0000000000
0 15440 20070 100-110 100

Iterative methods for infinite families
of nonexpansive mappings in Banach spaces

W LERE - RFEGIWHE T AR
Fii%¥ (Wataru Takahashi)
Department of Mathematical and Computing Sciences

Tokyo Institute of Technology

1 Introduction

Throughout this paper, let E be a real Banach space with norm | - || and let N be the set
of all positive integers. Let C' be a nonempty closed convex subset of E. Then, a mapping
T : C — C is called nonexpansive if

1Tz — Tyl < ||z -yl
for all z,y € C. Browder [4] considered a sequence {z,} as follows:
2€C, Tph=ant+(1-0an)Tz, (VREN), (1.1)

where {a,} C (0,1) and he proved the first strong convergence theorem in the framework of a
Hilbert space. Later, Reich [29], Takahashi and Ueda [51], Shioji and Takahashi (39], Nakajo
[21] and others also proved strong convergence theorems of Browder’s type in Hilbert spases or
Banach spaces. On the other hand, Halpern [9] considered the following process: z, =z € C
and ’

Tnt1 =anZ+ (1 —an)Tz, (Yn€N), (1.2)

where {an} C [0,1). Wittmann [52] proved a strong convergence theorem of Halpern’s type
in the framework of a Hilbert space and then, several authors [2, 10, 11, 12, 13, 14, 17, 21,
33, 35, 38, 39, 40, 50] proved strong convergence theorems of Halpern’s type in Hilbert spaces
or Banach spaces. Recently, Moudafi [20] and Xu [53] considered the following process by the
viscosity approximation method: z; = z € C and

Tn+1 = anf(Tn) + (1 — an)Tz, (Vn€N), (1.3)

where {a,} C [0,1) and f : C — C is a contraction.
In this article, for an infinite family {7} of nonexpansive mappings of C into itself such -
that 0 # N, F(T,), we consider a sequence {z,} generated by

Tn = anf(Tn) + (1 — an)Tnz, (Yn €N),



101

where {a,} C (0,1) and f : C — C is a contraction. Then, we give the conditions of {an}
and {7,,} under which {z,} converges strongly to a common fixed point of N3, F(T,). We
also consider a sequence {z,} generated by

21 =2€C, ZTpt1=anf(zs)+ (1 —an)Thz, (VneN),

where {an} C [0,1) and f : C — C is a contraction. Then, we give the conditions of {ay}
and {T,} under which {z,} converges strongly to a common fixed point of N3, F(T},). Using
these results, we improve and extend well-known strong convergence theorems.

2 Preliminaries

Let E be a real Banach space with norm | - || and let E* denote the dual of E. We denote
the value of y* € E* at z € E by (x,y*). The duality mapping J from F into 2" is defined
by

Jz = {z* € E*: (z,2") = ||z]|* = [|=*|I*}

forevery z € E. Let U = {z € E : ||z|| = 1}. The norm of F is said to be Gateaux
differentiable if for each z,y € U, the limit

t—0 t

exists. In the case, E is called smooth. The norm of E is said to be uniformly Gateaux
differentiable if for each y € U, the limit (2.1) is attained uniformly for z € U. We know
that if E is smooth, then the duality mapping J is single valued. Further, if the norm of E
is uniformly Géateaux differentiable, then J is norm to weak* uniformly continuous on each
bounded subset of E. Let C be a closed convex subset of E. A mapping T : C — C is said
to be nonexpansive if |7z — Ty|| < ||z — y|| for all z,y € C. We denote by F(T') the set
of all fixed points of T. Let I denote the identity operator on E. An operator A C E x E
with domain D(A) = {x € E : Az # 0} and range R(A) = |U{Az : 2 € D(A)} is said to be
accretive if for each z; € D(A) and y; € Az;,i = 1,2, there exists j € J(z1 — z2) such that
(y1 — y2,7) > 0. If A is accretive, then we have

