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On the maximally overdetermined system

of linear differential equations (I}

by
M. KASHIWARA

INTRODUCTION

The purpose of this paper is to present finiteness
theorems and several properties of cohomologies of holomorphic
solution sheaves of maximally overdetermined systems of linear
differential equations. The proof relies on the finiteness
theorem for elliptic systems due to T. Kawai [4)], as an
analyfic tool, and on the theory of stratifications of analytic
sets introduced by H. Whitney [8] and [9], as a geometric tool.

Qur goal is the following theorem.

Theorem (3.1) Let FVt be a maximally overdetermined
system on a complex manifold X and X=UX  be a stratification
of X satisfying the regularity conditions of H, Whitney.

If the singular support of 72 is contained in the union of
conormal projective bundles of strata, then the restriction
of Eﬁtégx(ﬂz’{ny to each stratum is a locally constant

sheaf of finite rank.



We mention that the introduction of differential operators

of infinite order is indispensable when we analyZe more

precisely, the structure of maximally overdetermined systems,

but we leave this subject to the next paper and we restrict

ourselves in the category of finite order differential operators

in this paper.

- As for notions on systems of differential equations, we

refer Xashiwara [2] and Sato-Kawai-Kashiwara [6].

We will 1ist up the notations used in this paper.

Notations

X

8- 5,

complex manifold

the sheaf of differential operators of finite
order on X

acsherent ;81[- Module |

the sheaf of heolomorphic functions on X, which
is a left coherent ﬂgx-Module

a left 'a]{ Module #3(‘}1) where d=codim Y

the sheaf of holomorphic n-forms, which is a

right ax-Module if m=dim X
real analytic manifold
the right derived function in the derived category

the direct image by the map f with proper support.



§1. Finiteness theorem for elliptic systems

In this section, we recall the finiteness theorem for
elliptic systems due to T. Kawai [4].

Let M be a real analytic manifold, X be its complexifica-
tion. We will denote by AQX the sheaf of differential operators
of finite order. A@M is the restriction of n@x to M,

Let 7T be an elliptic system of differential equations on

M, that is, the coherent JQM-Module whose singular support

does not intérsect with V-15*M = SEX. Let 2 be a relatively
compact open subset in M whose boundary is a real analytic

hypersuxface in M., The following theorem is due to T.Kawsi

[4].

Theorem (1.1) 1f M is an elliptic system on M and

if the system ?T'Zan induced from #¢ to the boundary ag of Q

’

is an elliptic system on 239, then
Extbm(ﬂ;m,ﬂzm) - Exty (a;771Z, By
M

are finite dimensional vector spaces (where sz (resp. ¢3M]
is a sheaf of real analytic functions (resp. hyperfunctions)
on M).

This theorem i3 not sufficient for our study of maximally
overdetermined system. We must discuss on the invariantness
of the cohomology group by the perturbation of domains.

Let {Q.}. e g De a family of relatively



compact open subsets in M which have real analytic hyper-

surfaces as their boundaries satisfying the following properties

(1.1) gclp gcz for € > Cy

(1.2) For any Cor %

c is a union of 2 where ¢ rTuns
0

over the set of all numbers strictly less than co.'
(L.3) For any o> {ﬂc; c > CD} is a neighborhood system

of the closure ﬁé of Q. -
0 0

Theorem {1.2) Let (a.} be a family satisfying the above

conditions, If /2 and ?IZBQ are elliptic, then the
(o
restriction homomorphisms

Extf‘% (ﬂc;m, QM) -+ Ext‘bm(nc_s ;?fZ, mm)

are isomorphisms for c¢2 c'.

Proof

' i i
Set E_ = Exty (2.3, Ay
Then there is a canonical map B: > Bi, if ¢ » c'. Note

the foliowing lemma (we omit its proof}.

Lemma (1.3) Let {Vc}cER be a family of finite dimensional

vector spaces parametrized by c€R. For ¢ > c¢', there

are given the homomorphism : V. + V., satisfying the

Pere 'c
following chain condition:
(1.4.1) »p

p =p
€€, €5z €<, for ¢; 2¢, < ¢



(1.4.2) = identity

Pc ¢

Moreover, they satisfy the following property of continuity.

