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    A method to calculate the model potential for atoms and ions from the numerical potential has been 
developed. The method consists of the numerical calculation of the self-consistent-field potential taking into 
account all the electrons and the least-squares fitting of the numerical potential to an the appropriate 
analytical function. The sample calculations are performed in the case of neutral atoms and ions for the 
Hartree-Fock-Slater (HFS) potential. The results are tested by comparing energy eigenvalues and radiative 
transition probabilities with those obtained by the HFS potential. 
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                           1. INTRODUCTION 

   When there is a single electron in atoms or ions, the atomic potential is given analytically by 

a hydrogenic (or pure Coulomb) potential. Atomic energy levels and wave functions can be 

calculated easily for such a system. In the case of two-electron systems, the atomic Hamiltonian 

is expressed explicitly and theoretical models for accurate atomic states and wave functions are 

available. However, for many electron systems, i.e. atoms and ions with more than three 

electrons, simple atomic calculations are generally difficult and it is usual to use the Hartree-Fock 

(HF) approximation. 
    In the HF method, the energy and wave function for each electron are evaluated by solving 

the single-particle Schrodinger equation with the atomic potential determined self-consistently. 

The HF calculations of many electron systems have usually been performed with computers and 

the self-consistent-field (SCF) potential is obtained in numerical form. 

    On the other hand, there have been reported several attempts to describe atomic potentials 

for many electron systems in simple analytical functions. This approach, called the model 

potential, has beem used in atomic and molecular structure calculations,1'2) coupled-channel 
calculations for ion-atom collisions,3'4l and classical trajectory Monte Carlo (CTMC) method in 

atomic collisions.5s) 
    In atomic and molecular structures, the model potential, sometimes called pseudopotential or 

optical potential, is often used to describe the approximation that the contributions from the core 

electrons are expressed by an effective potential in which the valence electrons move and atomic or 
molecular properties are obtained by solving the Schrodinger equation only for the valence 
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electrons. This model potential method has been applied to calculate energy levels, oscillator 

strengths, life times, and photoionization cross  sections.1'2) However, in the present work we use 

this term, the model potential, in more generalized meaning, i.e. atomic potential given in terms of 

analytical functions. 

   Various forms of analytical functions and methods to adjust their parameters have been 

proposed.1-7) In the present work, we develope a simple method to obtain the model potential 
by fitting the numerical SCF potential obtained in the HF approximation to an appropriate 

analytical function by the use of the nonlinear function minimization technique. 

                    2. COMPUTATIONAL METHOD . 

   For many-electron atoms or ions, the atomic potential is given in the numerical form by the 
HF method. This potential, V(r), can be approximated by the analytical form 

—rV(r)=a+b(l+clr+c2r2+ ...+cnrn) exp (—er),(1) 

where r is the radial distance. This type of model potential was first proposed by Daniele8) and 

used by Bransden et al.3) in coupled-channel equations for ion-atom collisions and by Katsonis 

and Maynard) in the CTMC calculations. 

   In the present work, we calculate the numerical SCF potential with the Hartree-Fock-Slater 

(HFS) method by the use of the Herman-Skillman (HS) program.° The HFS method is one of 
the modifications of the HF method, where the exchange potential is approximated by the term 

proportional to one-third of the local charge density. In the HS program, the asymptotic 
behavior of the HFS potential at large r is modified by the Latter tail correction.10) Considering 

this correction, the model potential in Eq. (1) satisfies the boundary conditions9) 

—rV(r)-•Z as r~0 ,(2) 

    -rV(r)-+Z—N+1 as r-^°° ,(3) 

where Z is the atomic number, N is the number of electrons, and (Z—N) corresponds to the 

degree of ionicity. From Eqs. (2) and (3), the paramenters a and b can be determined to be 

a= Z— N+ 1,(4) 

and 

b=N-1.(5) 

   The polynomial in Eq. (1) is chosen up to n=2. The three parameters, Cl, c2i and p, are 

determined by fitting the numerical HFS potential to Eq. (1) with the nonlinear least-squares 

method. For this purpose, the nonlinear function minimization technique developed by 

Powell' 1) is used. 