lz1 — z2ll £ lle1 — @2 + (31 — 32)||

for all r > 0 and y; € Az;,i = 1,2, If A is accretive, then we can define, for each r > 0,
a nonexpansive single valued mapping J, : R(I + rA) — D(A) by J, = (I +rA)™1. It is
called the resolvent of A. We also define the Yosida approximation A, by A, = (I — J;)/r.
We know that A,z € AJ,z for all z € R(I + rA) and ||A,z| < inf{|ly|l : y € Az} for all
z € D(A)N R(I + rA). We also know that for an accretive operator A, A~10 = F(J,) for all
r > 0, where A~10 = {u € E : 0 € Au}. An accretive operator A is said to be m-accretive if
R(I +rA) = E for all r > 0. A closed convex subset C of a Banach space E is said to have
normal structure if for each bounded closed convex subset of K of C which contains at least
two points, there exists an element z of K which is not a diametral point of K, i.e.,

sup{fjz — || : y € K} < §(K),

where §(K) is the diameter of K. It is well known that a closed convex subset of a uniformly
convex Banach space has normal structure and a compact convex subset of a Banach space
has normal structure; see (44] for more details. The following result was proved by Kirk [18].
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Theorem 2.1 (Kirk [18]). Let E be a reflexive Banach space and let C' be a nonempty
bounded closed conver subset of E which has normal structure. Let T be a nonezpansive
mapping of C into itself. Then F(T) is nonempty.

A closed convex subset C of a Banach space FE is said to have the fixed point property for
nonexpansive mappings if every nonexpansive mapping of a nonempty bounded closed convex
subset of K of C into itself has a fixed point in K. If C is a closed convex subset of a reflexive
Banach space which has normal structure, from Theorem 2.1, C has the fixed point property
for nonexpansive mappings.

We denote by N the set of all natural numbers and let 1 be a mean on N, i.e., a continuous
linear functional on £ satisfying ||u|| = 1 = p(1). We know that p is a mean on N if and
only if

inf an, < p(f) < supan
neN neN

for each f = (a1,a2,...) € £>°. Occasionally, we use un(an) instead of u(f). Let f =
(a1,as2,...) € £* with a, — a and let u be a Banach limit on N. Then, u(f) = pn(an) = a;
see [44] for more details. Further, we know the following result [51].

Theorem 2.2 (Takahashi and Ueda [51]). Let C be a nonempty closed convez subset of a
Banach space E with a uniformly Géteaux differntiable norm, let {z,} be a bounded sequence
of E and let u be a mean on N. Let z € C. Then

pnllzn — z”2 = ifgg/‘n”wn - y”2

if and only if pn (y — 2, J(zn — 2)) <0 for all y € C, where J is the duality mapping of E.

Let C be a nonempty subset of a Banach space E. Let D be a subset of C and let P be a
retraction of C onto D, i.e., Px = z for each z € D. Then P is said to be sunny [28] if for
each z € C and t > 0 with Pz + t(x — Px) € C,

P(Pz + t(x — Px)) = Pxz.

A subset D of C is said to be a sunny nonexpansive retract of C if there exists a sunny
nonexpansive retraction P of C onto D. We know that if E is smooth and P is a retraction
of C onto D, then P is sunny and nonexpansive if and only if for each z € C and z € D,

(x — Pz,J(z — Pz)) < 0. (2.2)

For more details, see [44].

3 Conditions for infinite families

Let E be a Banach space and let C be a nonempty closed convex subset of E. Let {T,,} and
T be families of nonexpansive mappings of C into itself such that @ # F(T) = N3, F(Tn),
where F(T7,) is the set of all fixed points of T,, and F(7) is the set of all common fixed points
of T. Then, {T} is said to satisfy the condition (I) with T if for each bounded sequence {z,}
in C,

lim ||zp — Tpzn| =0
T =00
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implies that lim, e ||2r, — T'2,|| =0 for all T € T. In particular, if 7 = {T'}, i.e., T consists
of one mapping T', then {T,} is said to satisfy the condition (I) with T. {T,} is said to satisfy
the condition (II) if for each bounded sequence {z,} C C,

nli.n;o l2n+1 — Tnzn|| =0

implies that lim, e ||2n — Trm2n|| = 0 for all m € N. {T,} is said to satisfy the condition (III)
if for every bounded subset B of C,

(e o]
Z sup{||Tnz — Tn+12| : z € B} < 0.
n=1

Proposition 3.1. Let C be a nonempty closed convex subset of a Banach space E and let T
be a nonexpansive mapping of C into itself with F(T) # 0. Then, {I,} with T,, = T for all
n € N satisfies the condition (I) with T and the condition (III).

