentation of the parameters for the prediction of breaking type
6.2.4.1 Different types of wave breaking on a uniform slope
The forms of the wave at breaking, or the breaking types are classified by the so-called self
similarity parameter (Battjes, 1974), which is a function of the slope, s, the deep-water wave height,
H0, and the deep-water wavelength, L0. A schematic sketch of the mentioned parameters is presented
in Fig. 6.6. Since the wave length and wave period of a solitary wave are theoretically infinite,
various approaches have been utilized to define a surf similarity-type parameter for solitary waves,
by use of which the breaking types and breaking wave characteristics can be computed. By
considering a horizontal length scale for L0, Grilli et al. (1997) introduced the following
dimensionless slope parameter for solitary waves:

S0 =

sL0
s
= 1.521
h0
H 0′

(6.26)

in which, h0 is the offshore water-depth and H 0′ =H0/h0 is the dimensionless incident solitary wave
height. The above parameter can be used to determine whether or not a solitary wave breaks on a
given slope and what type of breaking occurs. Solitary breaking type criterions defined in terms of
S0 are introduced by: (i) 0.3 < S0 < 0.37 then surging breaking; (ii) 0.025 < S0 < 0.3 then plunging
breaking and (iii) S0 < 0.025 then spilling breaking (Grilli et al., 1997).
A total number of five cases of solitary wave breaking are simulated in the present study.
Among which are three cases of plunging breaking, one case of surging and one case of spilling
breaking. The simulation conditions of the plunging breaking cases correspond to those of the
experimental study of Li (2000). In addition to the CISPH method, the ISPH method (Shao and Lo,
2003) is also applied in the simulation of the plunging breaking cases. The physical conditions of all
the five cases and the resulting breaking type are summarized in Table 6.1.
A schematic view of the computation domain for the first three plunging breaking cases (Cases
II, III and IV) is depicted in Fig. 6.7. The initial constant water depth in all three cases is 0.200 m.
The particles are 0.005 m in diameter (d = 0.005 m) and about 20000 particles are employed in the
domain. Since the waves are generated by a moving wall and a constant number of particles are
employed, by the time when the desired wave is generated, the offshore water depth is less than that
of the initial one. In order to achieve the desired relative wave heights, the corresponding solitary
wave heights are obtained based on a process of trial and error and through numerous simulations.
The profile of a solitary wave as a function of distance x and time t is defined as:

η ( x, t ) = H 0 sech 2 [n( x − Ct )]

(6.27)
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Table 6.1. Summary of simulation cases – physical conditions and the resulting breaking types
Simulation
Case

Wave Height

Offshore
Water Depth

Relative Wave
Height

Slope

S0

Breaking
Type

Case I

0.066

0.189

0.35

1:7

0.368

Surging

Case II

0.084

0.186

0.45

1:15

0.152

Plunging

Case III

0.075

0.187

0.40

1:15

0.160

Plunging

Case IV

0.057

0.189

0.30

1:15

0.185

Plunging

Case V

0.053

0.098

0.54

1:85

0.024

Spilling

moving wall

0.20 m

1
15

1.425 m

6.00 m

Fig. 6.7. Computational domain for simulation Cases II,III and IV
in which C is the celerity of the wave and n is given by:
n=

3H 0
4h03

(6.28)

Fig. 6.8 shows the comparison between the analytical and the simulated wave profile for the
simulation case II. It can be seen that the numerical wave profile agrees well with the analytical
one.
Fig. 6.9 is depicted based on Eq. (6.25). The conditions of the five cases of wave breaking are
shown on this figure. Typical CISPH snapshots of three types of wave breaking, namely spilling
(Case V), plunging (Case III) and surging (Case I) breaking are shown in Fig. 6.10.
Another classification of wave breaking types has been introduced based on the amount and
variation of the angular momentum at the wave front (Koshizuka et al., 1998). In plunging breaking
waves, angular momentum at the wave front abruptly changes from a small positive value to a
relatively larger negative value. Conversely, in the spilling breaking waves, the angular momentum
at the wave front slightly varies around 0.0. The value of the minimum angular momentum at the
wave front has been considered as a criterion to classify the plunging and spilling breaking waves in
the study of Koshizuka et al. (1998). The variation of angular momentum at the wave front for the
simulation cases II and V is depicted in Fig. 6.11(a-b), respectively. The definition of angular
momentum at the wave front is similar to that in (Koshizuka et al., 1998). Two regions with radius
of interaction or re (= 2h in this study) are considered, one at the top of the wave (=A1) and the other
at L0/20 ahead (=A2). A practical value for the solitary wavelength was used here. In a solitary wave
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Fig. 6.8. Comparison between the simulated and analytical wave profile - simulation case II

Fig. 6.9. Breaking types and the conditions of the simulation cases

(a)

(b)

(c)

Fig. 6.10. Typical CISPH snapshots of three types of wave breaking, (a) Spilling,
(b) Plunging, (c) Surging
the water surface elevation decays fast with x; hence, an arbitrarily wavelength as L=2π /(nH1/2) can
be considered for practical purposes. At a distance of x=L/2 from the crest, the water surface profile
is calculated as η ( x, t ) = H 0 sech 2 (π / H 0 ) which is nearly zero. A schematic sketch of the
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(a)

(b)

Fig. 6.11. Variation of angular momentum at the wave front (a) in a plunging breaking (simulation
case II) - (b) in a spilling breaking (simulation case V)

Fig. 6.12. Definition of angular momentum at the wave front
definition of angular momentum at the wave front is given in Fig. 6.12. The angular momentum is
calculated from the following formula:

ω=

1
N

∑ r ×u

i∈ A1 , A2

i

(6.29)

i

where N is the number of particles in the regions A1 and A2. Vectors ri and ui are the positions and
the velocities of particles, respectively. The origin of the position vectors is considered to be the
center between A1 and A2. The parameter ω1 is used for normalizing the y axis in Fig. 6.11(a-b).
This parameter is chosen as:

ω1 =

L0
× gh0
20

(6.30)

From Fig. 6.11(a-b) it can be seen that the variation of angular momentum agrees well with the
statements of Koshizuka et al. (1998). In case of the plunging breaking (Fig. 6.11(a)), a sharp drop
can be seen in the quantity of the angular momentum from a relatively small positive value to a
relatively large negative value and then it remains negative until the impact of the plunging jet. On
the other hand, in case of the spilling breaking (Fig. 6.11(b)) the angular momentum slightly varies
from a relatively small positive value to a smaller negative value, followed by that it gradually
reaches a positive value which is very close to zero. Hence, it can be concluded that the CISPH
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Particles detected as free surface
Non-free surface particles

t = 8.520 s

(a)

t = 8.675 s
(b)

t = 8.865 s

(c)

Fig. 6.13. Snapshots of water particles - simulation case III

method is capable of simulating different types of wave breaking.
6.2.4.2 Qualitative comparison
Fig. 6.13 depicts some CISPH snapshots of plunging breaking for the simulation case III. The
conditions of the incident relative wave height of H0/h0 = 0.40 together with the slope of 1:15 result
in a large-scale plunging breaking in which the plunging jet hits the still water ahead of the wave,
thus a secondary shoreward directed jet is generated from the impact point. This jet impact initiates
the splash-up process. The initiation of the splash-up can be seen at Fig. 6.13(b). The splash-up is a
very complex, yet important process as it is responsible for the generation of large-scale vortices
and plays a major roll in the dissipation of wave energy and momentum transfer. The complexities
of the fluid behaviour such as the existence of large deformations and fragmentations have made the
simulation of such a process very difficult. In this section, the capability of the CISPH method in
the simulation of plunging wave breaking and the resulting splash-up process is demonstrated
through the qualitative comparison with laboratory photographs (Li, 2000; Li and Raichlen, 2003).
Fig. 6.14 illustrates the plunging breaking and the splash-up process of a solitary wave with
conditions corresponding to simulation case III. In the middle part of the figure, the still
photographs are those taken during laboratory experiments (Li, 2000; Li and Raichlen, 2003), while,
the CISPH and ISPH results are shown on the right and left hand sides, respectively. The CISPH
snapshots are qualitatively well compared to the laboratory photographs. The development and
impact of the plunging jet, together with the resulting splash-up process are well reproduced. On the
other hand, the ISPH method could only moderately simulate the development of the plunging jet,
while the highly non-linear splash-up process could not be simulated at all.
The SPH-based methods are capable of simulating such non-linear processes when the
angular-momentum-preserved artificial viscosity terms are employed (Dalrymple and Rogers, 2006;
Colagrossi, 2004). Nevertheless, in case of the ISPH method the highly non-linear processes with
non-linear strain rate of flow are very hard to be simulated because of the employment of a
tensor-type realistic viscosity which does not generally preserve angular momentum. In the CISPH
method, introduction of correction terms guarantees the preservation of angular momentum and the
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(ai)

(ac)

(bi)

(bc)

(ci)

(cc)

(di)

(dc)

(ec)

(ei)

(fi)

(fc)

(gi)

(gc)

Fig. 6.14. Strong plunging breaking and resulting splash-up – qualitative comparison of laboratory
photographs (center) with ISPH (left) and CISPH (right) snapshots
(a)

(c)

(b)

Fig. 6.15. (a) Impact of plunging jet (b) splash-up process (c) final stages of splash-up - overlapping
of the CISPH snapshot with laboratory photograph
exact calculation of the gradient of any linear velocity field; thus, the difficulty in the reproduction
of complex non-linear processes such as the splash-up process is removed, while, the advantages of
ISPH method are maintained.
Fig. 6.15(a-c) is obtained by overlapping the CISPH snapshots on the laboratory photographs.
From Fig. 6.15(a-b), a good coincidence of the CISPH calculations and the photographs can be
observed. The accurate CISPH calculations have resulted in precise reproductions of the plunging
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jet (Fig. 6.15(a)) and the highly fragmented reflected jet (Fig. 6.15(b)). The presented figure not
only underlines the enhanced accuracy of the CISPH method, but demonstrates the potentials of
particle methods as capable methods for hydrodynamic calculations.
Although the entire stages of plunging breaking and post-breaking are well simulated by the
CISPH method, there exist some minor disagreements between the simulation snapshots and the
laboratory photographs. The first disagreement lies in the reproduction of the aerated region beneath
the plunging jet. Although the void region underneath the plunging jet is quite well simulated at the
early stages of splash-up, water particles tend to occupy this void region as the post-breaking
proceeds. From Figs. 6.14(fc) and 6.15(c), it can be seen that the void area underneath the plunging
jet is less than that of the laboratory snapshot. Moreover, according to the laboratory photographs,
at the final stages of splash-up development the reflected jet curls back toward the incident wave
and eventually becomes nearly vertical (Fig. 6.14(g)); however, in the CISPH snapshot in Fig.
6.15(c), the reflected jet angel is less than that in experiment.
The most probable factor behind both the existing disagreements lies in the emergence of
numerical errors due to a so-called completeness deficiency of SPH interpolants. This problem was
first noticed by Liu et al. (1993) and since then has been a major issue in the SPH research (e.g.
Johnson and Beissel, 1996); Bonet and Kulasegaram, 2000). In the development of the CISPH, the
main focus was on the momentum conservation properties of ISPH formulations. Nevertheless, in
addition to that, for achieving more accurate and realistic velocity and pressure fields, the
completeness of SPH interpolants should be guaranteed as well. The completeness in meshfree
methods is analogous to the consistency in the finite difference literature, and refers to the ability of
the kernel interpolants to exactly reproduce a physical field, based on the nodal (particle) values.
Since, the completeness of the SPH interpolants is not precisely guaranteed here, some numerical
errors emerge when it comes to the reproduction of highly non-linear velocity fields during the
breaking and post-breaking process. By enforcing the high-order completeness or reproducing
conditions of SPH interpolants, the highly non-linear velocity fields can be better reproduced and
hence, enhanced simulation results might be obtained. Meanwhile, as the main aim of the present
study is the accurate tracking of the free surface and since such numerical errors do not appear to
considerably affect the water surface profile, in the current version of CISPH the high-order
reproducing conditions of the kernel interpolants are not enforced. However, for future work,
implementation of such kind of corrections should be considered, especially when the CISPH is
supposed to model the details of the highly nonlinear physical processes.
Another interesting issue regarding the CISPH method is the thickness of the free surface
boundary. Except for the breaking and post-breaking regions, in other parts of the computational
domain, a very thin layer of particles, mainly a one-particle-thick layer is detected as the free
surface. Hence, the free surface boundary condition is correctly applied to a very thin free surface
boundary layer. Fig. 6.16 shows the snapshots of water surface profile for the simulation case IV at
0.1 seconds before breaking. On the upper part the presented snapshot is obtained from the CISPH
calculations. In this case the presence of a thin free surface boundary is clear. On the other hand, in
case of ISPH, the free surface boundary varies in length across the domain. The thickness of the
free surface boundary is about 3 or 4 times larger than that in the CISPH.
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Particles detected as free surface
Non-free surface particles
CISPH
t-tb = -0.1
ISPH
t-tb = -0.1

Fig. 6.16. Thickness of free surface boundary in CISPH and ISPH snapshots - simulation case IV
Analytical wave profile
Water particles

Fig. 6.17. CISPH snapshot of water particles at the very early stages of shoaling - simulation case II
6.2.4.3 Quantitative comparison
In order to further evaluate the accuracy of the proposed CISPH method, the simulation results
of Cases II and IV are quantitatively compared to their corresponding experimental results (Li,
2000). Comparisons are made in terms of wave breaking characteristics such as variation in
wave-height, geometrical properties of plunging jet and horizontal velocity of the tip of the
plunging jet.
Fig. 6.17 demonstrates the nearly symmetrical solitary wave shape at the very early stages of
shoaling for the simulation case II. The wave shape agrees well with the analytical solution shown
by the larger circles on the free surface. From this region shoreward, the wave front becomes
continuously steeper until the wave breaks. The breaking point is defined as the point where the
front face of the wave crest becomes nearly vertical. The formation of the plunging jet is initiated
nearly at the breaking point.
Some snapshots of water particles together with the horizontal velocity field are shown in Fig.
6.18 (simulation case IV). On the right hand side, the snapshots are those obtained from the CISPH
method, while, the ISPH snapshots are demonstrated on the left hand side.
Fig. 6.19(a) shows a comparison of the variation in wave height H /H0 for the simulation case II,
among the BEM (Grilli et al., 1997), coupled VOF/BEM (Lachaume et al., 2003), ISPH and CISPH
methods and experimental data (Li and Raichlen, 1998; Li, 2000). In the figure, xs is the location at
which the slope starts. As it is evident from the figure, the BEM and coupled VOF/BEM methods
provide good predictions of wave height in the vicinity of breaking point. However, some
overestimations of wave height are seen after the breaking. The BEM method fails to calculate the
post-breaking stage as it breaks down in the computation of highly rotational flows. The ISPH
prediction of wave height is quite well prior to the impact of the plunging jet. However, near the
impact point, an abrupt change is seen in the trend of the wave height variation; hence, the ISPH
estimations of wave height come out with considerable errors during the post-breaking stage. The
73

Fig. 6.18. ISPH (left) and CISPH (right) snapshots of water particles and horizontal velocity field simulation case IV
(a)

(b)

Plunging Jet Impact

Breaking Point

Fig. 6.19. Comparison of variation in wave height during breaking and post-breaking
(a) simulation case II (b) simulation case IV
abrupt and large deformations of water accompanied by highly non-linear velocity fields bring
about considerable numerical errors in the ISPH post-breaking calculations of a strong or large scale
plunging breaking. As a consequence, the water particles become dispersed and an unrealistic wave
height is recorded. On the other hand, the exact preservation of angular momentum and more
accurate calculation of velocity field allow the CISPH to accurately track the water surface all
through the stages of breaking and post-breaking. The best prediction of CIPSH is during the
post-breaking stage where it gives the best results among all the numerical methods. Before the
post-breaking, however, the CISPH has slightly underestimated the wave height. This might be
because of the excessive dissipation due to the corrective terms.
The variation of wave height H /H0 for the simulation case IV is plotted in Fig. 6.19(b), this
time as a function of the ratio of the offshore water-depth to the local depth, h0/ h1. Analogous to the
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Fig. 6.20. CISPH and ISPH predictions of the trajectory of the plunging jet tip - simulation case IV
L1