(1.5.1) lim V_ <=~ V for any ¢,

{1.5.2) lim V_ = V for any ¢,

Then all are isomorphisms.

c'c

By virture of this lemma, it suffices to show

. . § . i Zi
1_1']2 El: - En, ﬂl EC - Eua
c>0 c<(
. i i
Lemma {1.4) liﬂ Ec E0
c>0

Proof

Since 2 is elliptic and T is elliptic, we have

a0,
Rr (30,3 Rr, 'R#m’:m’q'mﬂano) =0

by virture of Kashiwara-Kawai [3], where Z = M - ﬁu.
It follows that

Lig By, (Vi RRem (72, 0))
= lim Ext%nv(‘!; ", 0y
v

= 0

where V runs over the neighborhood system of an, -
There for

lim Bxt (9, mod Q55 72, 0f) = 0
cd



The long exact sequence

© + Bxt'(g_mod a3 72, Oy) — Ext (0, 72, X))

+ BExt’ (9,72, X)) ~

implies the desired result. Lastly, we will prove the following

Lemma(1.5) 1im Ei = E%
c <0
Proof

i-1

Since Ec satisfies

. . . . i-1
is finite dimensional, {Ec }c<0

‘the condition (ML). Therefore lim E. = EX (see [1]).
c <l

QIE‘D'

This completes the proof of Theorem (1.2).

We will apply Theorem {1.2) to the special case.

Let X be a complex manifold, /2 be a coherent 49X-Module.
A real analytic submanifold N o¢f X 1is said to be non
characteristic with respect to #2 when the singular support

of 7' does not intersect with the conormal bundle of N.

Theorem (1.6) Let {.ﬁc}cER be a family of relatively

compact open subsets of X with real analytic hypersurfaces

as boundary satisfying (1.1), (1.2) and (1.3), 72 be a

coherent JQX Module. Assume that the boundary anc is non-
characteristic with respect to #¢. Then Ext,b (nc;m, c?'xj
X

are finite dimensional and all the restriction homomorphisms



Extfgx(nc;zz,&x) + Ext,jgx(nc. ;??Z,ﬁLKJ

are isomorphisms for ¢ > c'.

Proof

We will consider X as real analytic manifold and ‘}k'
be a soluﬁion of Cauchy-Riemann equation. We can take X x X
as a complex neighbarhﬁod of X where X is the complex

conjugate of X,

Then f}x = Rﬂ&m‘e ['8)( P 0f;£1)'

X¥X

Therefcre

Bxtp (007, 0x) = Bxty _ (2.:M80g. By).

Since 77803 is an elliptic system on X and nelglo
c

is also elliptic, the theorem follows from Theorem (1.1) and

(1.2).
Q.E.D.



§2. Finitistic sheaves

In order to clarify the main theorem of this paper, we will
introduce the following notion. In this section, A 1is always
a ‘commutative enoetherian ring and sheaves are A-Modules. In

the following sections we take € as A.

Definition (2.1) Let S be an analytic space, F be

a sheaf on 5. We will say that F 1is finitistic, if there

is a stratification of § such that F is locally constant

on each.stratum'and every stalk is an A-module of finite type.
It is evident that the category of finitistic sheaves is an

abelian category, and if there is an exact sequence

L' S
]
w
T
W
L=

0 —— F

of sheaves and two of them are finitistic, then sc is the other.
If F and G are finitistic, then “Z-?vi‘ (R, 6} is
also finitistic.

Firstly, we will prove the following

Lemma (2.2) Let F be a sheaf on §, S=UIa be a

stratification which satisfies the reqularity conditions of
Whitney, and F is locally constant on each stratum.
Then, for every xuexm, there is sufficiently small open

neighborhood U of Xg such that
F(U) — F,

is an isomorphism for every peoint x in xa sufficiently



near 'xo, and Hk(U, F)=0 for every k > 0.
Proof,
We choose a local coordinate, It is sufficient to show

that any g-neighborthood of X satisfies the condition of the

lemma for any sufficiently small e. Let Xg be an open

stratum in the suppert of F and j be the inclution map.

Then,

U-&-j,(Fl ]+F+F|-_ +
' Xﬂ 5 Xﬂ

is 'an exact sequence in a neighborhood of Ku. Since the

suppoert j:(F|X ) 1is contained in XB and that of FIS-X

is contained in S-Xﬂ, we can assume that the support of F

is concentrated onto only one stratum X, dominating Xu.