                     3. RESULTS AND DISCUSSION 

   All the numerical computations in the present _work have been perfomed on the FACOM M-

760/10 computer in the Institute for Chemical Research, Kyoto University. 
   First, the HFS calculation for atoms and ions is made and the numerical SCF potential is 
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obtained. The HS program is used for this purpose, i.e. the Slater exchange parameter is taken 

to be  a=  1  and Latter tail correction is included. Then the numerical potential is fitted to the 

analytical function in Eq. (1) by the nonlinear least-squares method. Starting from appropriate 
initial estimates for the parameters, ci, c2, and p in Eq. (1), the parameter values are improved at 

each step of the iteration and the final values are determined when the convergence criteria are 

met. 

   The values of the parameters for Ne atom and ions are listed in Table I. It can be seen that 

all the parameters change smoothly as a function of the degree of ionicity up to Net +, but there is 

a sudden jump at Ne7+, the Li-like neon. In all cases, the model potential is in good agreement 

with the numerical HS potential. The discrepancy between two potentials is less than 1% 

everywhere except for several points. 

   In Fig. 1, The model potential for neutral neon atom obtained with the parameters in Table 

I, -rV(r), is plotted against the radial distance from the nucleus, r, and compared with the 
numerical HS potential. For comparison, another model potential, proposed by Green, Sellin, 

and Zachor (GSZ),7) is also shown in the figure. The GSZ potential was first developed for 
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                   Fig. 1. Comparison of atomic potentials for neutral Ne. 

 Teble I. Values of the parameters for Ne.Teble II. Values of the parameters for Ti. 

CIC2  ftC1C2fi  

Ne 1.14541.86293.7486 Ti -0.47031 2.0969 2.8453 

Ne1+ 1.34052.23554.1556 Ti'+ -0.26860 2.4763 3.2898 
Ne2+ 1.49922.57334.5500 Ti2+ -0.003647 2.9535 3.8044 
Ne3+ 1.59852.71154.9159 Ti3+ 0.030691 3.0978 4.0366 
Ne4t 1.62002.42825.2490 Ti4+ 0.025159 3.1764 4.2263 
Ne5+ 1.53381.32265.5482 Ti5t -0.026415 3.1345 4.3866 
Nes+ 2.45670.00046.9423 Ti6+ -0.078240 3.0545 4.5574 
Ne7+ 3.2226 -13.02488.3644 Ti7+ -0.11249 2.9348 4.7723 

Ti8+ -0.082007 2.7790 5.0870 
Ti9+ 0.16515 2.6671 5.6675 
Ti10+ 1.0816 3.3153 6.9836 
Ti11+ -0.78184 -0.0000 5.3448 
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neutral atoms and then generalized to ions. The generalized GSZ potential has a form 

 -rV(r)  =  (Z-1)  SZ  (r)±  1,(6) 

1.1(r)=[H(erid-1)+l]-1(7) 

where H and d are adjustable parameters. The parameter H is expressed as 

H=d(Z- 11 )0.4(8) 

where 77 is the degree of ionicity plus one. The parameter d is tabulated in their paper for 

elements between Z=3 and 103.71 In the case of Ne, d is equal to 0.500. 

   It can be seen in Fig. 1 that two model potentials are in good agreement with the HS 

potential, but in the region where the slope of the potential changes rapidly both model potentials 

Teble III. Values of the parameters for Fe.Teble IV. Comparison of single electron 
                                                            energy eigenvalues for Ne (a.u.). C1C2P 

 Fe-0.262042.4483 3.3087Ion Shell HSa) Presentb) 
Fe'+0.012113.0288 3.8137 Nels 31.493 31.335 
Fe2+0.325363.7736 4.36042s 1.584 1.555 
Fe3+0.390884.0404 4.60122p 0.735 0.734 
Fe4+0.420814.2388 4.8089 Ne3t is 34.795 34.706 
Fe5+0.421464.3842 4.99432s 4.154 4.125 
Fe6+0.395054.4850 5.16302p 3.339 3.331 
Fe7+0.344514.5541 5.3217 Ne7+ ls 41.276 41.276 
Fe5+0.267804.5881 5.4711 2s 8.819 8.812 
Fe9t0.184904.4630 5.6181 a) Herman Skillman method (Ref. 9). 
Fe10+ 0.108594.3020 5.7978 - b) Model potential method. 
Fe"+0.070564.1180 6.0499 
Fe'2+ 0.120543.8923 6.4312 
Fe13+ 0.458633.7928 7.1578 
Fe14+ 1.50564.6481 8.6559 
Fe'"- -1.17590.0010 6.2583 

Teble V. Comparison of singleelectron Teble VI. Comparison of K X-ray emission 
         energy eigenvalues for Ti (a.u.).rates (X1014 sec-1). 