L2

xb

L3

L1/2

x

Fig. 6.21. Definition sketch of the geometrical parameters for describing the plunging jet

simulation case II, the ISPH gives good results prior to the impact of the plunging jet. The same
false trend in the variation of wave height is observed again in the vicinity of the plunging jet
impact. However, this time the amount of relative error is less than that of simulation case II. The
CISPH predictions well agree with the experiment and the BEM method, although a little amount of
underestimation exists. A convergence analysis is carried out in section 6.2.4.4, in order to see
whether the CISPH results converge to experiment by increasing the number of particles, and if the
answer is yes, then how fast is the convergence rate.
Another comparison which can further reveal the accuracy of CISPH method in the accurate
tracking of the water surface, is the one made in the geometrical properties of the plunging jet. The
geometry of the plunging jet was measured in the experimental study of Li (2000) for the same
conditions of simulation case IV. Three characteristics were utilized to describe the plunging jet: (i)
trajectory of the tip of the plunging jet (ii) the length and thickness of the jet before impingement
(iii) the horizontal velocity of the tip of the plunging jet. Fig. 6.20 illustrates the CISPH and ISPH
predictions of the trajectory of the plunging jet tip, while, the experimental data (Li, 2000) are
plotted for comparison. On the contrary to the ISPH method, the CISPH method has given a very
accurate prediction of the motion and location of the plunging jet tip.
The length and thickness of the jet were defined by use of three geometrical parameters. The
length of the jet L1 was defined as the horizontal distance from the tip of the jet to the nearest
location of the wave surface which was vertical, as shown in Fig. 6.21. Two other parameters were
used to define the thickness of the jet; one is the thickness of the jet at the wave vertical plane (=L2),
and the other one (=L3) is the thickness of the jet at half length of the jet or L1/2. These three
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Fig. 6.22. Comparison between the CISPH and ISPH calculations and experimental data (a)
Horizontal length (L1) of the plunging jet (b) thicknesses (L2 and L3) of the plunging jet

Fig. 6.23. Variation of the horizontal velocity of the plunging jet tip - comparison between the
CISPH and ISPH calculations and experimental data
parameters do not only describe the geometrical properties of the jet, but also portray an image of
the time and spatial evolution of the wave shape during the development of the plunging jet.
Fig. 6.22(a) depicts the changes in L1, the plunging jet length, during its development.
Compared to the ISPH, the CISPH trend line of plunging jet size is in better agreement to that of the
experimental data. Although the size of the jet is underestimated at the breaking point and the early
stages of the plunging jet formation, a very good agreement exist between the CISPH results and
the experimental data during the second-half trajectory of the jet. The variations of L2 and L3 are
shown in Fig. 6.22(b). The CISPH results closely match with the experimental measurements, in
case of L3. For the predictions of L2; however, both methods have slightly overestimated this length.
The ISPH method has also underestimated the length L3. It can be seen from the figure that while
the lengths L2 and L3 remain nearly constant during the development of the jet, the thickness of the
jet at the middle (=L3), is about half of that at the base of the jet (=L2).
The variation of the normalized horizontal velocity of the plunging jet tip is shown in Fig. 6.23.
The experimental data are obtained from the high-speed video images by dividing the x coordinate
of the tip in consecutive images by the time interval between frames (Li, 2000). A relatively large
variation can be seen in the plotted experimental data, which is thought to be due to the accuracy
limitation of the high-speed video (Li, 2000). Nevertheless, the experimental data indicate that the
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(a)

(b)

Fig. 6.24. Convergence of CISPH results by decreasing the particle size (a) simulation case II
(b) simulation case IV
horizontal velocity of the plunging jet tip is nearly constant over most of the jet trajectory, and, as it
has been pointed out by other researchers, for example, Skjelbreia (1987), the wave velocity at
breaking is of the same order as the wave celerity in constant depth region. The CISPH results agree
very well with the experimental data and the wave breaking concepts, while, they do not contain
large variations like those seen in the experimental data. According to the CISPH results, at the
breaking point, the horizontal velocity of the plunging jet tip is about 85% of the wave celerity.
Then, gradually it reaches the wave celerity and remains nearly constant until the impingement of
the plunging jet. At the impact point, the horizontal velocity of the plunging jet tip is about 4%
higher than the wave celerity. The results obtained from the ISPH, has considerably overestimated
the horizontal velocity of the plunging jet tip. The source of discrepancy is expected to be the
emergence of numerical errors from the unphysical transport of angular momentum when
significant rigid body motions and rotations are about to occur. As a consequence of such
unphysical transport, a large number of particles become scattered and attain unrealistic particle
accelerations and velocity. On the other hand, the CISPH method is capable of calculating the wave
breaking and post-breaking accurately because of the preservation of angular momentum.
6.2.4.4 A convergence analysis for CISPH method
In order to see how the CISPH results vary with increasing the number of particles, a convergence
analysis is carried out for the simulation cases II and IV. For each simulation case, two additional
calculations with coarser (d = 0.01 m) and finer (d = 0.0025 m) particle spacing are performed. From
Fig. 6.24(a-b) it is evident that the CISPH results converge to the experimental data by decreasing
the particle size and employing more computational points (particles). The difference between the
results corresponding to d = 0.005 m and d = 0.0025 m is quite less than that seen between the results
with d = 0.005 m and d = 0.01 m. This fact signifies two important points. Firstly, considering both
the accuracy and the computational effort, the particle spacing of d = 0.005 m employed in this study
has been an appropriate one. Secondly, the CISPH model is expected to have a high order of
convergence.
The order of convergence can be quantitatively determined from the differences between the
three numerical trials for each simulation case, as shown by Shao and Gotoh (2005). The numerical
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error E in each calculation is proportional to the particle spacing as d CR, where CR is the
convergence rate. Accordingly, the convergence rate can be estimated by the following equation
(Shao and Gotoh, 2005):

E0.01 − E0.005
(0.01) CR − (0.005) CR
≈
= 2CR
CR
CR
E0.005 − E0.0025 (0.005) − (0.0025)

(6.31)

The numerical differences between two adjacent runs are calculated through a sampling method
applied to Fig. 6.24(a-b):

E0.01 − E0.005 = X 0s.01 − X 0s.005

; E0.005 − E0.0025 = X 0s.005 − X 0s.0025

(6.32)

where X 0s.01 , X 0s.005 and X 0s.0025 are sample values of the wave height corresponding to the prescribed
particle size and the sample points s are uniformly distributed along the horizontal axis. Each
sample point corresponds to a specified CR. For each simulation case, a series of CR would be
obtained when the sample values are extracted from the figure. The mean value of each series
would represent the order of convergence for that simulation case.
By considering 60 sample points for each simulation case, the mean value of CR is obtained as
1.844 and 1.495 for the simulation cases II and IV, respectively. The calculated convergence rates
for both of the CISPH simulation cases are higher than the CR (=1.25) calculated in an ISPH
simulation (Shao and Gotoh, 2005). In addition, the obtained convergence rates are consistent to an
approximate theoretical value ( ≈ 2) from the theoretical analysis by Monaghan and Kos (1999).

6.3 Development of Corrected MPS (CMPS) method
6.3.1 Momentum conservation properties of MPS formulations
6.3.1.1 Conservation of linear momentum
As seen in chapter 4, in the MPS method the accelerations due to pressure gradient term are
evaluated by the following gradient model:

∇p i =

Ds
n0

∑
j ≠i

p j − pˆ i
r j − ri

2

(

)

(6.33)

) }

(6.34)

( r j − ri ) w r j − ri

{

(

pˆ i = min ( pi , p j ) , J = j : w r j − ri ≠ 0
j∈J

Furthermore, the accelerations due to viscous stresses are calculated as:

ν (∇ 2 u)i =

2ν Ds
n0 λ

M

∑ (u
j ≠i

j

(

− ui ) w ri − r j

)

(6.35)

In Fig. 6.25, a pair of particles, particle i and its neighboring particle j are shown schematically with
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Fig. 6.25. Internal interaction forces between two neighboring particles
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Fig. 6.26. Decomposition of internal interaction forces between two neighboring particles –
(a) internal forces due to pressure (b) internal forces due to viscosity
the internal interaction forces between them. The internal interaction forces can be decomposed into
pressure and viscous interaction forces as depicted in Fig. 6.26. It can be shown that the linear
momentum is exactly conserved for the viscous forces (Fig. 6.26(b)) because the same magnitude
of viscous forces works in the opposite direction; however, the pressure interacting forces do not
preserve linear momentum (Fig. 6.26(a)). Considering Newton’s second law and from Eq. (6.33),
the force due to pressure on particle i owing to j is:

A jp→i = − mi

Ds p j − pˆ i
(r j − ri ) w r j − ri
ρ n0 r j − ri 2

(

)

(6.36)

while the pressure force on particle j owing to i would be:

A ip→ j = − m j

Ds pi − pˆ j
(ri − r j ) w ri − r j
ρ n0 ri − r j 2

(

)

(6.37)

Since ( p j − pˆ i )(r j − ri ) ≠ −( pi − pˆ j )(ri − r j ) , in general:

Ajp→i ≠ − Aip→ j

(6.38)

The problem is not caused by the adoption of Eq. (6.33) proposed by Koshizuka et al. (1998). Even
if pi had not been replaced with the minimum pressure at neighboring particles as in Eq. (6.33), the
pressure interacting forces would have been equal (if mi=mj) in magnitude but not opposite in
direction. Thus, exact conservation of linear momentum will not be guaranteed if the above pressure
gradient term is applied. However, linear momentum would be exactly conserved if we derive an
anti-symmetric equation for pressure gradient term. By anti-symmetric we mean that pressure
gradient calculated between particles i and j (target particle i and its neighboring particle j) is equal
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and opposite to that calculated between particles j and i (target particle j and its neighboring particle
i). In section 6.3.2, a new anti-symmetric formulation for pressure interacting forces is derived to
ensure the exact conservation of linear momentum.
On the contrary to the pressure interacting forces, the preservation of linear momentum is
exactly guaranteed for the viscous forces. The viscous force on particle i owing to j is:

(

Avj →i = miν ∇ 2 u

)

j →i

=

(

2 miν Ds
(u j − ui ) w r j − ri
λ n0

)

(6.39)

which is exactly equal and opposite to the force on particle j owing to i. Therefore, the total sum of
all interaction pairs between particles due to viscous accelerations will vanish. Consequently, in
case of viscous forces total linear momentum of the system will be preserved.
6.3.1.2 Conservation of angular momentum
In the MPS method, the interacting pressure forces between particles i and j are co-linear with the
vector rij as the pressure term (Eq. 6.33) is a product of a scalar and the vector rij. However, since
the interacting pressure forces are not anti-symmetric (equal in magnitude, opposite in direction),
similar to the linear momentum the conservation of angular momentum is not guaranteed. In case of
the viscous forces, the interactions do not necessarily lie on the same line with vector rij; thus, the
conservation of angular momentum is not guaranteed either. Briefly speaking, in standard MPS
method, the angular momentum is not conserved while the linear momentum is conserved only in
case of the viscous forces. This fact will be more clearly shown in section 6.3.3.

6.3.2 Derivation of Corrected MPS (CMPS) formulations
6.3.2.1 CMPS: conservation of linear momentum
As previously discussed in section 6.3.1, the pressure gradient term in the standard MPS method
does not guarantee the conservation of linear momentum. For this reason, we propose another
formulation for pressure gradient term. Eq. (6.33) is rewritten here, splitting the numerator of the
fraction containing the pressure terms.
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The concept of the gradient model in the standard MPS and CMPS methods is depicted in Fig. 6.27.
In order to derive the new formulation in an anti-symmetric form, an imaginary point k is
considered on the midpoint of the position vector of particle i and its neighboring particle j, namely,
rij. The gradient term is now modified considering point k and the imaginary position vector rik (= rk
- ri).
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(6.41)

(φj −φi )(rj − ri )
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Fig. 6.27. Concept of gradient operator in standard MPS and CMPS methods
In the above equation n0-ik refers to the particle number density in the new imaginary influence
circle of particle i which contains the neighboring particles k. In the standard MPS method,
originally a linear variation of pressure is assumed in the short distance between particle i and its
neighboring particle j. Hence, pk can be substituted by (pj+pi)/2 while rik is also rij/2. Thus:

D
∇p i = s
n0 − ik

⎫
⎧p + p
2 pˆ i
⎪
⎪ i
j
(r j − ri ) w( rk − ri ) −
(r j − ri ) w( rk − ri )⎬
⎨
∑
2
2
j ≠i ⎪ r − r
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⎪⎭
⎩ j i
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On the other hand, it can be shown that the weight function applied in the new imaginary influence
circle is equal to the one in the initial influence circle.

⎛r
⎞ ⎛r /2 ⎞
w( rk − ri ) = ⎜⎜ e−ik − 1⎟⎟ = ⎜ e−ij − 1⎟ = w r j − ri
⎜
⎟
⎝ rik
⎠ ⎝ rij / 2
⎠

(

)
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Therefore, the summation of weight functions in the imaginary influence circle of particle i would
be equal to that in the initial influence circle:

(

)

n0 − ik = ∑ w( rk − ri ) =∑ w rj − ri = n0 − ij = n0
i≠k

i≠ j

(6.44)

Accordingly the new pressure gradient term can be written as:
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Since the minimum pressure in the influence circle of particle i is not necessarily equal to that in the
influence circle of particle j, the above equation is not yet anti-symmetric and needs a slight
modification. In order to make it a full anti-symmetric equation, p̂i is replaced by ( pˆ i + pˆ j ) / 2 .
Therefore, the new pressure gradient term in the CMPS method is derived as:
∇p i =

Ds
n0

∑
j ≠i

( pi + p j ) − ( pˆ i + pˆ j )
r j − ri

2

(

(r j − ri ) w r j − ri
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)

(6.46)

The linear momentum is exactly conserved when the above anti-symmetric equation is applied.
Since the conservation of linear momentum is also guaranteed for the viscous forces (Eq. 6.35), in
the CMPS method the total linear momentum of the system would be exactly conserved.
6.3.2.2 CMPS: conservation of angular momentum
The exact conservation of angular momentum is not guaranteed in the standard MPS method as the
viscous interacting forces are not co-linear with the position vector of two neighboring particles and
the pressure interacting forces are not opposite. In the CMPS method the new pressure gradient
term is anti-symmetric in addition to being radial (co-linear with the position vector rij); hence,
angular momentum will be exactly conserved in case of the pressure interacting forces. For the
viscous interacting forces, however, conservation of angular momentum is not strictly ensured. A
variety of approaches have been introduced in the SPH research by use of which the exact
conservation of angular momentum can be guaranteed. Bonet and Lok (1999) proposed a discrete
variational approach to ensure the exact preservation of linear and angular momentum. Later, Bonet
et al. (2004) introduced the Hamiltonian SPH which also ensures the preservation of linear and
angular momentum. Another approach is focused on the completeness of the kernel functions.
The completeness in meshfree methods is equivalent to the consistency in the finite difference
literature and refers to the ability of the kernel functions in the exact reproduction of a physical field
based on the nodal (particle) values. Liu et al. (1995) proposed a correction function that restores
linear (first-order) completeness of the kernel function. In addition to increasing the accuracy
(Krongauz and Belytschko, 1997), linear completeness of kernel function also guarantees the global
conservation of angular momentum as shown by Belytschko et al. (1998). However, there are two
problems associated with such kind of correction techniques. Firstly, as previously discussed by
Bonet and Lok (1999), the use of a first-order (or higher) correction technique would significantly
add to the computational time as the coefficients used in correction function are functions of rij.
Secondly, as the summations are calculated locally over the neighboring particles of a target particle,
the correction function computed for particle i is not necessarily equal to that calculated for its
neighboring particle j. In other words, the anti-symmetric form of the equations is no longer
maintained. Vaughan et al. (2008) have also criticized such correction techniques that may violate
the anti-symmetric form of equations leading to violation of Newton’s third law. Accordingly, linear
kernel correction may not always be a promising way of performing more efficient and accurate
computations unless an appropriate way for the calculation of such corrective term is chosen. Hence,
we postpone the employment of linear kernel correction to near-future works.

