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Abstract: This paper shows a novel method for predicting transient instability of
power systems based on reachability analysis of hybrid systems. The analysis is
performed by computing reachable sets of unsafe sets in nonlinear hybrid automata
that represent both continuous electro-mechanical dynamics of generators and
discrete operations by relay devices. The unsafe sets here are subsets of system
states in which power systems show unacceptable operations such as stepping-out
of generators. Then the transient instability of power systems can be estimated
by investigating whether a system state exists in the reachable sets or not. The
estimation is possible at any onset of accidental faults such as line and plant
trips. This paper demonstrates the proposed method through an analysis of single-
machine infinite bus system.Copyright © 2006 IFAC
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1. INTRODUCTION

There is growing recognition that the dynamics
of electric power systems become complicated as
the current change of technological bases and eco-
nomic environment (Fairley 2004, Gellings and
Yeager 2004). As a technological aspect, various
power apparatuses including HVDC systems and
FACTS are applied to conventional ac transmis-
sion systems. As an economic change, regulatory
reforms of electricity markets require a substan-
tial modification of conventional system opera-
tion. These technical and non-technical trends
possibly cause the dynamics of power systems to
be complicated. It is by now widely recognized
that we cannot fully analyze and control such
complex dynamics using conventional framework
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of power engineering. A comprehensive approach
to the analysis and control has been therefore
strongly required (Talukdar et al. 2003, Dobson
et al. 2004).

Hybrid dynamical system and control are active
research subjects in computer science and con-
trol engineering (Domenica et al. 2001, Alur and
Pappas 2004). A hybrid automaton (Henzinger
1996) is a well-known mathematical formulation
of hybrid systems. The formulation is applicable
to modeling and analysis of complex engineered
systems that involve both continuous and dis-
crete dynamics. Reachability analysis of hybrid
automata is here of paramount importance for
safety specifications of engineered systems: for
examples, steam boiler and flight management
systems (Lygeros et al. 1999, Tomlin et al. 2003).
The analysis is usually performed by computing
reachable sets of the hybrid automata and there-
fore urges us to develop several numerical schemes



IFAC Symposium on Power Plants and Power Systems Control, Kananaskis, Canada, 2006

such as level set methods (Mitchell and Tomlin
2000, Tomlin et al. 2003).

This paper proposes a novel method for predict-
ing transient instability of power systems based
on reachability analysis. The stability of power
systems is a well-established subject with a long
history of research (Kimbark 1947). Several re-
searchers have recently worked on the intersection
of power system stability and hybrid system the-
ory (Hiskens and Pai 2000, DeMarco 2001, Geyer
et al. 2003, Fourlas et al. 2004, Kwatny et al.
2005). The authors (Hikihara 2005, Susuki et al.
2005) also propose a general framework for model-
ing and stability analysis of power systems based
on nonlinear hybrid automata. This paper fo-
cuses on transient stability problems and proposes
a novel method for the prediction of transient
stability of power systems based on reachability
analysis. A key idea in the proposed method is to
compute backward reachable sets of unsafe sets for
given power system models. This paper demon-
strates the proposed method through an analy-
sis of single machine-infinite bus (SMIB) system.
For a preliminary discussion of the work reported
here, see (Ebina et al. 2005).

2. PREDICTING TRANSIENT INSTABILITY:
A NOVEL METHOD

This section proposes a method for predicting
transient instability based on reachability analy-
sis of nonlinear hybrid automata. Note that the
authors (Hikihara 2005, Susuki et al. 2005) show
a general framework for power system stability
analysis based on hybrid system theory.

2.1 Nonlinear hybrid automaton H

A nonlinear hybrid automaton H (Tomlin 1998)
is defined to be the collection

H=(QxX,Ux D, %, x 54, f, E, Inv, I, 2), (1)

with

A

e () x X is the state space, with @ =
{¢1,q1, -+ ,¢m} a finite set of discrete states
and X a m-dimensional manifold. A state of
the system is a pair (¢;,z) € Q X X;

e U x D C R* x R is the product of the set of
continuous control inputs and the set of con-
tinuous disturbances. The space of accept-
able control and disturbance trajectories are
denoted by U = {u(-) € PC° |u(r) e UVT €
R} and D £ {d(-) € PC° |d(T) € DVT € R}.
PCY denotes the space of piecewise continu-
ous functions over R;

e ), X X, is the product of the finite set of
discrete control actions and the finite set of
discrete disturbance actions;

f:QxX xUxD — TX is the vector field
which associates a nonlinear control system
f(q,x,u,d) with each discrete state g € Q;
E:QxX x X, x Xg— 29%X is the discrete
transition function;

e Inv C () x X is the invariant associated with
each discrete state, meaning that the system
evolves according to & = f(q,z,u,d) only if
(q,2) € Inv;