B
Then, if U 1is an g-neighborhood and x is a point in X,

sufficiently near Xg» then Vf\KB is a deformation retract

of UnX for sufficiently small open ball V with center

B
x. It follows that HS(U, F) = HY(V, F), which shows this

Iemma. Q.E.D.

Lemma (2.3} Let S be an analytic set, F be a finitistic

sheaf on S. Let W be the largest open set in S such that
F|ly is locally comstant on W. Then T=S-W is an analytic
subset of § with condimension 1.

It is evident that T 1is nowhere dense. 8o, it suffices
to show that T is an analytic set. Let S=U:1[.:Jl be &
stratisfication which satisfies the regularit? conditions of
Whitney of S such that F 1is locally constant on each

stratum. It suffices to show that W(\Ka#¢, then W contains

-9 -



Xu, because this implies that T is a union of strata.
Since Xa is connected, it suffices to show that W(\Xu is

a closed subset. Let X,

By the induction of codimension of strata, we may assume that

be a cluster point of Hf\Xq in Xu.

W contains all strata dominating Ka, which implies that F
is locally constant on U-Xa’ where U is a sufficient small

neipghbarhood of xo. By the preceding lemma, we can assume

that

F(U)— F,

is an isomorphism for any xtixu sufficiently near x. Since
F is locally constant on W, F{U)— E. is an isomorxphism for
some point x in erxur\U. It implies F is locally
constant in a neighborhood of Xg because we can assume

that UAX

is connected for any stratum X It implies

B B’
that X is contained in W. Q.E.D.

By using above lemmas, we can show that finitisticity is

a local property.

Proposition {(2.3) Let F be a sheaf on S. If there

is an open covering of S such that F is finitistic on
each over, then F 1is finitistic.

Proof

Let W be the largest open subset of S on which F
is locally constant. Set T=§-W. T is a closed analytic
set of S. Then, by the induction, we can assume that F]T

is finitistic., Therefore F 1is finitistic. Q.E.D.

- 10 -



We will introduce the following notion.

Definition (2.4) Let F be a sheaf on 8, The stratifica-

tion S=UXu of S§ 1is said to be regular with respect to F
if it satisfies the regularity conditions of Whitney and -F
is locally constant on each stratum.

We will prove that "finitisticity" is invariant under

'"cohomology".

Proposition (2.45) Let s=uxa be a stratification

which satisfies the regularity conditons of Whitney, T be
a closed analytic subset of § which is a union of strata
and j be the inclusion map S-T<S .

Let F be a finitistic sheaf on $-T locally comstant
on any stratum. Then Rkj*(F] and Rkji(F] are finitistic
sheaves on S5 and locally constant on each stratum, Moreover,
if S 1is a manifold and Z is a submanifolﬁ of S5 transversal

to each stratum; then

R, (F) |, = RNj.(F|;)
RKj, (F) |, = R, (F|,)

on Z.
Proof

By the long exact sequence

e BEG () > RN (F) > REjL(FY | »eos

- 11 -



it is sufficient to show the statement on the direct image.
We can suppose without loss of generality that 8 1is a
manifold and the support of F consists of only one stratum
KB. Let X, be the stratum contained in T and dominated
by XB. Let d be the codimension of .Xu, H be the subf
manifold of dimension 4 transversal to xa. Since (XB,
Ku) is locally isomorphic to ((KBf\H)xXG, Xu], Rkj*(F)Ix“
is° locally constant. Since KB;\H is triangulated by
finite cell, the stalk of Rkj*(F] is an A-module of finite
type. |

(xBf\Z, Z,\KQ} being local isomorphic to ((XB,1H]x
(ZnX), ZnX ), we obtain R5j,(F}|, = RNj.(F1,).

Q.E.D.

As a corollary of this proposition we obtain the

following

Proposition (2.6) If F is a finitistic sheaf on 5

and T 1is a closed analytic set in §, the ,ﬁﬁ%(F) is
also a finitistic sheaf on T. More precisely, if S = UX,
is a stratification of S5 regular with respect to F and
T is a union of strata, them it is a stratification regular
with respect ot ﬁi%(F).