6.3.3 Validation of CMPS method
In this section, a simple test is carried out to validate the CMPS method and to show its enhanced
performance comparing to the standard MPS method. The test is the simulation of an elliptical
water drop (Monaghan, 1994; Bonet and Lok, 1999) already discussed in chapter 5 and section
6.3.1. The most important features of this test is that during the calculation due to the absence of
external forces total linear and angular momentum should be conserved. Moreover, the drop should
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Fig. 6.28. Computational and theoretical variation of the elliptical drop semi-minor (a)
and semi-major (b) axes

Fig. 6.29. Computational and theoretical variation of the elliptical drop axis production (ab)
stay elliptical, the value of ab (semi-minor axis × semi-major axis) should remain constant (as the
fluid is incompressible) and the outer boundary surface should remain smooth. Here, the domain is
represented by a total number of 7850 particles being 2 cm in diameter. The density and viscosity of
fluid are chosen equal to those selected in (Bonet and Lok, 1999) that is ρ = 1000 kg/m3 and µ = 0.5
kg m-1 s-1. The equation governing the time variation of b is given as (Monaghan, 1994; Bonet and
Lok, 1999):

dB B 2 (b 4 − z 4 )
− 1 db
=
; B=
4
4
dt
(b + z )
b dt

(6.47)

where z is the initial value of ab. The analytical solutions to the above second order differential
equation together with the numerical results obtained from both standard MPS and CMPS methods
are plotted in Fig. 6.28. Both methods have accurately tracked the evolution of the drop up to t =
0.004 s. From this instant, however, the CMPS method has resulted in a more accurate tracking of
the drop outer surface. Fig. 6.29 illustrates the time variation of ab which should remain as 1.0
analytically (as the area of the ellipse which is πab should remain equal to that of the initial circle).
The numerical error seen from the standard MPS calculation is more than that of the CMPS
especially after t = 0.004 s. The snapshots showing the particle configurations at t = 0.008 s and the
initial configuration of particles are depicted in Fig. 6.30. The CMPS method has resulted in a far
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Fig. 6.30. Standard MPS (middle) and CMPS (right) particle configurations for the evolution of an
elliptical drop as it evolves from a circle (left) to a narrow ellipse

Fig. 6.31. Variation of total x-direction (left) and y-direction (right) linear momentum during the
evolution of the elliptical drop
smoother outer boundary than the standard MPS. Moreover, the outer boundary near the semi-minor
axis a has broken up in the standard MPS snapshot.
Fig. 6.31 illustrates the time variation of total linear momentum in x and y directions for both
standard MPS and CMPS methods. The figure confirms that the conservation of linear momentum
is not guaranteed in a standard MPS calculation. On the contrary, total linear momentum of the
system is exactly preserved in the CMPS method. The time variation of angular momentum is
depicted in Fig. 6.32. Similar to linear momentum, angular momentum has not remained constant in
the standard MPS calculations. On the other hand, the new formulation of pressure gradient term in
the CMPS method has significantly improved the conservation of angular momentum. An
interesting point which should be noted here is that the emergence of the noticeable numerical
errors seen in the standard MPS results (Figs. 6.28 and 6.29) is concurrent with the large scale
fluctuations of the total linear and angular momentum in the corresponding calculation.
In order to present a clearer image of the momentum conservation in the CMPS method, the
time variation of angular momentum and y-direction linear momentum are plotted again in Fig. 6.33
solely for the CMPS calculation. From the figure, the amplitude of fluctuations in total y-direction
linear momentum remains to be of order of 1O -11 all through the calculation. Such small
fluctuations are expected to be because of the so-called round-off errors due to machine precision.
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Fig. 6.32. Variation of total angular momentum during the evolution of the elliptical drop

Z10 - 4

Z10 - 11

Fig. 6.33. CMPS variation of total angular momentum (left) and y-direction linear momentum
(right) during the evolution of the elliptical drop
On the other hand, the amplitude of fluctuations in total angular momentum reaches the order of 1O
prior to the end of calculation. Conclusively, while the linear momentum is exactly conserved,
exact conservation of angular momentum is not ensured in a CMPS calculation. Meanwhile, the
conservation of angular momentum in the CMPS method is significantly improved as the amplitude
of the total angular momentum fluctuatutions seen in the CMPS calculation is about 7500 times less
than those in the standard MPS computation.

-4

6.3.4 CMPS vs. MPS: simulation of a plunging breaker and resultant splash-up
The breaking and post-breaking of nearshore waves are significant phenomena in the field of
coastal engineering. Nevertheless, the complexities of fluid motion associated with wave breaking
bring about many mathematical difficulties that eliminate the chance of a fully theoretical
description. Both of experimental techniques and grid-based numerical simulations suffer from
certain constraints and difficulties when they are applied in the study of such violent free-surface
flows (see Gotoh et al., 2004, 2005; or Shao, 2006 for more details). On the other hand, particle
methods have a significant potential to provide a comprehensive description of the full processes
associated with wave breaking, whilst, they can efficiently and accurately track the water surface all
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Fig. 6.34. Sketch of the computational domain for wave breaking and post-breaking simulations
through the wave breaking process. Numerous SPH-based simulations of wave breaking (e.g. Shao,
2006) and post-breaking (e.g. Dalrymple and Rogers, 2006) have been carried out. The MPS
method has also been applied in the simulation of wave breaking (e.g. Koshizuka et al., 1998;
Gotoh and Sakai, 1999, 2006; and Gotoh et al., 2003) and post-breaking (e.g. Khayyer and Gotoh,
2007, 2008a,b).
In this section, the CMPS and standard MPS methods are applied in the calculation of solitary
wave breaking and post-breaking on a uniform slope. Firstly, the enhanced capability of the CMPS
method in the simulation of plunging wave breaking and the resulting post-breaking processes such
as the complex process of splash-up is illustrated through qualitative comparisons with laboratory
photographs by Li and Raichlen (2003). After the qualitative comparison, the high accuracy of the
CMPS method is further verified by the quantitative comparisons with experimental data by Li
(2000).
6.3.4.1 Qualitative comparison
6.3.4.1.1 Enhanced reproduction of a plunging breaking wave and resultant splash-up by CMPS
method
Shoaling, breaking and post-breaking of a solitary wave with the incident relative wave height or
the ratio of offshore wave height (=H0) to offshore water depth (=h0) of H0 /h0 = 0.40 is simulated
over a slope (=s) of 1:15. A schematic view of the computational domain is shown in Fig. 6.34. The
initial offshore water depth is 0.200 m. The particles are 0.005 m in diameter and about 20000
particles are located in the domain. Similar to the wave breaking simulations in previous section as
well as chapter 5, the waves are generated by a moving wall, which initially moves backward;
therefore, by the time when the desired wave is generated the offshore water depth is less than that
of the initial one. For this reason numerous preliminary simulations are carried out in order to
obtain the desired relative wave height. The incident wave height and the offshore water depth are
0.075 m and 0.187 m, respectively. The conditions of H0 /h0 = 0.40 and s = 1:15 lead to a strong
plunging breaking in which the plunging jet hits the still water ahead of the wave, consequently a
secondary shoreward directed jet is generated from the impact point. Fig. 6.35 shows three CMPS
snapshots of water particles illustrating the initiation of breaking, splash-up initiation and splash-up
formation. The particles shown by closed circles are those detected as free-surface particles.
As previously stated in section 6.2.4, the splash-up is quite a complex physical phenomenon,
yet, it is an important process in coastal engineering due to its important role in dissipation of
energy and transfer of momentum. Because of the presence of large and abrupt fluid deformations
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Initiation of splash-up

Splash-up formation

Fig. 6.35. CMPS snapshots illustrating a strong plunging wave breaking and
resultant splash-up (H0/h0=0.40)
and fragmentations, accurate simulation of splash-up requires a capable numerical tool. The
applicability of the standard MPS method in the simulation of splash-up is already shown by
Khayyer and Gotoh (2007). In this section, we show the enhanced capability of the CMPS method
in the simulation of a strong plunging breaking and resulting splash-up process through the
qualitative comparisons with both the standard MPS results and the still photographs taken during
the laboratory experiments by Li and Raichlen (2003).
In Fig. 6.36 the CMPS (left hand side column) and the standard MPS (right hand side column)
snapshots are shown together with the laboratory photographs (Li and Raichlen, 2003) located in
the middle. By comparing the two series of snapshots with the corresponding laboratory
photographs, it is clear that the simulation-experiment qualitative agreement is much better in case
of CMPS snapshots. As a result of exact conservation of linear momentum and improved
preservation of angular momentum, the CMPS results portray a clearer image of the plunging jet
and the air chamber beneath it (Fig. 6.36(ac-dc)) with less particle scattering as seen in standard
MPS results. Moreover, the splash-up is more precisely simulated by the CMPS than the standard
MPS. The CMPS method gives a fine reproduction of the splash-up formation (Fig. 6.36(ec))
matching well with the experiment. The development of the splash-up (Fig. 6.36(f)) is also well
simulated by the CMPS method as the reflected jet angel and the gap between the incident and the
reflected jets (Fig. 6.36(fc)) are in good agreement with the experiment. As the splash-up progresses
the reflected jet curls back toward the incident jet and eventually becomes nearly vertical (Fig.
6.36(g)). This fact is moderately well illustrated in CMPS snapshot (Fig. 6.36(gc)).
Although the splash-up is much better simulated by the CMPS method, yet, the entire curl of the
splash has not been well reproduced (Fig. 6.36(fc-gc)). One of the main reasons behind such a
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Fig. 6.36. Strong plunging wave breaking and resulting splash-up (H0/h0=0.40) - qualitative
comparison of laboratory photographs (center; Li and Raichlen, 2003) with CMPS (left)
and standard MPS (right) snapshots
disagreement is expected to be the application of a simplified Laplacian model (Eq. 6.35) for the
treatment of viscosity. In original MPS method, the components of the relative velocity vector
between particle i and its neighboring particle j are treated as a scalar quantity and are diffused to
neighboring particle j using the Laplacian model. Therefore, it would be difficult for the MPS
method to perfectly model a highly non-uniform deformation of a lump of water such as the
splash-up. Later in section 6.3.4.1.2, we propose a tensor-type strain-based viscosity term which
helps the viscous accelerations to be calculated from a strain rate tensor. The Corrected MPS
method with a Strain-Based Viscosity will be given the name CMPS-SBV.
Another important issue regarding to the CMPS method is the configuration of free surface and
non-free surface particles. Fig. 6.37 shows the standard MPS and the CMPS snapshots of water
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Particles detected as free-surface
Non-free surface particles

CMPS

Standard MPS

Fig. 6.37. Configuration of free surface and non-free surface particles in CMPS and
standard MPS calculations
particles at the instant of breaking (the instant at which the front face of the wave becomes vertical).
In case of the CMPS snapshot, the free surface boundary condition is correctly applied to a thin
layer of outer particles representing a smooth free surface. On the contrary, in the standard MPS
snapshot the particles detected as free surface do not exclusively lie on the outer layer. This is in
direct relation with momentum conservation in the standard MPS method. Since linear momentum
is not conserved, the interacting forces between particles are not balanced. Hence, the relative
positions of particles might vary significantly in space leading to considerable changes in particle
number densities and thus improper detection of free surface particles.
Among the disadvantages associated with the standard MPS method is the problem of artificial
pressure fluctuation already addressed by Gotoh et al. (2005). Because the source term in Poisson
pressure equation is a direct function of particle number density (and thus relative particle
positions), pressure fluctuations seem to be unavoidable in a strictly incompressible particle-based
calculation. Meanwhile, the exact conservation of linear momentum in the CMPS method
minimizes the fluctuations in the relative positions of inner particles and consequently results in a
more realistic instantaneous pressure distribution. Here we show the improved estimation of
pressure by the CMPS through a simple test; that is, the time variation of hydrostatic pressure at a
fixed point. Fig. 6.38(a) depicts a schematic view of the computational domain for this test. The
MPS and CMPS time histories of pressure at measuring point A are plotted in Fig. 6.38(b). As
previously discussed, the MPS estimation of pressure is accompanied by significant fluctuations
with amplitudes being up to four times of the theoretical solution. On the other hand, the CMPS
method has resulted in a considerably more realistic instantaneous pressure calculation.
6.3.4.1.2 Further enhanced reproduction of splash-up by CMPS with a Strain-Based Viscosity
(CMPS-SBV)
In a kernel-based particle method such as the MPS method, the divergence of a function f(x) can be
calculated from the following equation:
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(b)

(a)

Fig. 6.38. Improved calculation of instantaneous pressure by CMPS (a) schematic description
of the test (b) time histories of hydrostatic pressure at measuring point A
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where T = the viscous stress tensor which can be related to the strain rate of flow by the following
equation:
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In Eq. (6.50), µ = dynamic viscosity; u and v = the components of the particle velocity in x and y
directions, respectively. The velocity and kernel gradients are introduced for each particle as:
⎛ ∂u ⎞ ⎛ ∂u ∂r ⎞ uij xij u j − ui x j − xi
=
⎜ ⎟ =⎜
⎟ =
rij
rij
⎝ ∂x ⎠ij ⎝ ∂r ∂x ⎠ij rij rij

(6.51)
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The strain-based viscosity introduced above (Eq. 6.49) exactly preserves linear momentum; yet,
similar to the original MPS formulation of viscosity (Eq. 6.35), it does not exactly conserve angular
momentum. Fig. 6.39 shows the snapshots of standard MPS, CMPS, and CMPS with Strain-Based
Viscosity (CMPS-SBV) and the laboratory photographs (Li and Raichlen, 2003). The employment
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(e) CMPS-SBV

(e) CMPS

(e) Standard MPS

(f) CMPS-SBV

(g) CMPS-SBV

(f) CMPS
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(f) Standard MPS

(g) Standard MPS

Fig. 6.39. Further enhanced reproduction of splash-up - qualitative comparison of laboratory
photographs (Li and Raichlen, 2003) with CMPS-SBV (CMPS with Strain-Based Viscosity),
CMPS and standard MPS snapshots
of a strain-based viscosity has resulted in an enhanced reproduction of the entire stages of splash-up
formation (Fig. 6.39(e)), development (Fig. 6.39(f)) and its curling back (Fig. 6.39(g)). From Fig.
6.39(e), the geometrical shape of the plunging jet and the air chamber beneath it are in better
agreement with the experiment. In both CMPS and standard MPS snapshots the thickness of the
plunging jet at the time of splash-up formation seems to be more uniform than what is seen in the
experiment. A precise reproduction of the splash-up development is illustrated by the CMPS-SBV
(Fig. 6.39(f)) without the excessive dispersiveness of particles seen in CMPS and standard MPS
snapshots. The curling back of the splash-up is finely simulated by the CMPS-SBV (Fig. 6.39(g)) as
the reflected jet angel, the gap between the plunging jet and the reflected jet and the geometrical
shape of the air chamber are in a very good agreement with the experiment.
6.3.4.2 Quantitative comparison
In order to further evaluate the accuracy of the proposed CMPS method, another case of solitary
plunging breaking is simulated and the CMPS and standard MPS simulation results are
quantitatively compared to the corresponding experimental data by Li (2000). Quantitative
comparisons are made in terms of wave breaking characteristics such as variation in wave-height,
geometrical properties of plunging jet and horizontal velocity of the tip of the plunging jet. The
physical conditions of the simulations are equivalent to those in section 6.1 except for the incident
wave characteristics. For both the CMPS and standard MPS simulations the incident wave height
and the offshore water depth are 0.057 m and 0.189 m, respectively. Hence, shoaling, breaking and
post-breaking of a solitary wave with relative wave height of H0 /h0=0.30 is simulated over a slope
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Fig. 6.40. CMPS (left) and standard MPS (right) snapshots of plunging wave breaking (H0/h0=0.30)

Fig. 6.41. Comparison of variation in wave height during breaking and post-breaking (H0/h0=0.30)
of 1:15. Some CMPS (left) and standard MPS (right) snapshots together with the horizontal velocity
field are shown in Fig. 6.40. In this figure tb-MPS and ti-MPS correspond to the breaking and plunging
jet impact instants in standard MPS calculation, while the breaking and impact instants in CMPS
calculation are denoted by tb-CMPS and ti-CMPS, respectively. It should be noted that in Fig. 16 the time
interval of the plots for the CMPS and that for the standard MPS are not the same.
Fig. 6.41 shows a comparison of the variation in wave height H/H0 among the CMPS and
standard MPS results and experimental data (Li, 2000). In the figure the ratio h0/h1 represents the
ratio of the offshore water-depth (=h0) to the local depth (=h1). From Fig. 6.41 it is evident that the
CMPS method has resulted in a more accurate prediction of the change in wave height during
breaking. Compared to the CMPS, the standard MPS results have shown large fluctuations in
predicting the wave height variation curve. One point that should be noted here is that fully isolated
particles are not taken into account in the estimation of wave height as well as other quantitative
indicators mentioned afterwards. A fully isolated particle is considered as a particle for which there
is no neighboring particle (like the one seen in standard MPS snapshot near the wave front in Fig.
6.37). Meanwhile, for a semi-isolated particle, i.e. an isolated particle (from the rest of particles) for
92

Fig. 6.42. Variation of the horizontal velocity of the plunging jet tip - comparison between the
CMPS and standard MPS results (H0/h0=0.30)

