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COMPARISON OF PARAMETER ESTIMATION METHODS
FOR EXTREME VALUE DISTRIBUTIONS

By Kaoru Takara, Takuma Takasao and Akira SHimizu

Synopsis

This paper compares parameter estimation methods for the Gumbel distribution
and the generalized extreme-value (GEV) distribution by using the Monte Carlo
simulation technique with changing sample size N= 10, 20, ---, 1000.

The methods considered for the Gumbel distribution are the methods of
moments (MoM), maximum likelihood estimation (MLE), probability weighted
moments (PWM), least-squares (LS) with the Weibull or the Hazen plotting
formula, and maximum entropy principle (PME). In terms of the root mean square
error (RMSE) of the quantile estimates, the MLE is the best among these. The
PWM gives the least biased estimation, followed by the MoM, PME and MLE. The
difference of these is small. For the GEV distribution, the MoM, MLE and PWM are
compared. In terms of both the RMSE and bias the PWM is the best.
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Fig. 1. Explanation of the root mean square error. (RMSE)
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ST B, Table 1. Parameter values assumed
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u=-_ log{NE. exp ( ax,-)}

EWHSRERTEA SN EYDT, REMEICL > TIhERBEMICETIEEV, T ITl’), dEEs:
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s'* :a(x,__u) ................................................................................................... (6)
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Gumbel D PWM EEHIZE N EFNIRD L H 121839,

u In(1+7) +7e

M=1 i R (13)
D ettt
oMM, (14)
U= My—TE e (15)
a

T, FREEOBKTH D, (12) ROEAPWM 2 ho5DRUTRAT S Eick D la, « D
EEEE 5,

Landwehr 53, Monte Corlo ¥ ¥ 2 b— v a vickd, TOPWMEELELHE BREOHEZ
T-TW3, Gumbel HFHICHSEMERESET, ThARIRERE L TVIBA L DFBEIOVLT
BRIL, BIEOHA PWM &S, BRERMGIEONREEHEEE5X, REOHLGTHHMO >0
WEELD SPISVREHELOOMEREE5ABILERLI, BAFERESLOBECH LT a
LHBERRGHBEOR/IVYHMTEE 52, PWM BB w o8 L TR/IMIBHEER5 A 5, FBIRICK
ZHEEEHARODEIZ, /MEATY 7 - Y EVA FORZVESC OV TOAPWM kL D/hE Ly,
Sthe LTELESBOAY, /MERTRIIER S 0 IERLAMKERH 05 L D/hS & &i2id PWM EAR
W EERLI,

(5) ERkxzvibub—i

T v b ot -2, Boltzman % “a measure of our degree of ignorance as to its true state” &5
# L T, Shannon ASEHEERICIGH LS TH 5, Sk - it (1969 13, AKXiHiR REHHD
OEficT v o E—-DOESEBAL, &5, MUKERID b O TIEHRE", BN - FHERSEOR
O bER L7,

Sonuga (1972)" i3, ®AT v b o—FE,SHEKT ¥ b o E—0HR S HERERBIMERES 5
HEERE L, COFER, BAhoHon s KT AEREFEBYICHD A, shAiET
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H@@) =~ [p&) In p(x)dx
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g3 (@) =exp {—a (x—w)}
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fojmp(x)dle ............................................................................................. an
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bbb, Gumbel AHOHREEIEME L LY, COLIL, »IB¥e k) BHIONIEE BK
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THOLEMAEMTET A3 HENRERT Y boE—ETH b, BRAT v b o E—iE% Gumbel 537 B H
L& 20 s L VHEBRRETBROHETERZEIT >V TR Phien™ itk » TR I TV 5,
NEOF—¥x, 25 - xy B2 o0 EE, 18), (19 R,

1 N
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~ .-Z=| EXP(—8) I 1 +teereerreit e (22)
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FET 8% a, u i Table 1 Io7;RLABY Th B,
(1) ®WERKEDOES