Proof

Let j be the inclusicn map 5-T<S. Then the exact

sequences

- 12 -



0 +Hp(F) » F > i3 F » HIw) »o0

MEE) = ’F 15,5715 (k > 1)

and Proposition (2.5) implies the proposition.
In the same reasoning, we obtain the following

Proposition (2.7) Let X be a complex manifold Y be

2 submanifold, T be an analytic subset of X and F be a
finitistic sheaf on X. Assume that there exists a stratifica-
tion of X regular with respect toc F such that Y 1is

transversal to each stratum and T is a union of strata, then
k k
ATEIySDHES, Fl).

Corollary (2.8) Under the assumption as above, the

support of ﬁf%(F) is a locally closed analytic set of
codimension > k/2in S.
In fact, if Xu is a stratum of codimension < k/3

"we can take Y whose dimension < k/2. Therefore

Ff% Y(F|Y) = ) because the real dimension of Y is less

than k.

-13_



§3. PFiniteness theorem for

maximally overdetermined system

Let X be a complex manifold of dimension n. We will

show, in this section, the following main theorem.

Theorem (3.1) If L is a maximally overdetermined

system on X, then Eﬁd%ax(%@aélx) are finitistic,
Remember that a maximally overdetermined system on X
is, by the definition, a coherent éﬁx Module whose singular
support is of codimension n _in P*X at each point in it.
From now, A is always a maximally overdetermined system,
Firstly, we will discuss the Lagrangean analytic set.
Lagrangean analytic set is by the definition the involutory
analytic subset in P#*X of dimension (n-1) (a fortiori,
purely (n-1} dimensional). An analytic set of pure codimen-
sion n is Lagrangean if and only if the fundamental 1-form
on P*X-vanishes on the tangent cone of it at any point
(equivalently on the non singular 1uﬁs). The singular support

of a maximally overdetermined system is always Lagrangean.

Lemma (3.2) Let A be a Lagrangean closed analytic

set in P*X., Then there is a stratification XHUKa of X
satisfying the regularity conditions a) and b} of Whitney
[ ] such that
{3.1) A C UPiX

o

where Pi X 1is the conormal projective bundle of Xa -in X.
o

- 14 -



Proof

Let n be the projection from P*X onto X. Set XU =
X-m{A}. X, is a dense open set in X because dim w(A)
is less than (n-1). Let xi be a set of non singular

point of w(A). Note the following fact.

Sublemma (3.3) Let A be a Lagrangean closed analytic

set in P*X. Assume that Y = w(A} be a non singular set.
Then A contains P§X and «(X-PFX) is an analytic subset
of Y with codimension 21.

Proof

The quesStion being local in Y, we can assume that Y

is defined by xy =~ ... =x,=0. 8ince A is involutory

A 1is invariant by the infinitesimal transformation
afagl, NP afagr where E 1is cotangent vector. Therefore

A containes {(x,£); Xy= ... =xr=0, Er+1= . =En=0}’

which equals to P%X. Since .A-P$K is also Lagrangean, and

n—P¥X does not contain P?K, n(ﬁ-P?K} is not equal to Y.

Q.E.D.
Set Ay = -Piii, X; = Xi-ﬂ(ﬁl]. Then X = XguUX;Uw(A;).

By the induction we define Xj, X! and A, as follows.

] i+l
Ki is a non singular locus of n(Aj).

Aje1 = %“j'Px!ji
Xj = Xi - ﬂ(ﬂj+1).

Then, since dim Kj is strictly decreasing, Xn+1= ¢, and

therefore Anw¢. It is clear that {Xj} is a stratification

- 15 -



of X and satisfies (3.1). By Whitney [ ], there exists a
refinement of {Xj} which is a stratification satisfying
the regularity conditions. It is evident that this stratifi-
cations satisfies (3.1). )

We remark that the regularity conditien (2) of Whitney
is equivalent to say that UPiuK is a closed analytic set

of P*X. Since the stratification which satisfies (3.1)

appears frequently, we introduce the following notion.

Definition (3.4} Let 9% be a maximally overdetermined

system on X. The straticication of X 1is said to be
regular with respect to 72 if it satisfies the regularity
conditions a) b) of Whitney and the singular support of 7
is contained in the union of the conormal projective bundle
cf strata.

Now we will prove the following refined form fo Theorem

(3.1).

Theorem (3.5) Let %L be a maximally overdetermined

system on X, X=UX, be a stratification of X which is
regular with respect to %%. Then &r&ﬁ_ (e, &X)l}( is a

' X o
locally constant C-Module of finite rank.