Fig. 6.43. CMPS and standard MPS predictions of the trajectory of the plunging jet tip (H0/h0=0.30)
which there is at least one neighboring particle (like the one seen in Fig. 6.40 in tb-CMPS snapshot)
the quantitative indicators are measured using the midpoint of a semi-isolated particle and its
neighboring particle(s).
The variation of the normalized horizontal velocity of the plunging jet tip is plotted in Fig. 6.42.
In this figure, xt and xb indicate the x-coordinate of plunging jet tip and the breaking point,
respectively. The experimental data are obtained from the high-speed video images by dividing the
x coordinate of the tip in consecutive images by the time interval between frames (Li, 2000). A
relatively large variation can be seen in the plotted experimental data, which is expected to be
caused by the accuracy limitation of the high-speed video (Li, 2000). However, the experimental
data indicate that the horizontal velocity of the plunging jet tip is nearly constant over most of the
jet trajectory. Both CMPS and standard MPS results agree with the experiment, while, they do not
contain large variations like those seen in the experimental data.
Another quantitative comparison which can further highlight the accuracy of the CMPS method
in tracking of water surface during a plunging wave breaking is the geometrical properties of the
plunging jet. As previously stated in section 6.2.4, Li (2000) utilized the following characteristics to
describe the plunging jet: (i) trajectory of the tip of the plunging jet, and (ii) the length (L1; Fig.
6.21) and two distinctive thicknesses (L2 and L3; Fig. 6.21) of the jet prior to impingement. The
CMPS and standard MPS predictions of the trajectory of the plunging jet tip are depicted in Fig.
6.43 together with the experimental data (Li, 2000). Compared to the standard MPS, the CMPS has
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Fig. 6.44. Comparison between the CMPS and standard MPS results (a) Horizontal length L1 (b)
thickness L2 (c) thickness L3 of the plunging jet (H0/h0=0.30)
given a more accurate prediction of the motion and location of the plunging jet tip.
The variation of the plunging jet length L1 is shown in Fig. 6.44(a). From the figure, it can be
seen that L1 is considerably better anticipated by the CMPS than the standard MPS. In addition, the
CMPS-predicted length of the jet at the impingement instant is nearly equal to the experimental data.
The variations of L2 and L3 are depicted in Fig. 6.44(b-c). From Fig. 6.44(b), both models have
overestimated the length L2, yet, the overestimations seen in the standard MPS results is more than
those observed in the CMPS data. The CMPS prediction of the jet thickness L3 is in better
agreement with the experimental data (Fig. 6.44(c)). Fig. 6.44(b-c) also indicates that the lengths L2
and L3 remain nearly constant during the development of the plunging jet and the thickness of the
jet at the middle (=L3) is about half of that at the base of the jet (=L2).
Comparing Figs. 6.43 and 6.44(a) with Fig. 6.42, it can be seen that while the trajectory and
length of the jet (=L1) is better predicted by the CMPS than by the standard MPS, the horizontal
velocity of the jet tip is nearly the same in both methods. Such a difference in prediction can be
clarified from Figs. 6.40 and 6.41. From these two figures, the wave breaking in standard MPS has
happened in a deeper water depth compared to CMPS. While the breaking point in standard MPS (x
b-MPS = 3.74 m) is less than that in CMPS (xb-CMPS = 3.86 m), the jet impact point is nearly the same
in both methods. Accordingly, the plunging jet in standard MPS has traveled a longer distance, in a
greater time, with a horizontal velocity being about equal to that in CMPS.
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Fig. 6.45. CPU time of principal routines per time step in the MPS, CMPS and CMPS-SBV
methods for calculation of wave breaking and post-breaking
6.3.4.3 CPU time for MPS and CMPS calculations of wave breaking and post-breaking
The numerical computations of the current paper are carried out by a single CPU Intel Core™ 2
Duo 2.40 GHz with 2.00 GB system memory. In all the performed wave breaking and post-breaking
computations in chapter 6, the calculation time step is set according to Courant stability condition
and a time resolution chosen as 5.0 × 10 −4 seconds, that is:

∆t = min(α dt d 0 / umax , 5.0 × 10 −4 )

(6.53)

where αdt = ratio of the time step to Courant number (= 0.1); umax = instantaneous maximum velocity
of particles; and d0 = particle diameter. The calculations are ended at simulation time of t = 8.800
seconds. The total CPU times required for the MPS, CMPS, and CMPS-SBV calculations are
12.638, 12.349 and 12.356 hours, respectively. The CPU time of principal routines per time step for
the MPS, CMPS, and CMPS-SBV methods is shown in Fig. 6.45. In both CMPS and CMPS-SBV
methods, the introduction of a new formulation for pressure term has slightly increased the CPU
time for some pressure calculation processes including the pressure gradient calculation. The
number of iterations (and accordingly the required CPU time) for pressure convergence is nearly the
same in all the methods. However, as a result of momentum conservation, the computational time
required for adjustment of particle positions to maintain the stability of the code is reduced in case
of CMPS and CMPS-SBV. This reduction in computational effort leads to slightly less CPU time in
case of the CMPS and CMPS-SBV. The CPU time for CMPS-SBV is slightly more than that of the
CMPS mainly due to the employment of a tensor-type viscosity. Consequently, the CMPS and
CMPS-SBV have resulted in more accurate computation of wave breaking and post-breaking,
while, the computational time for these methods is nearly the same as in the standard MPS.
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Chapter 7

Improved MPS and ISPH methods; improved solution for pressure
field
One of the main drawbacks associated with particle methods is the existence of fluctuations in the
pressure field. This problem has already been addressed by some researchers including Gotoh et al.
(2005), Colagrossi and Landrini (2003) and Ikari et al. (2005). An improved pressure calculation by
a modified Weakly Compressible SPH (WCSPH) method was presented by Colagrossi and Landrini
(2003). In their study, density at fluid particles was re-initialized at distinctive time steps through
applying a first-order accurate interpolation scheme via the use of a moving-least-square kernel
approximation. A more accurate interpolation scheme improves the mass-area-density consistency
and accordingly results in a less-fluctuating and more-accurate source term for pressure equation
(Equation of State). Hence, a more accurate and less-fluctuating pressure field would be obtained.
In contrast to WCSPH methods, the MPS and ISPH methods employ a Poisson Pressure Equation
(PPE) for pressure calculation. In this chapter, we propose a higher order and more accurate source
term for PPE to improve the performance of both MPS and ISPH methods in calculation of pressure
field. In addition to that, a few other modifications are employed to further improve the pressure
calculation.

7.1 Modified MPS methods for less-fluctuating and more accurate pressure
field
Recently, a 3-dimensional MPS calculation of shipping water impact is carried out by Shibata and
Koshizuka (2007). In their study, an acceptable simulation-experiment agreement was achieved in
terms of water surface elevation; nevertheless, even after performing a spatial averaging, the peak
impact pressure was underestimated by about 50% and an acceptable pressure trace could not be
obtained. Therefore, the original MPS method does not seem to be a promising tool for the
calculation of pressure especially that associated with wave impacts unless modifications and
corrections are made.
In this section, we show how the original or standard MPS method can be improved as a reliable
design tool for the prediction of wave impact pressure. After revisiting the original formulations of
standard MPS method, new modifications are introduced with the aim of improving the
performance of the method, while maintaining its simplicity and robustness. Three modifications
are proposed to enhance the pressure calculation by MPS method. These modifications include:
employment of momentum-conserved formulations, introduction of a higher order source term and
finally allowing a slight level of compressibility in calculations. Detailed descriptions of the
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modifications are presented in the following subsections.

7.1.1 Modified MPS; proposed modifications
7.1.1.1 Modified MPS; momentum conservation
The PPE in MPS method is formulated as (Koshizuka and Oka, 1996):

(∇

2

p k +1

)

=

i

ρ

n0 − (nk* )i
n0
(∆t ) 2

(7.1)

It can be seen that the source term of the above equation is a direct function of particle number
density or n. The Particle number density at each particle is calculated as:

(

n i = ∑ W r j − ri
j ≠i

)

(7.2)

Hence, we can see that ni or particle number density at particle i is a direct function of weight
function which itself is a function of relative particle positions rij. Accordingly, the source term of
PPE is dependent upon the instantaneous relative particle positions. Momentum conservation would
lead to a more integrated particle motion and hence a less-fluctuating and more accurate source
term of PPE. In addition, in MPS method free-surface particles are detected by a simple criterion,
that is, a certain (3%) decrease in initial particle number density. Therefore, momentum
conservation and thus a less-fluctuating particle number density field result in a more accurate
detection of free-surface particles and accordingly more accurate implementation of zero-pressure
boundary condition at free-surface particles. Hence, as the first modification we employ the
momentum-conserved pressure gradient term already derived for the CMPS method (chapter 6),
that is (Khayyer and Gotoh, 2008):
∇p i =

Ds
n0

∑

( pi + p j ) − ( pˆ i + pˆ j )

j ≠i

r j − ri

2

(

(r j − ri ) w r j − ri

)

(7.3)

7.1.1.2 Modified MPS; higher order source term of Poisson Pressure Equation (PPE)
In this section, we revisit the derivation of Poisson Pressure Equation in the standard MPS method
and propose another formulation for the source function. In the standard MPS method, similar to the
Chorin projection method (1967), the Helmholtz-Hodge decomposition of a vector field is utilized,
i.e. an intermediate velocity field u* is considered as a divergence free velocity field plus the
gradient of a scalar field:

uk* = uk +1 +

∆t

ρ

∇p k +1

(7.4)

where k denotes the step of calculation. As previously stated in chapter 4, the intermediate velocity
field is obtained explicitly in the first prediction step, considering the viscosity and gravity terms:

uk* = uk + g∆t + ν ∇ 2 uk-1 ∆t

(7.5)
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In the second correction step a divergence free velocity field is obtained implicitly. From Eq. (7.4):

uk +1 − uk* = ∆uk** = −

∆t

ρ

∇p k +1

(7.6)

The velocities and the number densities in the second process satisfy the mass conservation law as
follows:
1 Dρ
1 Dn
+∇ ⋅ (∆uk** ) =
+∇ ⋅ (∆uk** ) = 0
ρ Dt
n0 Dt

(7.7)

In standard MPS method, the assumption is that at each time step the incompressibility is strictly
satisfied, that is to say, the particle number densities are exactly adjusted to n0. Thus, Eq. (7.7) is
written as:

1 n0 − nk*
+∇ ⋅ (∆uk** ) = 0
n0 ∆t

(7.8)

From Eqs. (7.6) and (7.8), the Poisson Pressure Equation (Eq. 7.1) is obtained and solved in the
standard MPS method. However, in reality because of the errors generated from the discretization
of governing equations and the solution process of the system of linear equations, the particle
number density at each time step would not be exactly equal to n0. As a result, calculation of time
variation of n (Dn/Dt) is accompanied by numerical errors that are being accumulated as the
calculation proceeds. The existence of such accumulative errors would lead to considerable pressure
fluctuations and hence, an inaccurate pressure field. Here, we propose another formulation for the
calculation of Dn/Dt. Since in MPS method the particle number density at each particle is defined
by the following equation:

(

n = ∑ w r j − ri
i≠ j

)

(7.9)

we can write:

(

Dw r j − ri
Dn
=∑
Dt i ≠ j
Dt

)

(7.10)

By considering the standard kernel in MPS method, a two dimensional estimation of the above total
derivative is:

(

Dw r j − ri
Dt

) = Dw

⎞ −r
⎛ ∂w ∂r dx
∂w ∂r dy ⎞ ⎛ − r x
−r y
= ⎜ ij ij ij + ij ij ij ⎟ = ⎜ 2e ij uij* + 2e ij vij* ⎟ = 3e xij uij* + yij vij*
rij rij ⎟⎠ rij
Dt ⎜⎝ ∂rij ∂xij dt
∂rij ∂yij dt ⎟⎠ ⎜⎝ rij rij

(

ij

Therefore, the modified PPE would be:
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(7.11)
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(7.12)

The standard MPS method modified by the above formulation is referred as MPS-HS (MPS method
with a Higher order Source term).
7.1.1.3 Modified MPS; allowing a slight level of compressibility
Since we have no temperature variation in our calculations, the pressure and density can be related
by the Equation of State as follows:
∂p
= Cs2
∂ρ

(7.13)

where Cs = the speed of sound. Combining Eq. (7.13) with the mass conservation equation:
1 Dp
+ ∇ ⋅ uk +1 = 0
ρ Cs2 Dt

(7.14)

On the other hand, taking divergence from both sides of Eq. (7.6) yields:

∇ ⋅ uk +1 − ∇ ⋅ uk* = −

∆t

ρ

∇ 2 pk +1

(7.15)

From Eqs. (7.14) and (7.15), the compressible form of the PPE for particle i can be written as:

(∇

2

p k +1

)

i

=

1
( pk +1 − pk )i + ρ ∇ ⋅ uk*
2 2
∆t Cs
∆t

(

)

(7.16)

i

The first term on the right hand side of Eq. (7.16) denotes the effect of compressibility. For a perfect
incompressible fluid, Cs is theoretically infinite and hence Eq. (7.16) takes a form equivalent to Eq.
(7.1). As it has already been shown by some researchers (e.g. Ikari et al., 2005; Hu and Kashiwagi,
2004), the compressible term in Eq. (7.16) has a stabilizing effect on pressure calculation by
removing a part of pressure noise from the source term of PPE. In this study, we show how allowing
a slight compressibility improves the pressure calculation by its stabilizing effect. The standard
MPS modified by the compressible PPE is referred as MPS-WC (MPS-Weakly Compressible).

7.1.2 Modified MPS; time variation of hydrostatic and dynamic pressures
7.1.2.1 Hydrostatic pressure
In this section, the improved calculations of pressure field by the modifications stated in section
7.1.1 are shown through a simple test, that is, the time variation of hydrostatic pressure at a fixed
point. The points of modified MPS methods are summarized in Table 7.1. The combination of
CMPS and MPS-HS is given the name CMPS-HS. When a slight compressibility is allowed in
CMPS-HS by use of Eq. (7.16), the method is referred as CMPS-HMS. Fig. 7.1 shows a schematic
view of the computational domain for this test. The size of particles is chosen as d0 = 0.004 m. The
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Table 7.1. Description of the standard and modified MPS methods applied in this study
Method

Abbreviation

Description

Standard MPS

Standard MPS

Original MPS method

Corrected MPS

CMPS

Standard MPS method modified
by Eq. (7.3)

Standard MPS method with a Higher
order Source term

MPS-HS

Standard MPS method modified
by Eq. (7.12)

Corrected MPS method with a Higher
order Source term

CMPS-HS

Standard MPS method modified
by Eqs. (7.3) and (7.12)

Standard MPS method – Weakly
Compressible

MPS-WC

Standard MPS method modified
by Eqs. (7.16)

Corrected MPS method with a Higher
order Modified Source term

CMPS-HMS

Standard MPS method modified
by Eqs. (7.3), (7.12) and (7.16)

Fig. 7.1. A schematic view of the computational domain for hydrostatic pressure calculation
time histories of pressure by the standard MPS and CMPS-HMS methods are shown in Fig. 7.2(a).
As previously discussed, the estimation of pressure by standard MPS is accompanied by large
fluctuations with amplitudes being up to four times of the theoretical solution. On the other hand,
the CMPS-HMS method has resulted in a significantly enhanced pressure field.
Fig. 7.2(b) shows the calculated time histories of pressure at point A, by the CMPS, MPS-HS,
CMPS-HS, MPS-WC and CMPS-HMS methods. Conservation of momentum in CMPS method has
resulted in a more realistic pressure field; yet, the pressure is overestimated by about 10%. The
calculated pressure by MPS-HS fluctuates close to the theoretical value by amplitudes, the
maximum of which is about 4 times less than that in the standard MPS method. Combination of two
modifications in CMPS-HS has reduced both the amplitude and the frequency of fluctuations
leading to a further improved pressure field. Employment of a compressible form of PPE in
standard MPS has resulted in a sinusoidal damping of the pressure fluctuations in MPS-WC method.
After about 1.4 seconds, the calculated pressure by the MPS-WC settles on the theoretical solution
line. The CMPS-HMS method which benefits from three modifications yields the best pressure field
among the modified MPS methods. The application of a compressible PPE in CMPS-HS removes
the non-frequent fluctuations in pressure field, seen in CMPS-HS results. In addition, the calculated
pressure by CMPS-HMS lies on the theoretical line after about 0.6 seconds of calculation.
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Fig. 7.2. Time histories of hydrostatic pressure at measuring point A - comparison between (a)
standard MPS and CMPS-HMS methods (b) modified MPS methods