Table 213, EAOKEIN %1005 1000 FTEZ & &L, SBMECHICL->THESNS 100
FEHERMEKE (A 1920 o) OHEMOTEY, Hifih o OFEM (BIAS), #Z#({F%, RMSE 2/RL1A
bDTH5, Table 313 RMSE ic>\WT, Table 4 {3 BIAS it W\ T, /N& W &HEE R ICNER %M
H1:bDTHB, RMSERNOKREIhLOST, BLE HKxvrob-ik PWMEDIRCE
W, BIASA2H 2 &, NS2000& sHERE, PWMEOEIEL, 30=ND& X PWMEE, BERE B
Kz v bob—EolficBY, Table 2425 2%&, PWME®D BIAS BB CT/hanwl &, 4, &LE
HIERLIZ AR TH AN LEMDEDEHNRTHIEF O REIHNENRWT EMbH 5,

BRikiE RMSE, BIASOEBLIZoLT BN Rtk bBRVEEL S, MKk, RMSE p5%
46T, BIASBNZ30DEEHE 2, NS20DEXFE 1M THS, Gumbel AHDIBE, HRET
BHEHET 5L & 2IRETOERRE (FHEHH) 23, BEAEHRIAREIRTH Y, BES
HOREORE S BHEBICHEINLTVE0T, REEMHELNMESBESICHV LGNS, £D719,
BREIBPFELORBVERE523EE2 003,

(2) BEREOHA

Tables5, 6, 73, WEREICBITIRMEOERERLbDTH S, RMSE QIEN I, &LE &
kzvirobt-—&E PWMBEDIEICEL, BAKBOEAEFECERTS %, BIAS ORI, N2 30D &
& PWME, #FE BRKzvrob—E BLET, NS200& EEEBE, PWME, RKxvibno
E—ETh b, P EEIVTNITOVLWTHRLBL, BEBKBDIBEALZEFEULERTH 3,

4, —RRAEAEIES T D B R O LB T

41 —ReEEDH

Jenkinson™ {3, BRKMAHIHEHIERY, ZoRHORERchrrbsd, RO LS RBRAHBT
FENICEDLINA T EERL, 0B INIZ—E{LIR{E (generalized extreme value, GEV) 37 &
HEhd Lot

exp[ —{ L_an—_@_}‘/":l’ k>0

ool oo )], oo

B, k o xD=>2Tdhbd, ZDOHFIL, 19754 Natural Environment Research Council ic
T, AF) 20N OBRBOFERAKBEOIRIHIRENTLLR, 1 FY 2 TRACHERITICBT
ZEENHFEEE LI, BKUOBEICOHVONTVEES>THEY, B ek=00L 5,
GEV 9273 Gumbel /377 (&AfEICEE 25 1 BN H) KT 5, £/, kx00EEF) &
ROEHIEFTE 3,

F(x)=exp{—exp(—s)}

s:—%ﬁn[—{x_<%+%>}/(%>J

ZDREMS, k<0, k>0DEE, FhFNNUHMERSH AR, BRADLEE,

F(x)
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Table 3. Ranking of the methods in terms of the RMSE for the Gumbel distributed

rainfall
N 10| 20| 30| 40| 50| 60 | 70 | 80 | 90 | 100! 200 | 500 | 1000
MLE 1 1 1 1 1 1 1 1 1 1 1 1 1
MoM 4 4 4 4 4 4 4 4 4 4 4 4 4
LS (H) 6 6 6 6 6 6 6 6 6 6 6 6 6
LS (W) 5 5 5 5 5 5 5 5 5 5 5 5 5
PWM 3 3 3 3 3 3 3 3 3 3 3 3 3
PME 2 2 2 2 2 2 2 2 2 2 2 2 2
Table 4. Ranking of the methods in terms of the bias for the Gumbel distributed
rainfall
N 10 | 20 | 30 | 40 { 50 | 60 | 70 | 80 | 90 | 100 | 200 | 500 | 1000
MLE 4 4 4 4 4 4 4 4 4 4 4 4 4
MoM 1 1 2 2 2 2 2 2 2 2 2 2 2
LS (H) 6 6 6 6 6 6 6 6 6 6 6 6 6
LS (W) 5 5 5 5 5 5 5 5 5 5 5 5 5
PWM 2 2 1 1 1 1 1 1 1 1 1 1 1
PME 3 3 3 3 3 3 3 3 3 3 3 3 3