We will prove firstly the following preparatory lemma.

Lemma (3.6) Let X, be a point in Ku, and choose a
local coordinate near X;. Then (x, (X-Y)=) does not belong

“to S8S(M) for xeX, ye X, such that |x-x0|<<1, |y-—x0|<<1

- 16 -



and x#y. (where Xx is the complex conjugate of x)
Proof
We .may assume XxX& XB, where XB is a stratum whose
closure contains Xa' If the lemma is false there is a
sequence Xﬂaxn and X =3y, ‘which converge to Xg and

{xn,(“fn-?;l)mje SS(%. We may assume that (Txﬂ)xn tends

to T and an(xn-yn) tends to a non zero vector v in T,
where a, is a sequence in Cx. By the assumption
En(fn-fn)e (T} X)xn, which is an orthogonal vector space of
(TXB]xn. It follows that v belongs in the orthogonal of
T, which implies «<v,v>=0, This 'is a contradiction.
Q.E.D.

Now we can prove Theorem (3.5). Let X, be a pcin‘l? in
X,- We chose a local coordinate of X such thét X, 1s the
origin and X, 1is a vector space,. Suppose that [(x, {x-y)«)
éSS[?}’t) for yeX, x& X such that Ixfzc, lylse, x#y.
Set jo(t,x,y) = |:c-(1-1:)1~'[2 - tzczfz. Then 3, P(t,x,y) # 0

and

(x, 3, P(t,x,y)) ¢ 85(70)
for 0<t<l, |y|<c/2, #(t,x,y)=0.

It implies that the boundary of ﬂt,y = {x; Pt,x,y)<0} is

non characteristic to 97C.

if t, < t

and 9, y is independent on y. By Theorem (1,6), the
»

- 17 -



restriction homomorphism
i A . i 3
Ext'(a, . ; T, Oy) > Exth(a, o5 7, By)

are isomorphisms. Since {2 }

t,y t>e is a neighborhood system
E

of y, we have
Ext' () o3 72, B0 = G (M, &)

fqr every y. It follows that E&I?[ﬁh; 6§J|KG is locally
constant, Since Exti(nl,n; 7, ‘ﬁil is finite dimensional,
E¢X§(ﬂmg ﬁkjy is finite dimensional. It completes the
proof of Theorem (3.5).

Let Y be a complex submanifold of X of codimension
a. Byx
Remark that }{%Li?k] vanishes for any k except d.

ﬁxlx is nothing but &X

is, by the definition, a left é@k-Module )¢$(€9x).

Theorem (3.7) Let X = UXG be a regular stratification

with respect to a maximally overdetermined system %Z, and

Y be a complex submanifold of X which is a union of strata.
i , o tet e .

Then %X(ﬁt, ﬁYlX) is finitistic on Y .and locally

constant on each stratum.

This is a corollary of Theorem (3.5) and Proposition

(2.6) because &g}[,é_x(f?ﬁ, ‘BYl)[) is equal to
i+d

Theorem (3.8) Under the same assumption as above,

- 18 -



Euy, M By )| 85 Mys Bypy|2)

for any i and any submanifold Z transversal to every
stratum, where ﬂ%z is the induced system of #C onto Z.
This is a corollary of Theorem (3.7} and Proposition
(2.7).
Lastly, we will remark the following propositions;
&3$|X is, by the definition, a maximally overdetermined

&lx Module I%m ;&((}Xf fk; C}x) where T 1is the codimen-

sion of Y and ? is the defining ideal of Y. If Y is

- _ o . £ _
defined by Xq= ... =x,=0 for a lecal coordinate, ﬁYIX =

égxfdgixl ool 4+ J@xxr + é?xDr+1 oo, 4 éﬁxnn.