 IonShell HSa) Presentb>HSa) Presentb) 

 Tiis 180.383 181.825Ion 2p- Is 3p-ls 2p-ols 3p--+ls 
        2s 20.261 20.041Ti 2.539 0.288 2.612 0.298 
        2p 17.141 17.033Ti2+ 2.540 0.290 2.544 0.295 
        3s 2.491 2.556Ti4+ 2.538 0.322 2.539 0.323 
       3p 1.638 1.709Fe 5.385 0.648 5.547 0.675 
        3d 0.314 0.328Fe2+ 5.386 0.650 5.406 0.665 
        4s 0.229 0.204Fe8+ 5.392 0.841 5.396 0.837 

Ti1°+ ls 189.912 189.399 
2s 29.202 29.115a) Herman Skillman method (Ref.9).                                                 b) Model potential method. 2
p 26.170 26.186 

        3s 9.698 9.722 
a) Herman Skillman method (Ref. 9). 

  b) Model potential method. 
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overestimate the HS potentialIt is also clear that the present model potential is better 
approximation to the HS potential than the GSZ potential. This is probably ascribed to the fact 
that the present potential is obtained from the least-squares fit to the HS potential, while the d 
value in the GSZ potential is determened by adjusting the potential to the HF energies. 

   Tables II and III show the values for the parameters in Ti and Fe. As already seen for Ne, 
these values change continuously with increasing the degree of ionicity up to  Tilo+ and Fe14+ 
At ions Till+ and Fe15+, there is a large discontinuity. These ions correspond to the Na-like Ti 
and Fe. Combining with the result for Ne, it can be said that the large change in the parameter 
values occurrs at the ion with closed shell plus one electron. 

    In order to test the model potential obtained in the present work, we have calculated the 
energy eigenvalues and the radiative transition probabilities for atoms and ions. Using the 
model potentials with the paramenters in the tables, the single-electron energy eigenvalues and 

wave functions for atomic orbitals with principal quantum number n and orbital quantum 
number 1 are obtained by solving the single-electron Schrodinger equation numerically. 

   Tables IV shows the comparion of the single-electron energy eigenvalues for various atomic 

orbitals, denoted by nl, in Ne atom and ions with those of the HS calculations. The similar 
comparison for Ti atom and ions is given in Table V. Agreement between the results of the 
model potential method and the HS eigenvalues is quite good. 

   The radiative transition probabilities in atoms and ions have been calculated in the dipole 
approximation.' 2'13) The calculated Ka(2p—ls) and Kp(3p-'ls) X-ray emission rates are 
listed in Table VI and compared with the rates obtained by the HS wave functions. For neutral 

atoms, the present values are slightly larger than the HS values, but the discrepancy is less than 
4%. In the case of ions, agreement is better. 

                            4. CONCLUSION 

   We have calculated the model potentials for atoms and ions as an approximation to the SCF 

potential. The HFS calculation was performed to obtain the SCF potential. The numerical 
potential was fitted to an analytical function by the nonlinear least-squares method and the 
values of the parameters in the analytical function were determined. The obtained model 

potentials were used to calculate the energy eigenvalues and wave functions and tested by 
comparing the single-electron energy eigenvalues and the X-ray emission rates with those from 
the numerical HFS calculations. The results indicate that the present model potential is 
satisfactory to describe the energies and wave functions of electrons in atoms and ions. 

   In the present work, we used the HS program to obtain the SCF potentials in atoms and 
ions. However, the present method is quite general and we can apply this method to any type of 

potentials. In the case of the HS potential, the boundary conditions of the potential at small and 
large limits of r are given by Eqs. (2) and (3). When we use other potentials, these conditions 
may be changed and then the values of the constants, a and b, should be modified 
correspondingly. In this work, we used the polynomial up to n=2 in Eq. (1). It is also possible 
to use higher-order polynomials to obtain better approximation to the SCF potential. 
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