42 —M{LEESHOBEMEE
UTo=>0REEEEHET 5,
(1) Ak
GEV DRI & 288112, 1960 ££0 Jenknison # Prescott and Welden® ® DRig##ENH
3, T T, Gumbel % &[EM, S@{t7 o/ 54 DMINF 1 #HWT, LERKEERLT LD
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Table 6. Ranking of the methods in terms of the RMSE for the Gumbel distributed

flood
N 10 | 20 | 30 | 40 [ 50 | 60 | 70 | 80 | 90 | 100 | 200 | 500 ;1000
MLE 1 1 1 1 1 1 1 1 1 1 1 1 1
MoM 4 4 4 4 4 4 4 4 4 4 4 4 4
LS (1) 6 6 6 6 6 6 6 6 6 6 6 6 6
LS (W) 5 5 5 5 5 5 5 5 5 5 5 5 5
PWM 3 3 3 3 3 3 3 3 3 3 3 3 3
PME 2 2 2 2 2 2 2 2 2 2 2 2 2
Table 7. Ranking of the methods in terms of the RMSE for the Gumbel distributed
rainfall
N 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100 | 200 | 500 | 1000
MLE 4 4 4 4 4 4 4 4 4 4 4 4 4
MoM 1 1 2 2 2 2 2 2 2 2 2 2 2
LS (H) 6 6 6 6 6 6 6 6 6 6 6 6 6
LS (W) 5 5 5 5 5 5 5 5 5 5 5 5 5
PWM 2 2 1 1 1 1 1 1 1 1 1 1 1
PME 3 3 3 3 3 3 3 3 3 3 3 3 3

_xta{l=G+D A +R}/k

M; j+1

a{l—-TQ+k)}

M():x0+ P

1—27*
k

2M,~My=al'(1+k)

3M2—M0 -

1_
2M\—M, 1—

3—k
2-k
iz, jRIEADEHETHYD, k>—-1Thb,

43 HREER

Tables 8, 9, 10 {2, 100 FEHEEM/KE (BEHEIZ 191.82m) KOVWTOHERERLALODTHS, N=
1000 D& % RMSE, BIAS @& 5 51z o WTbEAENEVAH, N<500 D& & PWM ENSTEICSH 1L
<3, cOBED—-IT, BAED overfitting »d 5 &Bbn b, —UEHEDTIE 3EOBEE b
BERLTAROERACES LBORRUEBEEELTEY, JhcBELEEERAV S L, BEARTLIRLCHE
BT BILIHBDT, Hio> THBEKXBOBEBRENKECL-TLEIDTHE, BEFAIN
DB DREVECOREIZN BN, NHBEDKELHWES, 5 L7 overfitting I 3EEY
BV BEND B,

PWM @D RMSE 13, N< 100 D& SBAED 1 /20T Th b, £/, BIASEN=10D L X THH
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Table9. Ranking of the methods in terms of the RMSE for the GEV distributed

rainfall
N 10 | 20 | 30 | 40 { 50 { 60 | 70 | 80 | 90 | 100 { 200 | 500 1000
MLE 4 4 2 » 2 2 2 , 2 2 2 2 2 2 1
PWM 1 1 1 1 1 1 1 1 1 1 1 1 2
MoM 303 |4/ |4/|4/|4|a|a]|a|a|a|4]4
(sample skew)
MoM
(unbiased skew) 212131313 /313|3/3]3/,3]3]3

Table 10. Ranking of the methods in terms of the bias for the GEV distributed

rainfall
N 10 | 20 { 30 { 40 | 50 | 60 | 70 | 80 | 90 | 100 | 200 | 500 {1000
MLE 2 2 2 2 2 2 2 2 2 2 2 2 1
PWM 1 1 1 1 1 1 1 1 1 1 1 1 2
MoM 4| 4| 4|4 4|4 a|a]alalalalq
(sample skew)
MoM

(unbiased skew)
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