Proposition (3.9) Let 7€ be a maximally overdetermined

system whose support is contained in an submanifold Y and
whose singular support is contained in P;K, then ¢ is

locally isomeorphic to the direct sum of finite copies of

£
Y|X*

Proof

We choose a local coordinate (xl, vars xn) such that
Y ::- {(xl’ AL xn] ; x1= LN 3 3 =xr=0}o
Let u he a non zero section of % Since u is a

coherent sheaf whose support is contained in Y, there is k

such that xN xgu = 0. Therefore, there is a non

1

zero section u of ﬁt such that Xw= o= x 0= 0.

mn= ... 7=

Since F”’I’l(ﬁilr Bilx} = 0, if we prove the proposition

- 19 -



for o@-u and %S‘u, then the proposition is true for /A
Since M is noetherian, it suffices to show it for .
Let Qu = &/ 51 3' contains Xy, ...y X.. If ? contains
P(x",D) = EPa(x",D"}D'u (where x"=(x

D'n(Dl, ceeg Dr}, D" = (D

y4l? T xn),

reir +++» Dy)) then 4 contains

all P (x",D") since {x.,D;] = 1. It follows that

Bu = [,@.rhg,;c]- P ...pg_,;cr)@ (&_ﬂfﬁ,ul’ where §' = 8":1‘

B e B n-r ° Since the s:lingular support of RQ"/ 9." is
C

a void set, &/ ?" is a finite sum of (% (See
C

-7
Kashiwara [2]). It follows the proposition. Q.E.D.

Corollary (3.10} 1If @k&%k(ﬁt. c}x) = (0 for every i,
then %= 0.

Because @)d:é,x(ﬁilx, @'X] = Cy where r is the
codimension of Y.

This corollary means that the functor /A R%W,@'x]
is a faithful functor. This will be investigated more

precisely in the next paper.

- 20 -



§4 Several properties of cohomologies of holomorphic

soclutions of maximally overdetermined systems

Let ¢ be a maximally overdetermined system on a complex
manifold X of dimension n. We fix a stratification X‘=
UX, of X which is regular with respect to ﬂy. The
support Supp &&i(?}&, &X) is a set of x -wl;ere
Bx;{.‘,i(-‘?ft, &X)x # 0. Since %i(%, &y} is locally
constant on the strata, its support is a union of stréta,
which implies that the support is a locally closed analytic

set (and its closure is also an analytic set).

Theorem (4.1) The support of @ﬁi(‘})ﬁ, @'x)x is a

locally closed analytic set of codimension »zi.

Corollary (4.2)  If s is a section of ExU (%, &L}()’

then the support of s 1is analytic set of codimension 2i.

Firstly we introduce the notation of the modified singular
support Spé(‘??f«). S%(%} w TEX N SS(%@#@'{:!@EQ, where
t is a coordinate of ¢ and we embed T*X into P#®{Xx C)
in the following way: (x,&) = (x,0; (£,1)=)). S’E{?fC) is
a closed analytic set in the cotangent bundle T*X, It is
clear that S%(%} is a cone, that is, invariant by the
multiplication of complex number. Note that the image of
the map SS(#)-X + P*X coincides with SS(%Y). Ss() =
¢ if and only if =0 and SAS[%} is contained in the

zero section if and only if # is locally isomorphic to

- 21 -



the finite number of direct sum of &}{' 1f P = Uﬁ’fk is
e

a good filtration of ¢, then S5() is the support of

the coherent sheaf on T*X corresponding to the graded

Module Q(?tkl%k_l]. (See Kashiwara [2]).

Proposition {(4.3) In a neighborhood of x in X, we

have %‘%'x(% 84) = 0 for 1> Aim(SS(UD NTEX) for

any coherent @-K-Module PT (not necessarily maximally over-
determined). T;}[ is a fiber on x.
Proof .
e
Set d=dim(55m}nT§X}. If d=-«, then this is clear.
Suppose that d>1. Then there is a d-dimensional submanifold
Y through x such that Pg.}{n SS() = ¢ in a neighborhood

0f x which means that Y 1is non characteristic with

respect to 9. By Kashiwara [2], we have
%x(?}r, By = &ngtﬂtY,&YJx

where ?EY is the induced system of €. Since the global

dimension of 6@'\{ , 1is 4= dim ¥ (See Kashiwara [2]),
*

MY(%, 6), = 0 for i>d. Since dim ($5(70) NTLX)

is upper semi-continuous, the proposition follows. Q.E.D.

Corollary (4.4) Ea (I, &X)l)( =0 for i>codim X .
o

This corollary immediately implies Theorem (4.1). Let
Y be a submanifold of X of codimension c¢. By taking a

refiniment of the regular stratification of Y, we may assume

- 22 -



that Y 4is a union of strata. By replacing {9X with

daYlX’ we obtain the same type of the preceding theorems.