I C ) x X is the set of initial states;

12 is the trajectory acceptance condition? .

2.2 Modeling transient dynamics via H

First of all conventional problem setting for tran-
sient stability analysis is reviewed. The readers
can refer to (Chiang et al. 1987, Chiang et al.
1995). For the transient stability analysis, the
following system described by a set of three dif-
ferential equations is examined:

& = fore(x) fort < tg,
& = fon(x) forty <t <t (2)
T = fpost(z) for tc <1t

where x stands for the state vector that includes
rotor angles, rotor speed deviation, and so on. The
differential equations fpre, fon, and fpost repre-
sent electro-mechanical dynamics of generators.
At some time ¢; a power system undergoes a
large fault, that is, there is a topological change
of the constitute transmission network. This is
represented by the change of the differential equa-
tions from fpre to fon. Before the fault, it is
assumed that we have the pre-fault differential
equation fpre. The topological change is caused by
controlled and uncontrolled line switching: relay
operations and accidental faults such as line trip
and plant outage. At ¢ = t.(> ¢f) the fault is
cleared. The dynamics are then governed by the
post-fault differential equation fost. In addition,
by re-closing operation, at t = ¢,(> t.) the net-
work topology returns to the pre-fault one. The
differential equation is then fixed at fpre.

The nonlinear hybrid automaton can combine the
transient dynamics with line switching operations.
In H the vector field f is described by the differ-
ential equations fpre, fon, and fpost in (2). On the
other hand, discrete variables {¢;} are assigned to
the above system states: pre-fault, fault-on, and
post-fault ones. The discrete transition E can then
describe the topological change of the constitute
network, that is, the change of the differential
equations such as the one from fpe to fon. The
transition is driven by discrete control and dis-
turbance actions (oy[-],04[-]) € Xy x X4. They
include relay operations and accidental faults. Ad-
ditionally, H can model continuous controller of

2 2 = OF for F C Q x X. O denotes a map, called
property, from the set of all executions of H to {True,False}
(Lygeros et al. 1999).
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power systems such as dc links by u(-) € U and
unregulated power flow due to electricity trading
as d(-) € D. Hence the nonlinear hybrid automa-
ton H is applicable to modeling of the transient
dynamics with taking the relay operations into
account.

2.8 Predicting transient instability using reachable
sets

The present subsection introduces a novel method
for predicting the transient instability. Now define
an unsafe set G C @) x X for the hybrid automaton
H. The unsafe set is interpreted as a subset of
the system states in which a power system shows
unacceptable operations: for examples, occurrence
of large rotor speed deviation and stepping-out of
generators. A reachable set R;(G) for the time
t(< 0) in the hybrid automaton H is then defined
by a subset of @ x X in which any system state
reaches the boundary G of G in |t| time despite
of any control (u(-),oy[]). Fig. 1 shows the con-
cept of reachable sets in continuous state space.
The concept of reachable sets is much important
for estimating the transient instability of power
system. If a system state exists in R;(G), then
we can evaluate that the power system will reach
unacceptable operation in |¢| time. The estimation
is possible at any onset of discrete transitions such
as accidental faults, clearing and re-closing oper-
ations. Namely, by evaluating the reachable sets,
we can discuss at the onset of accidental faults
whether the power system goes to unacceptable
operations or not. The reachability analysis thus
makes it possible to predict the transient instabil-
ity of power system.

flow

Fig. 1. Concept of reach-
able set for contin-
uous state space. G
is an unsafe set in
which a power sys-
tem shows unaccept-
able operations.