Fig. 7.3. Snapshots of water particles at t = 0.6 s in the hydrostatic pressure calculation test
Fig. 7.3 illustrates the snapshots of water particles at t = 0.6 s for the standard MPS and
modified MPS methods. The invalidity of calculated pressure field by standard MPS method is
evident. On the other hand, proposed modifications in modified MPS methods have resulted in a
more realistic pressure field. Another important point is the irregularity of free surface particles in
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Fig. 7.4. Time variation of particle number density, n, in the hydrostatic pressure calculation test
standard MPS snapshot. The improvement of momentum conservation in CMPS method has led to
a more regular and smoother free surface. The irregularities in both free surface and pressure field
are also reduced by applying an improved PPE in MPS-HS method. The calculated pressure field
and smoothness of water surface are further enhanced when the improved PPE is combined with a
momentum-conserved pressure gradient formulation in CMPS-HS method. Comparing the standard
MPS and MPS-WC snapshots, it can be seen that allowing a slight compressibility by MPS-WC
method has resulted in an improved pressure field together with a more regular free surface. The
computed pressure field and free surface configuration is nearly the same in CMPS-HS and
CMPS-HMS snapshots at this instant (t = 0.6 s) of computation.
Fig. 7.4 shows the time variation of particle number density, n, at point A for the hydrostatic
pressure calculation. The main source of error in a standard MPS-based pressure calculation can be
observed from this figure. The instantaneous particle number density in standard MPS method
experiences fluctuations, large in amplitude and high in frequency. A clear violation of the
assumption (strict incompressibility; n = n0 at each time step) in derivation of PPE in standard MPS
is evident. On the other hand, application of a PPE based on the time derivative of particle number
density has resulted in a more stable n-field by MPS-HS. The improvement in calculated n-field can
also be seen in the results by CMPS and CMPS-HS methods. The slight fluctuations seen in the
calculated n by MPS-HS are removed when a new formulation of pressure (which ensures the exact
conservation of momentum) is employed. Hence, a more stable n-field is obtained by the CMPS-HS
method. Moreover, incompressibility is better satisfied by the CMPS-HS than by the standard MPS.
Compared to the standard MPS, the CMPS-HMS and MPS-WC results indicate a more stable
n-field, yet, clearly show the effect of the allowance of a slight incompressibility as higher values of
n are obtained.
An important issue associated with CMPS-HMS and MPS-WC methods is the calibration of the
constant in compressible PPE, namely, the speed of sound Cs. In case of a simple problem like the
hydrostatic pressure variation where the exact solution is already known, calibration of Cs is not a
major problem, as the suitable Cs for obtaining the exact solution can be found through a few
simulations. Fig. 7.5 shows the variation of calculated pressure by CMPS-HMS method as a
function of Cs for the hydrostatic pressure problem. The exact solution is obtained when Cs is
chosen as 2.23 x 10 5 m/s. The interesting point is that the selected value of Cs in MPS-WC method is
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Fig. 7.5. Variation of calculated pressure by CMPS-HMS method as a function of Cs
for the hydrostatic pressure problem
8.45 x 10 3 m/s, which is far less that in CMPS-HMS method. A preliminary deduction might be that
the amount of allowable compressibility in CMPS-HMS is less than that in MPS-WC. However, as
seen from Fig. 7.4, the allowable compressibility is nearly the same in both CMPS-HMS and
MPS-WC methods. What can be concluded is that, compared to CMPS-HMS, MPS-WC requires a
smaller Cs and hence a larger compressible term (see Eq. 7.16) for the pressure stabilization.
One relevant question is that whether the calibrated Cs for the hydrostatic pressure problem, can
be chosen as a suitable Cs for other cases including wave impact problems and if the answer is no,
then how can we select an appropriate value of Cs for the accurate prediction of an unknown
pressure field by the CMPS-HMS method. A preliminary idea suggests that since the characteristics
(amplitude and frequency) of the pressure fluctuations would differ in different cases of
hydrodynamic calculations, the calibrated Cs for hydrostatic pressure problem does not seem to be
an appropriate sound speed for dynamic pressure problems (such as the wave impact problem). The
remaining question is how an appropriate value of Cs can be chosen for wave impact problems.
An easy and straightforward approach for determination of Cs for calculation of wave impact
problems by CMPS-HMS method is to relate the appropriate Cs to the maximum amplitude of
fluctuations seen in the results by CMPS-HS method. For this reason, here we redo the same
hydrostatic pressure calculation, this time by adding an additional sinusoidal term to the right hand
side of PPE in CMPS-HS method with the aim of intensifying the amplitude of fluctuations. A total
number of 10 cases of calculations are performed. Fig. 7.6(a) depicts the time variation of pressure
at point A for the sixth calculation case with the maximum amplitude of fluctuations being 2150
N/m2. Such fluctuations are effectively removed when the CMPS-HMS method is applied with an
appropriate value of Cs = 1.0 x 10 5 m/s. The variation of appropriate Cs with different maximum
amplitude of fluctuations is plotted in Fig. 7.6(b). A decreasing exponential curve is well fitted to
the plotted data. Initially, the appropriate damping coefficient, Cs, decreases sharply, but tends to
reach a constant value for the large amplitude fluctuations. Although the presented exponential
curve can be applied for the determination of an appropriate Cs (as it will be applied in section
7.1.3), for engineering purposes it would be preferable to propose a standard value of Cs for wave
impact problems. The standard value of Cs for the CMPS-HMS calculation of wave impact pressure
is selected from the simulation of a dam break with impact presented in chapter 5. For the MPS-WC
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Fig. 7.6. Hydrostatic pressure problem when a sinusoidal term is added to the source function in
PPE. (a) time variation of calculated pressure at point A for the sixth calculation case
(b) variation of the appropriate Cs with the maximum amplitude of fluctuations

Fig. 7.7. CMPS-HS and CMPS-HMS calculation of pressure field under a cnoidal wave
calculations, however, we have applied the same calibrated Cs for the hydrostatic pressure case
following Ikari et al. (2005).
7.1.2.2 Dynamic pressure
In this section the CMPS-HS and CMPS-HMS methods are applied to calculate the variation of
pressure at a fixed point beneath a propagating cnoidal wave. The wave height = 0.024 m, water
height = 0.20m, and wave period = 5 s. The distribution of pressure under a cnoidal wave is complex,

yet, it can be assumed to vary linearly from zero at the free surface to ρ gy at the bed, where y = the
distance from the water surface to the bed. In this calculation, the maximum and minimum water
surface elevations are ymax = 0.220 m, ymin = 0.196 m; hence, the approximate maximum and
minimum pressures would be, pmax = 2158.0 N/m2 and pmin = 1923.0 N/m2. From Fig. 7.7, the
CMPS-HS has given a fairly well estimation of the pressure field beneath a cnoidal wave. Based on
the maximum amplitude of fluctuations in CMPS-HS results (amax = 1010 N/m2), an appropriate
value of Cs (= 2.76 x 10 5 m/s) is chosen for the CMPS-HMS calculation. The existing fluctuations in
CMPS-HS results are efficiently damped out leading to a considerably less fluctuating pressure
field by CMPS-HMS method. The maximum and minimum pressures calculated by CMPS-HS and
CMPS-HMS methods well agree to that of the theoretical approximation.

106

12 cm

Water

A

1 cm

50 cm

68 cm

Fig. 7.8. Schematic sketch of the dam break simulation
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Fig. 7.9. Dam break simulation - Snapshots of water particles at t = 0.002 s

7.1.3 Modified MPS vs. Standard MPS; simulation of dam break with impact
The improved performance of modified MPS methods in enhanced reproduction of a highly
deformed free-surface fluid flow and prediction of wave impact pressure is demonstrated here
through the simulation of the so-called “dam break with impact” problem already discussed in
chapter 5. Conditions of the simulations correspond to the laboratory experiment carried out by Hu
and Kashiwagi (2004). A schematic view of the computational domain is shown in Fig. 7.8. Point A
denotes the point where the pressure sensor is installed.
Fig. 7.9 depicts the snapshots of water particles together with the distribution of pressure just at
the beginning of the calculation when the dam is released (t = 0.002 s). Similar to static pressure
case in section 7.1.2.1, the standard MPS has resulted in a spurious pressure field. Although the
modifications introduced in CMPS and MPS-WC methods have provided an improved pressure
field, the curvatures in pressure profile resulting from the difference in the acceleration of
just-released particles have not been well simulated. Such curved pressure profiles are finely
simulated by MPS-HS, CMPS-HS and CMPS-HMS methods. The selection of an appropriate Cs for
CMPS-HMS calculation will be mentioned later in this chapter when time history of pressure at
point A by CMPS-HS method is being discussed.
After the dam break, the fluid flows along the initially dry deck and eventually impacts upon the
vertical wall producing a large impact pressure. Fig. 7.10 portrays the computed pressure fields by
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Fig. 7.11. Dam break simulation - Snapshots of water particles at t = 0.75 s
standard MPS and modified MPS methods at the impact instant when the peak impact pressure is
recorded. Being compared to standard MPS, CMPS and MPS-WC have provided an improved
pressure calculation, although the existence of pressure noise is evident. The pressure calculated by
MPS-HS does not contain noises like those seen in CMPS and MPS-WC methods; nevertheless, a
relatively large local increase in pressure is observed in some areas along the domain. The local
increase in pressure is reduced and smoothed in CMPS-HS and further reduced in CMPS-HMS
snapshots.
After the impact and followed by a run up-run down cycle, the water overturns backward as a
plunging jet. Fig. 7.11 shows the snapshots of water particles illustrating a violent plunging jet
impact at t = 0.75 s. An irregular pressure distribution together with some scattering of plunging jet
particles can be seen in standard MPS snapshot. The pressure distribution is improved by CMPS
method. In addition, the form of the jet is more integrated with less particle scattering. Two regions
of high pressure exist in CMPS snapshot, one near the impact point and the other close to the toe of
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Fig. 7.12. Dam break simulation - time histories of calculated pressure at point A by (a) CMPS-HS
and CMPS-HMS methods (b) Standard MPS and CMPS-HMS methods
the vertical wall. These two regions are in qualitative agreement with the results of an improved
SPH calculation by Colagrossi and Landrini (2003). The pressure field computed by MPS-HS is
better than that calculated by standard MPS; however, the non-conservation of momentum has led
to a dispersed plunging jet. Both the pressure field and configuration of jet particles in CMPS-HS
snapshot seem to be superior to those in CMPS and MPS-HS snapshots. The pressure is more
smoothly distributed and a more integrated jet is reproduced. The MPS-WC method has given a
better pressure distribution with less irregularity compared to standard MPS. When a small level of
compressibility is permitted in CMPS-HS method, a smoother pressure field and a thinner plunging
jet are obtained as seen in CMPS-HMS snapshot. In addition, the pressure distribution beneath the
jet impact point appears to be in a good qualitative agreement with improved SPH results by
Colagrossi and Landrini (2003). Conclusively, from the qualitative aspects, the CMPS-HMS and
CMPS-HS are superior to standard MPS and other modified MPS methods considering both the
pressure distribution and free surface profile.
In Fig. 7.12(a), time histories of calculated pressure at point A by CMPS-HS and CMPS-HMS
methods are depicted together with the experimental data by Hu and Kashiwagi (2004). In this
figure, solid line represents the mean value for the measured pressure data in 8 repeated
experiments, while, the lower and upper range of the experimental data are shown too. The first
pressure peak occurs at the impact instant (ti-exp = averaged experimental impact time = 0.348 s),
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Fig. 7.13. Dam break simulation - time histories of calculated pressure at point A by
modified MPS methods
while the second pressure peak is induced when the plunging jet hits the underlying water and
initiates a jet splash-up (tsp-exp = averaged experimental time of second pressure peak = 0.750 s). The
CMPS-HS method has well estimated the impact instant (ti-CMPS-HS = 0.342 s), the second pressure
peak instant (tsp-CMPS-HS = 0.754 s) and the duration of the first pressure peak. However, some
pressure oscillations and overestimations of peak pressures are observed in CMPS-HS results.
The maximum amplitude of pressure oscillations (= amax) in CMPS-HS is about 1000 N/m2.
From Fig. 7.5(b), an appropriate Cs would be about 2.8 x 10 5 m/s. By applying this appropriate Cs
the pressure fluctuations in CMPS-HS results are efficiently reduced, resulting in a better pressure
estimation by CMPS-HMS method. We choose Cs = 2.8 x 10 5 m/s as a standard sound speed for the
CMPS-HMS calculations of wave impact pressure. As seen in Fig. 7.12(a), the CMPS-HMS
method has not only well estimated the values and the instants of peak pressures (ti-CMPS-HMS = 0.350
s ; tsp-CMPS-HMS = 0.756 s), but has also resulted in a better experiment-simulation agreement,
compared to the CMPS-HS method. Yet, after t = 8.8 s, the pressure is somewhat underestimated.
Fig. 7.12(b) shows the time variation of pressure at point A by the standard MPS and CMPS-HMS
methods. Significant improvement of pressure field by CMPS-HMS is evident from the figure. In
addition, the standard MPS method has underestimated the impact instant. The time histories of
pressure at point A by the modified MPS methods are shown in Fig. 7.13. Compared to the standard
MPS method, all the modified MPS methods have resulted in an improved pressure calculation. The
amplitude of pressure fluctuations and the number of zero-pressure points in standard MPS results
(Fig. 7.12(b)) signify this fact. Though yielding improved results, CMPS and MPS-WC methods do
not seem to be reliable methods for estimation of wave impact pressure. The CMPS method has
underestimated the impact instant and has overestimated the first pressure peak. Significant pressure
oscillations do not allow the CMPS method to approximate the instant of second pressure peak.
This is also the case for MPS-WC method although the pressure oscillations are less frequent. The
results by MPS-HS method appear to be better than those by CMPS and also MPS-WC methods as
the impact instant is well estimated and a less fluctuating and more stable pressure field is recorded.
A delayed second pressure peak is seen in the MPS-HS results. The improvement made in pressure
calculation by CMPS-HS and CMPS-HMS methods is clear from Fig. 7.13.
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Fig. 7.14. Time histories of calculated pressure at point A in the dam break simulation –
comparison between CMPS-HMS and CIP methods
In Fig. 7.14 the CMPS-HMS results are plotted together with the CIP results by Hu and
Kashiwagi (2004). The CIP results show less oscillation together with a better prediction of first
peak pressure. The second peak pressure, however, is underestimated both in value and time. After
the second peak, the results by CMPS-HMS seem to be superior to those by CIP, as the trend in
pressure reduction is better predicted by CMPS-HMS. An important fact which should be
considered in this comparison is that unlike the CMPS-HMS, the CIP is a two-phase flow method.
In addition, the numerical framework of CIP method is more complicated than that of the
CMPS-HMS method.

7.1.4 Modified MPS vs. Standard MPS; Prediction of Wave Impact Pressure
Wave impact pressure depends closely on the state of the wave colliding with the wall. The gentlest
wave simply sloshes up and down and reflects from the wall. If the wave overturns as it hits the
wall, an air pocket can be trapped, whereas, broken waves might already contain large quantities of
air. The margin between sloshing and the trapping of an air pocket is called a “flip-through”
(Cooker and Peregrine, 1992). In a flip-through condition, the wave steepens as it approaches the
wall and becomes almost vertical at collision, but does not overturn, instead, breaks as an upward
deflected breaker at the wall.
In this chapter the applicability of CMPS-HS and CMPS-HMS methods for prediction of wave
impact pressure is investigated through wave impact simulations analogous to the experiments
carried out by Hattori et al. (1994); Bullock et al. (2007); and Goda and Fukumori (1972). Since the
current modified MPS methods are single-phase flow models, the simulations performed here are
wave impacts without air entrapment. The first simulation is a flip-through without air entrapment
(Hattori et al., 1994); the second one is a sloshing impact of a slightly-breaking wave (Bullock et al.,
2007) and the last simulation is another case of slightly-breaking wave impact (Goda and Fukumori,
1972) carried out in a narrower wave flume compared to the second case. The size of particles (d0)
employed in all the simulations performed in this chapter is chosen as d0 = 0.005 m. By considering
the scale of performed simulations, the selected particle size is appropriate for achieving both
accurate and efficient results in a particle-based calculation (Khayyer et al., 2008).
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Fig. 7.15. Simulation of a flip-through impact (a) schematic sketch of the numerical domain
(b) arrangement of pressure transducers at the vertical wall
7.1.4.1 Simulation of a flip-through without air entrapment
A flip-through is simulated here by the modified and standard MPS methods. The physical and
incident wave conditions are set equivalent to those in the experimental study by Hattori et al.
(1994). A schematic description of the numerical domain is given in Fig. 7.15(a). The
characteristics of the incident wave are: incident wave height Hi = 4.7 cm; wave period T = 1.7 s.
Considering the prescribed physical conditions, the mentioned wave characteristics lead to a
maximum wave height (=HF) of 6.9 cm and a through depth (=hd) of 1.6 cm close to the wall.
Hattori et al. (1994) measured the impact pressures by four pressure transducers (denoted by P1-P4)
located along the centerline of the wall as shown in Fig. 7.15(b).
Fig. 7.16 illustrates the standard MPS and CMPS-HS snapshots of water particles together with
the pressure field during the simulated flip-through impact. The time instant of the snapshots are
normalized following Hattori et al. (1994): t* = t Cs /HF; Cs=1500 m/s; and t* = 200 refers to the time
of maximum peak pressure recorded at P3. Not surprisingly, the standard MPS results are
characterized by spurious pressure distributions. On the other hand, a significantly improved
pressure field is obtained by CMPS-HS. The pressure distribution at the time of maximum impact
pressure (t* = 200) is in a good qualitative agreement with the computations by Cooker and
Peregrine (1992). A schematic sketch of the pressure contours at the instant of maximum impact
pressure computed by Cooker and Peregrine (1992) is shown in Fig. 7.17.
In Fig. 7.18, the snapshots of water particles at t* = 200 and t* = 500 are shown for all the
modified MPS methods as well as the standard MPS method. In addition to the pressure field, the
water surface profile extracted from the experimental photographs (Hattori et al., 1994) is also
presented in each snapshot. Analogous to the simulations in previous chapters, all the modified
MPS methods have resulted in improved pressure calculations compared to the standard MPS.
When a momentum-conserved pressure gradient term is employed by CMPS method, relative
particle positions are controlled leading to a less-fluctuating particle number density field (as seen
in section 7.1.2). As a result the oscillations in the source term of PPE become considerably less in
both frequency and magnitude. Accordingly, the calculated pressure fields by CMPS method appear
to be better than those by the standard MPS method. The pressure fields by MPS-HS method tend to
be more smoothly distributed than those by CMPS method. Meanwhile, in both of the snapshots
representing the MPS-HS results, a few zero-pressure particles can be seen beneath the free surface
and inside the flow field. A combination of the modifications in CMPS and MPS-HS methods has
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Fig. 7.16. Standard MPS (left) and CMPS-HS (right) Snapshots of water particles and
pressure field during a flip-through impact
Free Surface