Theorem (4.7) The support.of &Li{‘?ft, BYIK] is a

(locally closed) analytic subset of Y of codimension >

(i-c¢) in VY.

Corollary (4.8) The support of a global section of

%1(%:. ﬁle) is an analytic subset of Y of codimension
> (i-¢).
Since this theorem can be proved in the same way as

before, we do not repeat it.

- 23 -



§5. Duality

Let #Z be a maximally overdetermined system on complex
manifold X of dimension n and Xy be a point in X,
Then there exists a free resolution

Py (x,D) P, (x,D)  Py(x,D)

(5.1) ﬁD{—ﬂte—-*va;o —— BT e— e — 93:“{—0

in a neighborhood of Xg where Pi(x,D) is an (ri+1'xri)
matrix of differential operators. Then 5ﬁ€%§?f,(})xu is
an i-th cohomology of

P, (x,D) Py (x,D)

T
(5-2)‘ 0’ U —)v 0‘ 1 —.._,. ----- —_— 0 N
X,xo X »Xp X,xﬂ

anﬁbtdafgz}|x ,ﬂf) is an i-th homology of
(n)r, (n)ry N
(5.3 ‘Q{xonx 'ﬁ{x }Ix — B {xy} X

where ﬁ{x }I}( is a left 09 Module defined by Mn }(0,}{)
and daf }]K a right é@ Module defined by '

o ®

11
x 6, Bigix - }(C$

Since C9 x js an (DFS) topological wvector space and
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ﬁ{[:z”x is a (FS) topological vector space and they are
dual to each other. Since the cohomology of (5.2) is finite
dimensional, &;1';5[776, &}{]i is a dual vector space of

. TOI"?(;Q{(;;}IX,,WZ). This duagit}r is obtained by the canonical

cup product

(5.4) &t%(m: @-}()Xux Tﬂrf(ﬁg;}lx,ml

- a@g;}lx%ﬁ &X,io = C.
Setting 7 = Sat} 7,8 @tyx‘n;@(:l) , we call it the
adjoint system of M. 7" is also a maximally overdetermined
system and (F?Zf’k)'k =} , and T 7 is a contravariant
exact functor from the category of maximally overdetermined
systems into itself. (See Kashiwara [2], Sato-Kawai-
Kashiwara [6]). Remark that the existence of such a functor
immediately implies that a stalk of maximally overdetermined

system is a & -module of finite length. Note that
* " B
0}{ - (}x and tﬁ{xi}|:~t T TAxgMx v

i D -1 gt
Since -Tori [ﬁgzﬂ}(’ﬁ) - ig,t?% 1(}?{, , ﬁ{xo}lxj ,

we obtain the following

=] *
Proposition (5.1) %%l(?m 3 ﬁ{xo}lxl and
%i@ (¥T, ﬁlx]x are dual vector space of each other.
0
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We will generalize this proposition. Let Y be a
submanifold of X of codimension d, x be a point in Y.

ﬁy [x is by the definition the left -Sx-ucdme

ﬂd(@' ) and ﬁ,};?% is the right 'gx-—l‘dodule ﬂ%[ﬂ%)

Since Tor‘aiﬁﬂx, )-' Cy for i =n-d and 0 for

i # n-d, there is a cup product

(5.5) zgﬂ:é T B % Torpys g (BN 700,

— Tor,. dtﬁBle ’élx]x =

Theorem (5.2) Let X = UXu be a regular

stratification with respect to M . Let X, bea
stratum of codimension d and x be a point in X, -

Then, there is a cancnical perfect pairing
' i d-i *
(5.6 gaty M, OV, x Gao (M, By x> €
o
that is, the two cohomologies are dual to each other.

Proof.

. -3 #

Since wd 1(??’3 ;ﬁxulx) = %‘n d"'l(B 1){1??2)’
the pairing (5.6) is induced from (5.5). Let I be a

d-dimensional submanifold transversal to X  and through

x. Then, by Theorem {3.8)
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Gaxd, (M. 005 = Gutp 3,07

. d-' _ d..' *.
gﬁ,@;mﬁ *ﬁxulx)x = fwfsa;(”fz’ ﬁxa/\zlz)x '

Therefore the theorem is a corollary of Proposition

(5.1). g.e.d.
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