3. APPLICATION TO SINGLE
MACHINE-INFINITE BUS SYSTEM

This section applies the proposed method to an
analysis of single machine-infinite bus (SMIB)
system in Fig. 2. The SMIB system consists of
a synchronous machine, an infinite bus, and two
parallel transmission lines. An infinite bus is a
source of voltage constant in phase, magnitude,
and frequency, and is not affected by the amount
of current withdrawn from it (Kimbark 1947).

Ee® Eel°
P, @_ E
generator transmission line infinite
bus
Fig. 2. Single machine-infinite bus (SMIB) system
Eei® Eel°
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Fig. 3. Fault condition following control sequence
of relay devices

3.1 Fault condition

The subsection gives us a fault condition for the
analysis of SMIB system and model it via the
hybrid automaton H. Fig. 3 shows the fault con-
dition following control sequence of relay devices.
The three modes in the figure are represented as
follows:

e fault-on (a) is the state during a sustained
fault on one line. Then the generator cannot
supply its electric power output to the ac
transmission;

e one line operation (b) is the state after clear-
ing the fault line by protective relay opera-
tion; and

e two lines operation (c) is the state after re-
closing the fault line.

The fault-clearing time ¢, and the re-closing time
t, are used as control parameters in the following
discussion. The onset of accidental fault is fixed
at zero in this paper.

3.2 Description of H

The fault condition and associated transient dy-
namics are now modeled via the following nonlin-
ear hybrid automaton H:
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QxX = {q1,2,q3} x (S x R?),
(6w, 2) € X,
UxD =0x0,
2 X Xy = {o', 0%} x 0,
w
f(q,(6,w,2)™) = | —kw — pyn — absind
1
a=0 if q9=q,
at ¢ a=0.5if ¢ = g2,
a=1 if q=4qs,
E(q17 (57w7tC)T7 Ul) = (QZ7 (5awatC)T)v
E(Q27 (67w7tr)Ta 02) = (q37 (67watr)T)a
3
Inv = U(qlaX)a
=1

(3)
The above description is based on (Tomlin 1998).
Table 1 shows the physical meaning of variables
and parameters in H. The variables and param-
eters are in per unit system. In H the discrete
variable ¢ is assigned to the fault-on state, g2 to
the one line operation, and g3 to the two lines
operation. The clearing and re-closing operations
are also regarded as control actions o' and 2. The
continuous vector field f is the well-known swing
equation system and is parameterized by « that
depends on every discrete variable. The discrete
transitions £ are driven by the control actions o!
and o2. Fig. 4 describes the hybrid automaton H
including the two control actions.

2 lines
operation

45

1 line
operation

4,

Fig. 4. Hybrid automaton H. H includes the two
discrete control actions which represent the
clearing and re-closing operations.

The unsafe set G and the set I of initial conditions
are defined for the present analysis by

Table 1. Physical meaning of variables
and parameters in H

rotor position with respect to
synchronous reference axis 9§

rotor speed deviation relative
to system angular frequency w

damping coefficient k 0.05
mechanical input power Pm 0.2
critical power

of two lines operation b 0.7
onset time of fault tr (0s)/ty

onset time of clearing operation .

onset time
of re-closing operation ¢,

base quantity of time th

G° = {q1aQZ7q3} X {(55(“)’2:) € Xa |w| > wc})
oG = {QlJQ27Q3} X {(6,W,Z> S Xa |w| = wC}v
I ={n}x{(w,z2) e X; |w <we,z=0}
(4)
where w. = 2.0. Any state in G physically im-
plies unacceptable operations of the SMIB system
because of the occurrence of large rotor speed
deviation and stepping-out of generator.

Note that the definition of unsafe sets is crucial
for the proposed method in this paper. The es-
timation of instability strongly depends on how
we fix unacceptable states of power systems. In
the present automaton H, continuous dynamics
are described by the swing equation system. The
system represents the stepping-out state of gen-
erator as a stable limit cycle of the second kind
(Minorsky 1947). The location of limit cycle is
w &~ pm/k (Hasegawa and Ueda 1999). There-
fore, to avoid the large rotor speed deviation and
stepping-out, in this paper, w, is fixed at the above
value which does not exceed the location.