Fig. 7.17. A schematic sketch of the pressure contours at the time of maximum impact pressure
computed by Cooker and Peregrine (1992)
resulted in enhanced pressure fields by CMPS-HS method.
The CMPS-HS snapshot at t* = 200 is characterized by distinctive pressure contours very similar
to those computed by Cooker and Peregrine (1992) illustrated in Fig. 7.17. From this CMPS-HS
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Fig. 7.18. A flip-through impact - standard and modified MPS snapshots at t*=200
(time of recorded peak pressure at P3) and t*=500
Snapshot, two other important points can be deduced. Firstly, in agreement with the computations
by Cooker and Peregrine (1992) (Fig. 7.17), the maximum impact pressure occurs in the vicinity of
the still water level. This fact has been pointed out by some other researchers (e.g. Kirkgoz, 1990;
Hattori et al., 1994) and has been explained by the contraction of the horizontally and vertically
moving water surfaces in the vicinity of the still water level (Hattori et al., 1994). The second point
is that the maximum impact pressure at P3 has occurred at an instant very close to that in the
experiment since a very good simulation-experiment agreement can be seen in the wave profile.
The water surface profile in CMPS-HS snapshot at t* = 500 also closely coincide with that from the
experiment. Such good coincidences cannot be seen in the standard MPS, CMPS and MPS-HS
snapshots. The results by MPS-WC method are superior to those by standard MPS in terms of both
pressure field and free surface profile. Furthermore, in contrast to standard MPS, CMPS and
MPS-HS methods, the MPS-WC method has given the maximum impact pressure close to the still
water level rather than close to the toe of the wall. Meanwhile, the pressure field by MPS-WC still
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contains considerable irregularities. The CMPS-HMS results are similar to those by CMPS-HS
especially in terms of free surface profile. Yet, the calculated pressure field by CMPS-HMS appears
to be better than that by CMPS-HS, for example at t* = 200 the CMPS-HMS has resulted in a more
localized maximum pressure just close to the still water level, which is in qualitative agreement
with the computation by Cooker and Peregrine (1992) shown in Fig. 7.17.
Fig. 7.19(a-h) shows the time variation of pressure at the vertical wall and at points P1-P4. The
vertical and horizontal axes represent the normalized pressure (= p* = p/ρ gHF) and normalized time
(= t* = t Cs/HF ) respectively. The figure further indicates the spurious pressure calculation by
standard MPS method. In particular, the standard MPS method has resulted in numerous large
amplitude pressures close to the toe of the wall at points P1 and P2. The largest recorded pressure or
the peak pressure ( p*P) by standard MPS method has occurred at P1 with an amplitude (p*P, MPS=
p*M1, MPS = Maximum pressure at P1 by standard MPS = 17.4) about twice of that of the
experimental one ( p*P, E= p*M3, E = 9.3). For sure, in case of time or spatial averaging the spurious
large amplitude pressure fluctuations by standard MPS would be smoothed out as several
zero-pressure or low-pressure points are incorrectly distributed in both time (Fig. 7.23) and space
(Figs. 7.20 and 7.22). Momentum conservation (in CMPS) and a more accurate higher order source
term in PPE (in MPS-HS) have damped out and smoothed the artificial pressure fluctuations in the
results by standard MPS. Yet, neither CMPS nor MPS-HS could provide an acceptable prediction of
the trend in time variation of pressure. Compared to the standard MPS method, the MPS-WC
method has resulted in an improved variation of pressure especially at P3. The estimated peak
pressure and its rise time are better predicted by MPS-WC than by either standard MPS, CMPS or
MPS-HS methods. The peak pressure by MPS-WC has been occurred at P3 with a magnitude ( p*P,
MPS-WC
= p*M3, MPS-WC = 6.0) of about 65% of that in the experiment. Although the results by
MPS-WC method portray a less-fluctuating pressure field, they still contain frequent zero-pressure
points in relatively longer time intervals.
From Fig. 7.19(a-c, e-g) an overall agreement of numerical results by CMPS-HS and
CMPS-HMS methods with experimental data is evident. Despite the existence of relatively small
pressure oscillations, both methods have fairly well calculated the trend in time variation of
pressure at points P1-P3. Furthermore, both methods have well predicted two important parameters,
namely the peak pressure and its rise time (Fig. 7.19(c, g)). The peak pressures by CMPS-HS ( p*P,
CMPS-HS
= p*M3, CMPS-HS = 10.5) and CMPS-HMS ( p*P, CMPS-HMS= p*M3, CMPS-HMS = 9.9) are about 13%
and 6% higher than the experimental peak pressure, respectively. The results by CMPS-HMS are
superior to the results by other employed methods. In addition, the amplitude of fluctuations in
CMPS-HMS results is less than those seen in the results by CMPS-HS. At point P4, however, there
are some disagreements between the pressure field calculated by CMPS-HMS and CMPS-HS
methods, and that obtained from the experiment. According to the experimental data, after the
occurrence of peak pressure at P3 at about t* = 250, the pressure at P4 rises up until t* = 370 and then
smoothly declines. Both CMPS-HS and CMPS-HMS methods have resulted in a fluctuating
pressure variation at P4 in the pressure rise up region and afterward underestimated the pressure in
the reduction region (Fig. 7.19(d, h)). Nevertheless, the results by CMPS-HS and CMPS-HMS at P4
are still better than those by other employed methods.
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Fig. 7.19. Dimensionless calculated and experimental wave pressure at different points along a
vertical wall during a flip-through impact (a-d)
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Fig. 7.19. Dimensionless calculated and experimental wave pressure at different points along a
vertical wall during a flip-through impact (e-h)
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Fig. 7.20. Simulation of a slightly-breaking wave impact (Bullock et al., 2007) –
schematic sketch of the numerical domain
7.1.4.2 Simulation of a slightly-breaking wave impact (Bullock et al., 2007)
The impact of a slightly-breaking wave (Bullock et al., 2007) is simulated by modified and
standard MPS methods. A schematic sketch of the numerical domain is presented in Fig. 7.20. The
numerical domain is a 1:10 scale model of the experimental prototype (Bullock et al., 2007). The
wave parameters are set according to a dimensional analysis so a full dynamic similarity is achieved
between the numerical simulation and the experiment. The numerical wave parameters are H = 12.5
cm; T = 2.53 s.
In their experimental study, Bullock et al. (2007) measured the wave pressure by use of two
types of pressure transducers, referred as the PAU (Pressure Aeration Units) and the FZK (Druck
PDCR 800 provided by ForschungsZentrum Kuste or Coastal Research Centre) transducer. In Fig.
7.21(a-b), the CMPS-HS and CMPS-HMS results are plotted together with the recorded pressures
by both the PAU and the FZK transducers at elevations z = 0.93 m and z = 1.38 m above the crest of
the mound (or the toe of the vertical wall). Both CMPS-HS and CMPS-HMS methods have well
predicted the variation of pressure in a “slightly breaking” and a “low-aeration” wave impact. From
the qualitative aspect, the results by CMPS-HS and CMPS-HMS are in good agreement with both
the sketch of “slightly breaking wave” force in the parameter decision map by Kortenhaus and
Oumeraci (1998) (Fig. 7.22(a)) and the schematic representation of a low-aeration impact by
Bullock et al. (2007) (Fig. 7.22(b)). From Fig. 7.21(a-b), according to the CMPS-HS and
CMPS-HMS results, the first pressure peak is followed by a lower second peak referred as
quasi-static peak (Kortenhaus and Oumeraci, 1998). According to Kortenhaus and Oumeraci (1998)
and Bullock et al. (2007), the ratio of the maximum impact pressure (= p M) to the maximum
quasi-static pressure (= p M, q) should be within the range of 1.0 < ( p M/ p M, q ) < 2.5 for a slightly
breaking wave. From Fig. 7.21(b), the ratio of the first pressure peak to the quasi-static peak lies in
the mentioned range for both the CMPS-HS ( p M/ p M, q =1.55) and CMPS-HMS ( p M/ p M, q =1.69)
results. In contrast to the numerical results, the experimental data has not revealed the second
pressure peak. This difference is probably due to the different wave reflection and run-down
properties under 3D conditions (Schuttrumpf et al., 2000). In order to further investigate such a
difference in the existence of second peak, in next section, another case of slightly-breaking wave
impact with conditions being relatively more similar to 2D is simulated.
From the quantitative aspect, both CMPS-HS and CMPS-HMS have well estimated the
maximum impact pressures at z = 0.93 m (Fig. 7.21(a)) and z = 1.38 m (Fig. 7.21(b)). The maximum
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Fig. 7.21. A slightly-breaking wave impact (Bullock et al., 2007) - comparison of CMPS-HS and
CMPS-HMS results with the experiment at z = 0.093 m (a) and z = 0.138 m (b);
comparison of standard and modified MPS methods in calculation of
pressure at z = 0.093 m (c, e) and z = 0.138 m (d , f)

Low-Aeration Impact

Force
Pressure

= maximum
quasi-hydrostatic
force

time

= maximum
quasi-hydrostatic
pressure

time

Fig. 7.22. A schematic sketch of (a) a “slightly breaking wave” force in parameter decision map by
Kortenhaus and Oumeraci (1998) (b) a “low-aeration impact” pressure (Bullock et al., 2007)
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impact pressure on the wall for this case of slightly breaking wave is calculated as 6.264 KN/m2 by
CMPS-HS (= p M, CMPS-HS) and 5.932 KN/m2 (= p M, CMPS-HMS) by CMPS-HMS, respectively. The
maximum pressures by CMPS-HS and CMPS-HMS at z = 1.38 m are close to that recorded by the
FZK transducer with 3.8% and 9.5% differences, respectively. At z = 0.93 m the CMPS-HS and
CMPS-HMS have given the maximum pressure quite close to that by the PAU transducer with 1.6%
overestimation and 5.6% underestimation, respectively. Analogous to other calculated cases, the
relatively small pressure fluctuations seen in the CMPS-HS results are smoothed out when a slight
compressibility is allowed in the CMPS-HMS calculation. Conclusively, both the CMPS-HS and
CMPS-HMS methods have well predicted the impact pressure by a slightly breaking wave on a
vertical wall.
Fig. 7.21(c-f) shows the superior performance of CMPS-HS and CMPS-HMS methods
compared to standard and other modified MPS methods. The spurious pressure field by standard
MPS is characterized by numerous zero-pressure points and large amplitude fluctuations. The
maximum recorded pressure by standard MPS (= p M, MPS = 24.021 KN/m2 ) is more than three times
larger than that in the experiment. The CMPS and MPS-HS methods have both resulted in
less-fluctuating pressure fields compared to standard MPS. Moreover, in contrast to the standard
MPS results, the results by CMPS and MPS-HS methods depict pressure trends in rough qualitative
agreement to that by the experiment. Compared to the standard MPS method, the MPS-WC method
has resulted in a considerably less-fluctuating pressure field, providing a better time variation of
pressure. However, the maximum pressure calculated by MPS-WC (= p M, MPS-WC = 3.573 KN/m2 ) is
about half of that in the experiment. Hence, once again it can be seen that on the contrary to
CMPS-HS and CMPS-HMS methods, the MPS-WC method does not seem to be a promising tool
for calculation of wave impact pressure.
7.1.4.3 Simulation of a slightly-breaking wave impact (Goda and Fukumori, 1972)
In this section, another case of slightly-breaking wave impact is simulated. The simulation
conditions correspond to the experimental study by Goda and Fukumori (1972). This experiment
was carried out in a narrow wave flume with a width about one-fifth of that in the experiment by
Bullock et al. (2007). In addition, relatively small wave height and wave period allow the numerical
domain and wave conditions to be set equal to those in the experiment without any scaling
consideration. Hence, the results by our 2D numerical models, particularly the existence of second
pressure peak, are expected to be in better agreement with the experimental data of this case
compared to the previous case in section 7.1.4.2.
A schematic sketch of the numerical wave domain for this case of slightly-breaking impact is
shown in Fig. 7.23. The wave parameters, namely, the wave height and period are: H = 29.0 cm; T =
2.007 s. Fig. 7.24(a-c) shows the time variation of pressure at three points, one at the initial water
level (z = 0.0) and the others 10 meters below (z = -0.10 m) and above (z = +0.10 m) it. The x-axis
zero point corresponds to the time of maximum run-up (t MR) at the wall and t ′ = t - t MR . Analogous
to the previous cases, both CMPS-HS and CMPS-HMS methods have well predicted the variation
of pressure including the first pressure peak and its rise time. At z = -0.10 m, the CMPS-HS and
CMPS-HMS have given the first pressure peak as 6.228 KN/m2 and 5.866 KN/m2 with about 12%
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200.0 cm

20.0 cm

Fig. 7.23. Simulation of a slightly-breaking wave impact (Goda and Fukumori, 1972) –
schematic sketch of the numerical domain

Fig. 7.24. A slightly-breaking wave impact (Goda and Fukumori, 1972) - comparison of CMPS-HS
and CMPS-HMS results with the experiment at z = -0.10 m (a); z = 0.0 (b); and z = +0.10 m (c)
and 5% overestimation, respectively. The first peak pressure at the initial water level (z = 0.0) is also
overestimated by both CMPS-HS and CMPS-HMS methods, yet, the pressure rise time and its
variation are in good agreement with the experiment. At z = +0.10 m, both CMPS-HS and
CMPS-HMS methods have fairly well calculated the pressure trace, yet, have slightly
underestimated the first pressure peak by about 7% and 12%, respectively. Both experimental and
numerical results confirm the existence of a second pressure peak in a slightly-breaking wave
impact. The second pressure peak at z = -0.10 m, is quite close to that from the experiment. At z =
0.0 and z = +0.10 m, the second pressure peak is overestimated by both CMPS-HS and CMPS-HMS
methods. The closer the measuring points are to the water surface, the higher the overestimation is.
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Fig. 7.25. CMPS-HS snapshots of water particles and pressure field during a slightly-breaking wave
impact (Goda and Fukumori, 1972) at instants of maximum impact pressure (a); maximum run-up
(b); first impact of the reversing jet particles (c); and generation of second pressure peak due to the
impact of reversing jet (d)
Fig. 7.25(a-d) shows some snapshots of water particles together with the pressure field in case
of CMPS-HS calculation. The first pressure peak at all the three measuring points occurs at
t ′ ≈ -0.180 s. Fig 7.25(a) shows the particle configurations and pressure field at the time of
maximum impact pressure, i.e. t ′ = -0.180 s. From Fig 7.25(a), two regions of high pressure are
evident, one close to the initial water level (z = 0.0) resulting from the impact of the wave (dynamic
part), and the other close to the toe of the wall resulting from both impact and hydrostatic pressure
(dynamic and static part). Fig 7.25(b) correspond to the time of maximum run-up ( t ′ = 0.0 ). At this
instant, a relatively small reversing jet is formed. As the wave comes down, the reversing jet is
further developed (Fig. 7.25(c)). At t ′ = 0.167 s, some water particles from the reversing jet hit the
water surface, generating some pressure disturbances (Fig. 7.25(c)). Such disturbances are further
intensified as the rest of reversing jet particles hit the water surface at t ′ = 0.223 s (Fig. 7.25(d)).
The impact of reversing jet which is expected to be stronger in case of a 2D simulation, results in
the overestimation of second pressure peak by CMPS-HS as well as the CMPS-HMS methods.

7.2 Modified ISPH methods for less-fluctuating and more accurate
pressure field
In comparison to MPS method, the ISPH method provides a more realistic pressure field. Moreover,
the ISPH calculation of pressure appears to be better than that by WCSPH method (Rogers and Lee,
2005). Nevertheless, as it will be shown in this chapter, the ISPH method is not accurate enough to
be trusted as a reliable design tool for the prediction of violent impact pressures such as that in a
dam break flow impact. To improve the performance of ISPH in calculation of pressure field, two
122

modifications are proposed. These modifications are similar to those already introduced for
improving the pressure calculation by MPS method.

7.2.1 Modified ISPH; proposed modifications
7.2.1.1 Modified ISPH; momentum conservation
As for the first modification, we consider the improved conservation of angular momentum by
CISPH method.
7.2.1.2 Modified ISPH; higher order source term of Poisson Pressure Equation (PPE)
The second modification is the application of a higher order source term to provide more accurate
and less-fluctuating source term in PPE similar to that derived for the MPS method. To derive the
higher order source term for the ISPH method we start from the following equation similar to Eq.
(7.7) in section 7.1.1.