3.8 Hybrid reachable set and predicting transient
instability

The present section gives us a numerical result
of hybrid reachable set. Fig. 5 shows the reach-
able set of the hybrid automaton H under t. =
(0.1 8)/ty, and t, = (0.6 s)/tp. The numerical in-
tegration is performed in sufficiently large time
at the discrete state g3. This figure shows the set
I of initial conditions. The reachable set is now
decomposed into the three subsets Ry, Ro, and
R3. Ry is the subset of I from which any trajectory
reaches OG before the discrete transition from ¢;
to ¢2. Rs is the subset of I which goes to 0G
between the discrete transitions from ¢; to ¢» and
from ¢o to g3. R3 is also the subset of I after
the discrete transition from ¢o to g3. The white
region in Fig. 5 therefore corresponds to transient
stability region (Chiang et al. 1987) with taking
the discrete transitions into account. Fig. 6 shows

2.5
2
1.5
1
0.5
s 0 ,
-0.5 | ]
-1 |
15 | f
-2 s e
-2.5

- 0 T

3
Fig. 5. Hybrid reachable set under ¢, = (0.1 s)/t,
and ¢, = (0.6 s)/t,. The reachable set is
decomposed into three subsets R, Rs, and
R3 based on transient behavior.
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Fig. 6. Transient behavior with four initial points
in Fig. 5

the transient behavior with four initial points in
Fig. 5. Fig. 6 implies that the solution from the
initial point zs in R3 actually reaches G after
the re-closing time ¢, = (0.6 s)/tp, and that the
solution from the white region remains in the
supplement of G for any time. The prediction
of transient instability is hence possible at the
onset of the accidental fault based on the hybrid
reachable set.

3.4 Clarifying the effect of relay control to tran
-sient stabilization

The reachability analysis can also clarify the
effect of clearing operation to transient stabi-
lization of power systems. Fig. 7 describes the
reachable sets and projected trajectories onto
the set I of initial conditions under (t¢,t,) =
((0.05 s)/tp, (0.55 s) /tp) and (tc, t,) = ((0.15 8) /tp,
(0.65 s)/ty). The figure shows how the control
action o' affects the reachable set. The trajectory
in Fig. 7(b) starts from the same initial condition
as the one in Fig. 7(a). The trajectory in Fig. 7(a)
reaches 0G after the discrete transition from ¢o to
¢3- On the other hand, the trajectory in Fig. 7(b)
converges to a stable equilibrium of the vector
field on the invariant {g3} x X. This implies that
the power system can survive from the fault by
the slow clearing not the fast one. Such effects
of transient stabilization are not fully clarified
using conventional methods of transient stability
analysis. The reachability analysis thus makes it
possible to confirm the effect of relay control to
transient stabilization.

3
- 0 T
d
(a) tc = (0.05 s)/tp and t; = (0.55 s)/tp,
25
2
1.5
3

(b) tc = (0.15 s)/ty, and tr = (0.65 s)/ty,

Fig. 7. Reachable sets and projected trajectories
onto the set I of initial conditions

4. SUMMARY AND FUTURE DIRECTIONS

This paper showed a method for predicting tran-
sient instability of power systems based on hy-
brid system reachability analysis. The nonlinear
hybrid automata can represent both transient dy-
namics and discrete transitions caused by trans-
mission line switching. The hybrid model also
makes it possible to analyze continuous and dis-
crete controlled systems by dc links and trans-
mission switching. It can therefore contribute to
the synthesis of stabilizing controllers for power
systems. On the basis of the hybrid model, this
paper proposed a novel method for the prediction
of transient instability at the onset of accidental
faults based on reachable sets of hybrid automata.
Of course, the proposed method is valid at the
onset of relay operations or control. This paper
shows its effectiveness for not only predicting the
transient instability but also clarifying the effect
of relay control to transient stabilization of power
systeimns.

Future directions are in (i) reachability analy-
sis using level set methods (Mitchell and Tom-
lin 2000, Tomlin et al. 2003); (ii) application of
the proposed method to practical system analy-
sis (Sakiyama et al. 2006); (iii) voltage stability
analysis based on hybrid system reachability anal-
ysis (Susuki and Hikihara 2006); and (iv) hybrid
controller synthesis via power apparatuses such as
HVDC systems and FACTS.
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