1 Dρ
1 Dρ
+∇ ⋅ (∆uk** ) =
+∇ ⋅ (∆uk** ) = 0
ρ Dt
ρ 0 Dt

(7.17)

In ISPH method, analogous to the MPS method, a linear differentiation is adopted to provide an
approximation for the time derivative of the particle density. Accordingly:

1 ρ 0 − ρ k*
+∇ ⋅ (∆uk** ) = 0
ρ0 ∆t

(7.18)

Therefore, the PPE’s source term in ISPH method is derived as:
⎛ 1
⎞ ρ − ( ρ k* )i
∇ ⋅ ⎜⎜ * ∇p k +1 ⎟⎟ = 0
ρ0 ∆t 2
⎝ ρk
⎠i

(7.19)

In ISPH-HS (ISPH with a Higher order Source term) the time derivative of the particle density is
calculated as:

DWij
⎛ Dρ ⎞
⎟ = ∑ mj
⎜
Dt
⎝ Dt ⎠ i i ≠ j

(7.20)

With

⎛ ∂W ∂r dx
∂Wij ∂rij dyij ⎞
⎟ = ∇ iWij ⋅ uij
= ⎜ ij ij ij +
⎜ ∂r ∂x dt
⎟
Dt
d
∂
∂
r
y
t
ij
ij
ij
ij
⎝
⎠

DWij

(7.21)

Yielding the source term in PPE in ISPH-HS method as:

⎛ 1
⎞
1
∇ ⋅ ⎜⎜ * ∇p k +1 ⎟⎟ =
m j ∇iWij ⋅ uij
∑
∆
t
ρ
ρ
i
≠
j
0
⎝ k
⎠i

(7.22)
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Fig. 7.26. Modified ISPH simulation of a dam break flow - snapshots of water particles at t = 0.002 s
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Fig. 7.27. Modified ISPH simulation of a dam break flow - snapshots at the impact instant

7.2.2 Modified ISPH vs. ISPH; simulation of dam break with impact
In this section, the improved performance of modified ISPH methods in comparison with the ISPH
method is demonstrated by simulating a dam break with impact. The simulation conditions
correspond to those in the experiment by Hu and Kashiwagi (2004) which has been already
discussed in section 7.1.3.
Fig. 7.26 shows the snapshots of water particles together with the pressure field at t = 0.002 s
just after the release of the dam. The pressure fields by ISPH and CISPH methods are quite similar
and this is also the case for the pressure fields calculated by ISPH-HS and CISPH-HS methods. The
pressure by ISPH-HS and CISPH-HS is smoother and more regularly distributed than that in ISPH
and CISPH snapshots. From the figure it is also evident that ISPH and CISPH methods have
overestimated the pressure as the maximum pressure (which should be close to the hydrostatic one
= 1177 N/m2) in ISPH and CISPH snapshots appear to be close to 2250 N/m2. In contrast,
maximum pressure in both ISPH-HS and CISPH-HS methods appear to be close to the hydrostatic
one.
The calculated pressure at the impact instant, more precisely, the instant at which the maximum
pressure is recorded, is shown in Fig. 7.27. Both ISPH and CISPH results are characterized by
pressure noises resulting in indistinguishable pressure contours. Such noises in pressure field are
smoothed in the calculations by ISPH-HS and CISPH-HS. As a consequence, both ISPH-HS and
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Fig. 7.28. Modified ISPH simulation of a dam break flow - snapshots of water particles at t = 0.750 s
CISPH-HS snapshots are characterized by distinctive pressure contours. Fig. 7.28 illustrates the
snapshots of water particles at t = 0.750 s, the instant at which the second pressure peak occurs
nearly at the same time as the plunging jet impact. The ISPH method has not portrayed a clear
image of the plunging jet as a result of unphysical particle scattering. Employment of a higher order
source term of PPE by ISPH-HS method has led to a more distinguishable plunging jet impact. The
CISPH method has well depicted the plunging jet with quite less particle scattering compared to
ISPH and ISPH-HS snapshots. However, the pressure field by CISPH contains irregularities
especially in the plunging jet impact region. Such irregularities have been smoothed in CISPH-HS
snapshots. In addition, a more integrated plunging jet is portrayed by the CISPH-HS method.
Fig. 7.29 shows the time histories of calculated pressure at point A by all the four methods
together with the experimental data by Hu and Kashiwagi (2004). Both ISPH and CISPH methods
have overestimated the first pressure peak and have underestimated the impact instant (ti-ISPH =
0.320 s; ti-CISPH = 0.330 s). In addition, the calculated pressures by ISPH and CISPH methods are
characterized by relatively large and frequent fluctuations. A less-fluctuating pressure field is
obtained by ISPH-HS method, although the impact instant is overestimated (ti-ISPH-HS = 0.390 s). The
CISPH-HS method has resulted in the best time history of pressure among the four methods. The
CISPH-HS has well predicted the impact instant (ti-ISPH-HS = 0.350 s ≈ ti-exp = 0.348 s) and has
resulted in an improved prediction of both first and second pressure peaks.
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Fig. 7.29. Modified ISPH vs. ISPH time histories of calculated pressure at point A
in a dam break simulation

7.2.3 Modified ISPH vs. ISPH; prediction of wave impact pressure
A flip-through impact is simulated by the modified ISPH and ISPH methods. Conditions of the
simulation correspond to that in the experiment by Hattori et al. (1994) already discussed in section
7.1.4.1. Fig. 7.30 shows the snapshots of water particles together with the pressure field at t* = -800,
0, 200 and 500. At t* = -800, the pressure by ISPH method appears to be fairly reasonable especially
when comparing the snapshot to the corresponding one by the MPS method (Fig. 7.16). However,
existence of some pressure noise is evident. As a result, the ISPH method has not portrayed a
pressure field characterized by distinctive pressure contours. Furthermore, similar to the ISPH
snapshots in computation of wave breaking (chapter 6), the free-surface boundary in ISPH snapshot
is ragged and varies in length across the domain. The CISPH method has resulted in a smoother
free-surface, while the existing pressure field in ISPH has been removed to some extend. Both
ISPH-HS and CISPH-HS methods have resulted in smooth pressure fields characterized by
distinctive pressure contours. The main difference in ISPH-HS and CISPH-HS snapshots lies in the
reproduction of the free surface. The free-surface in CISPH-HS snapshot is a smooth and mainly a
one-layer-thick boundary. On the other hand, the ISPH-HS has reproduced a ragged free-surface
comparable to that in the ISPH snapshot.
The pressure disturbances in ISPH and CISPH snapshots are further increased at t* = 0. The
existence of numerous zero-pressure particles that have been mistakenly detected as free-surface
particles is evident close to the vertical wall in both ISPH and CISPH snapshots. On the other hand,
both ISPH-HS and CISPH-HS methods have yielded smooth pressure fields. At t* = 200 or the
instant of maximum recorded peak pressure at P3, both ISPH-HS and CISPH-HS methods have
provided smooth pressure fields distinguished by distinctive pressure contours very similar to those
computed by Cooker and Peregrine (1992). The maximum impact pressure is also predicted to be in
the vicinity of the still water level which is in agreement with the computation by Cooker and
Peregrine (1992), statements by other researchers (e.g. Hattori et al., 1994) and CMPS-HS
calculations in section 7.1.4. The ISPH and CISPH snapshots are characterized by pressure noises
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Fig. 7.30. Modified ISPH and ISPH snapshots of water particles and pressure fields during a
flip-through impact at t* = -800 and t* = 0
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Fig. 7.30. Modified ISPH and ISPH snapshots of water particles and pressure fields during a
flip-through impact at t* = 200 and t* = 500
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especially close to the vertical wall. As a result, both methods have not portrayed an acceptable
pressure field at the instant of maximum impact pressure in a flip-through impact.
At t* = 500, both ISPH and CISPH methods have resulted in noisy fluctuating pressure fields
similar to those in other snapshots. The pressure by ISPH-HS is more smoothly and regularly
distributed, yet, close to vertical wall and particularly in the vicinity of the free-surface, there exist
some spurious zero-pressure particles. The pressure field by CISPH-HS is further improved in that
the number of spurious zero-pressure particles is reduced. Analogous to the other snapshots the
main difference between ISPH-HS and CISPH-HS snapshots appears to be in the reproduction of
the free-surface. In contrast to the ISPH method, the CISPH method has resulted in a smooth and
mainly a one-particle-thick free-surface layer.
The calculated time history of pressure at measuring point P1-P4 is depicted in Fig. 7.31. From
the figure it is evident that neither ISPH nor CISPH could provide an acceptable pressure trace
during a flip-through impact. Both methods have resulted in fluctuating pressure fields and
numerous numbers of spurious zero-pressures at all the measuring points P1-P4. In contrast, the
employment of a higher order source term in PPE by ISPH-HS and CISPH-HS methods has
significantly improved the pressure calculation in better agreement with the experiment. At P1, both
ISPH-HS and CISPH-HS methods have fairly well predicted the increase in pressure and its
declination although both methods have slightly overestimated the pressure in the declination
section. The calculated pressure by CISPH-HS method is superior to that by ISPH-HS method in
that the pressure rise time, maximum pressure at P1 (= p*M1, CISPH-HS) and the pressure declination
are in better agreement with the experiment. The superiority of CISPH-HS to ISPH-HS is more
evident in the pressure plot at P2. The calculated pressure at P2 by CISPH-HS agrees well with the
experiment. The pressure rise time, its maximum value at P2 (= p*M2, CISPH-HS) and the decrease in
pressure after the rise are well predicted by the CISPH-HS method. Although the pressure by
ISPH-HS method is better than that by ISPH and CISPH methods, the pressure rise time and the
value of pressure between t* = 300 and t* = 600 have been notably overestimated.
The ISPH-HS and CISPH-HS methods have also resulted in an improved and acceptable
pressure trace at P3. Particularly, the maximum impact pressure at P3 (= p*M3) which is the peak
pressure (= p*p = maximum pressure on the vertical wall) is fairly well predicted by the ISPH-HS
and CISPH-HS methods although some amount of overestimation exist. Both methods have also
well predicted the pressure declination at P3. The calculated pressure at P4 by ISPH-HS and
CISPH-HS appears to be more-fluctuating and less-accurate than the pressures calculated at P1-P3
by the same methods. This is probably due to the incompleteness of interpolations which becomes
more revealed close to a boundary.
In conclusion, seeing that both ISPH-HS and CISPH-HS methods have resulted in acceptable
pressure traces at P1-P3 and more importantly an acceptable calculation of maximum pressure on
the vertical wall at P3, these two methods appear to be applicable for the prediction of non-aerated
wave impact pressure on a coastal structure. For the prediction of aerated wave impact pressure;
however, two-phase flow models should be developed.
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Fig. 7.31. Dimensionless calculated and experimental wave pressure at different points along a
vertical wall during a flip-through impact - Modified ISPH vs. ISPH method
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Chapter 8

Improved conservation of mechanical energy
For a system with constant temperature the principle of conservation of energy is not independent
of the principles of conservation of mass and momentum. In other words, the exact solution to the
continuity and Navier-Stokes equation guarantees the exact conservation of total mechanical energy.
However, due to the approximations resulting from both particle-based discretization (including the
approximate differential operator models) and also time integration, total energy of a system of
particles may not remain conserved. In a particle-based calculation of an inviscid fluid flow, the
total energy of a particle i can be written as:

1
ei = mi π i + mi (ui ⋅ ui ) − mi (ri . g )
2

(8.1)

In the above equation, the terms on the right hand side represent the internal, kinetic and
gravitational energies. Here, π is the internal energy per unit mass or the specific internal energy
which depends on the density, deformation or other constitutive parameters. Accordingly, the total
internal energy of a system of particles would be written as:

Π = ∑ mi π i = ∑ mi π ( ρi ,...)
i

(8.2)

i

In an adiabatic (no heat exchange) non-dissipative case, the first law of thermodynamics states that
the change in internal energy of a system is equal to the work done on the system:

dΠ
p
= −∑ mi i ∇ ⋅ ui
dt
ρi
i

(8.3)

On the other hand, the time rate of change of kinetic energy of the system can be written as:
dΚ 1
d
= ∑ mi (ui ⋅ ui ) = ∑ mi ui ⋅ ai
dt
2 i
dt
i

(8.4)

In the absence of gravitational forces, for an adiabatic non-dissipative system conservation of
energy indicates that the summation of the time rate of change of internal energy of the system and
time rate of change of kinetic energy of the system should be equal to zero, that is:

dE dΠ dΚ
=
+
=0 ⇒
dt
dt
dt

dΠ
dΚ
=−
dt
dt

(8.5)

In section 8.1, the energy-conservation properties of ISPH and MPS formulations are revisited from
this viewpoint. Based on the energy framework discussed above, new formulations are proposed for
the acceleration due to pressure gradient for both the ISPH and MPS methods. Later, in section 8.2,
alternative formulations for the pressure gradient term are derived from a variational framework
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proposed by Bonet and Lok (1999).

8.1 Energy conservation properties of ISPH and MPS formulations
8.1.1 ISPH method
The SPH discretized form of Eq. (8.3) is written as:
dπ i
p
=− i
dt
ρi

mj

∑ρ
i≠ j

(u j − ui ) ⋅ ∇ i Wij

(8.6)

j

Therefore:
dΠ
dπ
p
= ∑ mi i = −∑ mi i
dt
dt
ρi
i
i

mj

∑ρ
i≠ j

( u j − ui ) ⋅ ∇ i Wij = − ∑ mi m j
i, j

j

pi

ρi ρ j

( u j − ui ) ⋅ ∇ i Wij

(8.7)

Looking at the above equation, we notice that if we swap the indices, the result of the summation
remains the same but we get a slightly different expression for time rate of change of internal energy,
that is:
p
dΠ
= −∑ mi m j j (u j − ui ) ⋅ ∇ i Wij
dt
ρi ρ j
i, j

(8.8)

Note that ∇ i Wij = −∇ j Wij . Therefore, Eq. (8.7) can be written as:

p
dΠ
1
p
= − ∑ mi m j ( i + j )(u j − ui ) ⋅ ∇ i Wij
ρi ρ j ρi ρ j
dt
2 i, j

(8.9)

On the other hand, in ISPH method the acceleration due to pressure gradient is written as:

ai = − ∑ m j (
i≠ j

pi

ρi2

+

pj

ρ 2j

)∇ i Wij

(8.10)

Hence from Eqs. (8.4) and (8.10):

⎞
⎛
p
p
dΚ
p
p
= ∑ mi ui ⋅ ⎜ − ∑ m j ( 2i + 2j )∇ i Wij ⎟ = −∑ mi m j ( 2i + 2j ) ui ⋅ ∇ i Wij
⎟
⎜
ρi ρ j
ρi ρ j
dt
i
i, j
⎠
⎝ i≠ j

(8.11)

And in a similar way to Eq. (8.9):
p
dΚ
1
p
= − ∑ mi m j ( 2i + 2j ) (ui − u j ) ⋅ ∇ i Wij
dt
2 i, j
ρi ρ j

(8.12)

Thus:

dΠ
dΚ
=−
if ρi = ρ j
dt
dt

(8.13)
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which is not the case for the free-surface fluid flows. However, even in case of free-surface fluid
flows, we will have an approximate equality of the left and right hand sides of the above equation,
hence in ISPH method:

dΠ
dΚ
≈−
dt
dt

⇒

dE
≈0
dt

(8.14)

which signifies that the total energy would be approximately conserved in a non-dissipative case
and in case of an exact time integration.

8.1.2 MPS method
In the MPS method, the time rate of change of internal energy of the system would be expressed as:
dπ i
pD
=− i s
dt
ρ i n0

∑

(u j − ui ) ⋅ (r j − ri )

i≠ j

r2

wij

(8.15)

Therefore:
dΠ
dπ
pD
= ∑ mi i = −∑ mi i s
dt
dt
ρ i n0
i
i

∑
i≠ j

(u j − ui ) ⋅ (r j − ri )
r

2

wij = −∑
i, j

pi Ds (u j − ui ) ⋅ (r j − ri )
wij
ni n0
r2

(8.16)

Again by swapping the indices we will get:
p (u − ui ) ⋅ (r j − ri )
dΠ
D
p
= − s ∑( i + j ) j
wij
dt
2n0 i , j ni n j
r2

(8.17)

On the other hand, in the MPS method the acceleration due to pressure gradient is expressed as:
ai =

− Ds
ρ i n0

∑
i≠ j

( p j − pi )
r2

(r j − ri ) wij

(8.18)

and in case of the modification by Koshizuka et al. (1998) for ensuring the repulsive interparticle
forces:
ai =

− Ds
ρi n0

( p j − pˆ i )
(r j − ri ) wij
r2
i≠ j

∑

(8.19)

Hence from Eqs. (8.4) and (8.19):

⎛ − Ds ( p j − pˆ i )
⎞
⎞
⎛ − Ds ( p j − pˆ i )
dΚ
(r j − ri ) wij ⎟⎟ = ∑ mi ui ⋅ ⎜⎜
(r j − ri ) wij ⎟⎟
= ∑ mi ui ⋅ ⎜⎜ ∑
2
2
dt
r
r
i
⎠
⎝ ρ i n0
⎝ i≠ j ρi n0
⎠ i, j

(8.20)

And in a similar way to Eq. (8.9):

⎞w
⎛ u ⋅ (r − r )
u ⋅ (r − r )
D
dΚ
= − s ∑ ⎜ i j i ( p j − pˆ i ) − j j i ( pi − pˆ j ) ⎟ 2ij
⎟ r
ni
nj
dt
2n0 i , j ⎜⎝
⎠
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(8.21)

Accordingly in the MPS method:

dΠ
dΚ
≠−
dt
dt

dE
≠0
dt

⇒

(8.22)

In case of the CMPS method:
ai =

− Ds
ρi n0

∑

( pi + p j − pˆ i − pˆ j )
r2

i≠ j

(r j − ri ) wij

(8.23)

Thus:

⎛ u ⋅ (r − r ) u ⋅ (r − r )
D
dΚ
= − s ∑⎜ i j i − j j i
ni
nj
dt
2n0 i , j ⎜⎝

⎞ ( pi + p j − pˆ i − pˆ j )
⎟
wij
2
⎟
r
⎠

(8.24)

Hence, still the time rate of change of internal energy of the system plus the time rate of change of
kinetic energy would not be equal to zero.

8.1.3 ISPH-EF and MPS-EF methods
If we replace Eq. (8.23) by:

ai =

− Ds

ρ

pi

∑(n
i, j

+

i

p j (r j − ri )
)
wij
nj
r2

(8.25)

Then:

dΠ
dΚ
=−
dt
dt

dE
=0
dt

⇒

(8.26)

Conclusively, in order to have an improved conservation of energy in MPS calculations Eq. (8.25)
is proposed for the acceleration due to pressure gradient. Since Eq. (8.25) is obtained from an
Energy-Framework, the modified method would be given the name MPS-EF
(MPS-Energy-Framework). In case of the ISPH method, the equation for the pressure gradient
acceleration based on a Energy-Framework would be obtained as follows:

ai = − ∑ m j (
i≠ j

pi

ρi ρ j

+

pj

ρi ρ j

)∇ i Wij

(8.27)

The ISPH method modified by Eq. (8.27) will be given the name ISPH-EF (ISPH-Energy
Framework). In case of applying for example a higher order source term for PPE in ISPH and MPS
methods, the modified methods will be referred as ISPH-HS-EF or MPS-HS-EF, respectively. It
should be noted that both of the Eqs. (8.25) and (8.27) guarantee the conservation of linear and
angular momentum seeing that they produce anti-symmetric and radial interparticle forces.
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8.2 ISPH and MPS formulations from a variational framework
In a particle-based calculation the internal forces can be derived by minimization of a potential
energy function as shown by Bonet and Lok (1999). The internal forces are related to the specific
internal energy via the following relation:

Ai =

∂Π
∂
=
∑ m j π ( ρ j ,...)
∂ri
∂ri i ≠ j

(8.28)

The above equation states that the variation of the energy stored in a system due to an infinitesimal
virtual movement of a particle i is equal to the work done by the internal force acting on that
particle. This is exactly equivalent to the principle of virtual work applied in structural mechanics
for derivation of internal forces. In the following subsections we derive the internal forces for both
ISPH and MPS methods based on a variational framework.

8.2.1 ISPH formulations; ISPH-VF method
In ISPH method, the density at particle i is calculated as:
M

ρi = ∑ m j Wij

(8.29)

j ≠i

The internal forces can be evaluated from Eq. (8.29) and by a simple differentiation:
Ai =

∂
∂ri

∑ m π (ρ ) = ∑ m
i≠ j

j

j

i≠ j

j

dπ ∂ρ j
dρ j ∂ ri

(8.30)

The derivative of the internal energy for an adiabatic process is given as (Bonet and Lok, 2004):
p
dπ
= 2
dρ ρ

(8.31)

On the other hand, the derivative of the density with respect to particle positions can be written as:
∂ρ j
∂ ri

M

= mi ∇ i Wij − δ ij ∑ mk ∇ k Wik

(8.32)

k

where δ ij = Kronecker delta. By substituting Eqs. (8.31) and (8.32) into Eq. (8.30), we will get the
following expression for the internal pressure interacting forces:

Ai = ∑ mi m j (
i≠ j

pi

ρi2

+

pj

ρ 2j

)∇ i Wij

(8.33)

which is exactly the equation used in ISPH calculations. This implies that the original ISPH
formulation for pressure interacting forces is variationally consistent with the definition of density
(Eq. 8.29) in ISPH method.
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8.2.2 MPS formulations; MPS-VF method
In the MPS method, the particle number density at particle i is calculated as:
M

ni = ∑ wij

(8.34)

j ≠i

The internal forces are now calculated as:
Ai =

∂
∂ri

∑ m π (n ) = ∑ m
i≠ j

j

j

i≠ j

j

dπ ∂n j
d n j ∂ ri

(8.35)

The derivative of internal energy can be written as:
p m
pj
dπ
dπ dρ j p j
=
= 2 mj = j j =
dn j dρ j dn j ρ j
ρ j ρ j m j n j n0

(8.36)

And for the derivative of the particle number density with respect to particle positions we have:
M
∂n j
= ∇ i Wij − δ ij ∑ ∇ k Wik
∂ ri
k

(8.37)

Finally, the following expression would be obtained for internal pressure interacting forces in MPS
method:

Ai =

1
p p
( i + j )∇ i Wij
∑
n0 i ≠ j ni n j

(8.38)

And the acceleration due to pressure gradient experience by particle i would be obtained as:

ai = −

1

ρ0

pi

∑( n
i≠ j

i

+

pj
nj

)∇ i Wij

(8.39)

Note that mi ai = Fi – Ai with Fi and Ai representing the external and internal forces, respectively.
The above equation guarantees the conservation of both linear and angular momentum seeing that it
results in anti-symmetric and radial internal forces and improves the conservation of energy in view
of the fact that the internal forces are derived from a variational approach. The MPS method
modified by Eq. (8.39) will be given the name MPS-VF (MPS-Variational Framework). In next
section, the improved performance of MPS-VF, MPS-EF and ISPH-EF methods in conservation of
energy is shown by a simple numerical test, that is, the evolution of an elliptical water drop
(Monaghan, 1994).

8.3 Improved performance of MPS-VF, MPS-EF and ISPH-EF methods in
energy conservation
The improvements achieved in conservation of energy are demonstrated by simulating the evolution
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Fig. 8.1. Time variation of total kinetic energy - ISPH-EF method vs. ISPH method
of an elliptical water drop (Monaghan, 1994). Firstly, in section 8.3.1, the performance of ISPH-EF
is investigated in comparison with the ISPH method. Later, in section, 8.3.2, the refined
conservation of energy by MPS-EF and MPS-VF is shown by performing the same numerical test.

8.3.1 ISPH-EF vs. ISPH method
The evolution of an elliptical water drop is simulated. Conditions of the simulation are similar to
those already discussed in chapter 6, except for the value of viscosity which is set to be zero here.
The particle diameter is equal to 0.04 m and 1960 particles are located inside the domain. Fig. 8.1
depicts the time variation of total kinetic energy of the system during the evolution of the elliptical
drop. Since the fluid is incompressible in addition to being non-dissipative, total kinetic energy of
the system should remain constant. A slight reduction in total kinetic energy can be observed from
the figure. Such reductions are about 0.78% and 0.52% for ISPH and ISPH-HS methods,
respectively. From the figure, it is evident that the performance of a pressure gradient term from an
energy framework does not differ so much to that derived from a variational framework. However,
for the ISPH calculation performed here, employment of a higher order source term has slightly
(0.26%) improved the conservation of energy.

8.3.2 MPS-VF and MPS-EF vs. MPS method
Fig. 8.2 illustrates the time variation of total kinetic energy for the MPS, MPS-EF and MPS-VF
methods during the evolution of an elliptical drop. Conditions of the simulation are exactly the same
as those in section 8.3.1. The figure confirms the enhanced conservation of energy by MPS-EF and
MPS-VF methods. The best results are obtained by MPS-HS-VF when the source term of PPE in
MPS-VF method is replaced by a higher order one. The reduction in total kinetic energy for the case
of MPS-HS-VF method is about 1.04%. On the other hand, the reduction of total kinetic energy for
MPS-HS-EF and MPS-HS methods are about 6.11% and 7.55%, respectively. The employment of a
higher order source term has improved the conservation of energy for MPS and MPS-VF methods
by about 0.26% and 0.66%, respectively. Thus, the effect of application of a higher order source
term in conservation of energy is not as significant as applying a new formulation from either an
energy or a variational framework.
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Fig. 8.2. Time variation of total kinetic energy - MPS-VF and MPS-EF methods vs. MPS method

Fig. 8.3. Time variation of total kinetic energy - MPS-VF-HS method vs. ISPH-HS method
Fig. 8.3 depicts the time variation of total kinetic energy for the ISPH-HS and MPS-HS-VF
methods, which performed better than other modified methods in their category. From the figure, it
can be seen that the conservation of energy has been slightly better in case of the ISPH-HS method
for this specific problem. It should be noted here that the comparisons made in this chapter are
limited only to the performance of the modified methods in conserving the mechanical energy. Final
decision on the selection of the best modified method for accurate simulation of free-surface fluid
flows requires further comparisons in method’s performance in simulation of violent free-surface
fluid flows such as wave breaking and post-breaking, sloshing, etc.
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Chapter 9

Conclusions and future works
The present study introduces several improved particle methods for simulation of free-surface fluid
flows. Improvements are achieved by revisiting the original differential operator models of two
particle methods, namely, the Incompressible SPH (ISPH; Shao and Lo, 2003) and the Moving
Particle Semi-implicit (MPS; Koshizuka and Oka, 1996) methods. The developed particles methods
are obtained by deriving refined differential operator models from a physical-mathematical
viewpoint. In next section, a summary of the developed numerical methods is presented. Finally, in
section 9.2, the remaining future works are discussed.

9.1 Developed numerical methods
The developed numerical models as well as their basic feature and superiority are summarized in
Table 9.1. The refined differential operator models of the developed methods are derived by
1) focusing on the momentum conservation properties of the original formulations for the internal
interacting forces. The phrase “corrected” has been chosen to name the new modified methods
for improvement of momentum conservation. The description, verification and application of
the CISPH (Corrected ISPH) and CMPS (Corrected MPS) methods have been presented in
chapter 6. This chapter highlights the importance of momentum conservation in a particle-based
calculation to avoid unphysical dispersive particle motions particularly when the free-surface
experiences large and abrupt deformations. Thus, the main superiority of CISPH and CMPS
methods (compared to ISPH and MPS methods) lies in their enhanced capability for accurate
water-surface-tracking, especially in violent free-surface fluid flows such as a plunging breaking
wave and resultant splash-up.
2) revisiting the derivation of the Poisson Pressure Equation (PPE). A higher order source term of
PPE is derived by applying a higher order differentiation to provide a less-fluctuating and more
accurate pressure field. The modified methods employing the new source term have been given
an additional suffix “HS” representing the Higher order Source term (e.g. CMPS-HS). Chapter 7
is devoted to description of the modified MPS and ISPH methods for improved calculation of
pressure. The enhanced performance of the modified MPS and ISPH methods is demonstrated
through the simulation of a few wave impact problems. The CMPS-HS, CMPS-HMS, ISPH-HS
and CISPH-HS methods are shown to be applicable for the estimation of wave impact pressure
on a coastal structure.
3) applying two energy-consistent frameworks to derive new internal forces for improvement of
energy conservation. The first framework referred as the Energy Framework is based on the fact
that in an adiabatic non-dissipative system, the summation of the time rate of change of internal

141

energy of the system and that of the kinetic energy of the system should remain zero. New
pressure gradient terms are derived from this Energy Framework leading to MPS-EF and
ISPH-EF methods. In the second framework, referred as the Variational Framework, the internal
forces are derived based on a variational internal energy-force-displacement concept. Derivation
of internal interacting forces from the variational framework is equivalent to the derivation of
internal forces from the principle of virtual work in structural mechanics.

9.2 Recommendations for future works
The developed numerical methods in this study are 2D single-phase flow models in which the effect
of motions smaller than size of particles or the Sub-Particle-Scale (SPS) turbulence (Gotoh et al.,
2001) has not been taken into account. For the simulation of a realistic 3D problem, larger
computational domain and much more particles are needed. Considering the computational
limitations, in such a case large particles with low spatial resolution must be introduced. Hence, the
effect of SPS turbulence becomes significant and turbulence modeling is essential. Another issue is
the parallel computation especially for case of 3D calculations where the computational load
significantly increases. In case of the simulation of a multi-phase problem such as the wave
breaking, surf zone/swash zone sediment transport or a aerated wave impact with entrapped or
entrained air, introduction of two-phase (or multi-phase) flows should be performed. Thus, the
step-by-step extension of the modified particle methods to 3D multi-phase methods with the
description of SPS turbulence should be among the future works.
In chapter 8, a few methods have been proposed on the basis of energy-consistent frameworks.
Although the derived pressure gradient term in MPS-HS-EF and MPS-HS-VF methods have been
shown to improve the conservation of energy in addition to conserving both linear and angular
momentum, further numerical tests are required to investigate the performance of the proposed
energy-consistent methods in comparison to CMPS-HS method. This is due to the fact that in the
energy-consistent methods proposed in this study, the gradient of a kernel should be computed. It is
clear that the gradient of a kernel is more sensitive to the relative particle positions and accordingly
particle disorders (or randomness of particle configurations) than the simplified linear averaged
term applied in standard MPS as well as CMPS methods. In special cases such as the violent
free-surface fluid flows, where certain particles may attain considerable accelerations, randomness
of particle configurations (or particle disorders) might be increased. Accordingly, certain numerical
errors due to the particle disorders might be generated affecting both the performance and the
convergence of the method. Final decision on the appropriate choice of the best method for accurate
simulation of violent free-surface fluid flows can be made when the performance of MPS-HS-EF
and MPS-HS-VF methods are further compared to that of the CMPS-HS method.
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Abbreviation

CISPH

CMPS

CMPS-SBV

CMPS-HS

CMPS-HMS

ISPH-HS

CISPH-HS

MPS-EF

Method

Corrected Incompressible
SPH

Corrected MPS

Corrected MPS with a
Strain-Based Viscosity

CMPS with a Higher
order Source term

CMPS with a Higher
order Modified Source
term

ISPH with a Higher order
Source term

CISPH with a Higher
order Source term

MPS-Energy Framework

Improved conservation of energy +
momentum conservation

Refined gradient operator for
pressure forces from an energy
framework
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Momentum conservation + accurate
and less-fluctuating pressure field

Accurate and less-fluctuating
pressure field

Momentum conservation + accurate
and less-fluctuating pressure field

Higher order terms in Poisson
Pressure Equation

Higher order terms in Poisson
Pressure Equation

Higher order terms in Poisson
Pressure Equation

Momentum conservation + accurate
and less-fluctuating pressure field

Momentum conservation + more
realistic reproduction of viscous
stresses

Refined gradient operator for
calculation of pressure forces +
a strain-based viscosity term
Higher order terms in Poisson
Pressure Equation

Accurate water-surface-tracking

Conservation of linear momentum,
improved conservation of angular
momentum

Refined gradient operator for
calculation of pressure forces

Less artificial numerical dissipation

Accurate water-surface-tracking +
Improved solution for pressure field,
prediction of wave impact pressure

Improved solution for pressure field,
prediction of wave impact pressure

Accurate water-surface-tracking +
improved solution for pressure field,
prediction of wave impact pressure

Accurate water-surface-tracking +
improved solution for pressure field,
prediction of wave impact pressure

Accurate water-surface-tracking +
refined simulation of anisotropically
varied flow

Accurate water-surface-tracking

Main superiority

Conservation of angular momentum

Basic feature

Corrective terms for calculation
of viscous forces

Derived terms

Developed particle methods in this study

Table 9.1. Developed particle methods and their main superiority

ISPH-EF

MPS-VF

MPS-HS-EF

ISPH-HS-EF

MPS-HS-VF

ISPH-Energy Framework

MPS-Variational
Framework

MPS-HS-Energy
Framework

ISPH-HS-Energy
Framework

MPS-HS-Variational
Framework

Basic feature
Improved conservation of energy +
momentum conservation
Improved conservation of energy +
momentum conservation
Improved conservation of energy +
momentum conservation + accurate
and less-fluctuating pressure field
Improved conservation of energy +
momentum conservation + accurate
and less-fluctuating pressure field
Improved conservation of energy +
momentum conservation + accurate
and less-fluctuating pressure field

Derived terms
Refined gradient operator for
pressure forces from an energy
framework
Refined gradient operator for
pressure forces from a
variational framework
Refined gradient operator for
pressure forces from an energy
framework
Refined gradient operator for
pressure forces from an energy
framework
Refined gradient operator for
pressure forces from a
variational framework

Less artificial numerical dissipation

Less artificial numerical dissipation

Less artificial numerical dissipation

Less artificial numerical dissipation

Less artificial numerical dissipation

Main superiority
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Table 9.1. Developed particle methods and their main superiority (Continued)