Proof. Put T, = T for all n € N. Then, it is obvious that {T},} satisfies the condition (I) with
T and the condition (III). O

Theorem 3.2 ([24]). Let C be a nonempty closed convex subset of a uniformly convex Banach
space E and let S and T be nonezpansive mappings of C into itself such that F(S)NF(T) # 0.
Let {y} C [a,b] for some a,b € (0,1) witha < b. Then, {T,,} with T, = S+ (1 — )T
for all n € N satisfies the condition (I) with §-"2'-'1—" Further, {T,,} with T, = S+ (1 — 4,)T

for all n € N such that 3 o2 | |Yn — Yn+1]| < 00 satisfies the condition (I) with 3L and the
condition (III).

The following lemma is related to Edelstein and O’Brien [6, Theorem 1].

Lemma 3.3 ([48]). Let C be a nonempty closed convex subset of a Banach space E and let
T be a nonexpansive mapping of C into itself with F(T') # 0. Let {B,} be a sequence of real
numbers with 0 < a < B, < b <1 and let B be a nonempty bounded subset of C. Define a
mapping Sy, of C into itself by

Spz=8SBn)z=(1~Pp)z+ BTz foralzeC

and put a, = sup,¢g ||TS™c — S"z|| for all n € N, where S™ = S,Sp~1--S1. Then, an, — 0.
In particular, for any m € N,

lim sup ||SnS"z — S™z|| = 0.
n—®geB

The following lemma was also proved by Takahashi [48].

Lemma 3.4 ([48]). Let C be a nonempty closed convez subset of a Banach space E and let
T be a nonexpansive mapping of C into itself with F(T) # 0. For a nonempty bounded subset
B of C and n € N, define a mapping fn of [0,1]™ into (—o0,00) by

fn(ﬂnv Bn—l’ o ’131) = :gg “TU":L‘ - Unm”
fOT‘ all (ﬁna ﬁn—lv cee yﬂl) € [07 1]"" where U™ = S(ﬂn)s(ﬂn—l) v S(IBI) and

S(Br)x = (1= Br)x+ BTz
forallz € C and k € {1,2,...,n}. Then, f, is continuous.
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Using Lemmas 3.3 and 3.4 we obtain the following theorem.

Theorem 3.5 ([48]). Let C be a nonempty closed convex subset of a Banach space E and
let T be a nonexpansive mapping of C into itself such that F(T) is nonempty. For anyn € N
and B, e R with0 <a < B, <b< 1, define S, : C — C as follows:

Snx=(1-=Pn)z+ GnTz forallzeC.
Then, {S,} satisfies the condition (I) with T and the condition (II).

We know the following lemma for resolvents of accretive operators; see [44].

Lemma 3.6. Let E be a Banach space and let A C E x E be an accretive operator. Let
A >0 and D(A) C R(I + AA). Then,

1 1
XHJT:B - JAJ,-:B” S ;”.’B - J,-.’L‘”

for every x € R(I + rA).
Using Lemma 3.6, we also have the following theorem.

Theorem 3.7 ([48]). Let C be a nonempty closed convex subset of a Banach space E and
let A C E x E be an accretive operator such that

D(A)cCc ) RU+I4)

A>0

and A0 # 0. Let {\,} be a sequence of real numbers such that A, € (0,00) and limy, 00 Ap, =
0o. Define S, = J, for any n € N. Then, {S,} satisfies the condition (I) with J, and the
condition (II), where J; = (I + A)~'. Moreover, {T,,} with T, = J», (Vn € N) such that
{An} C (0,00), iminfy 00 An > 0 and Y07, [An — Ant1| < 00 satisfies the condition (I) with
{J1} and the condition (III).

Let C be a nonempty closed convex subset of E. Let S;,S,,... be infinite nonexpansive
mappings of C into itself and let By, B2,... be real numbers such that 0 < §; < 1 for every
i € N. Then, for any n € N, Takahashi [43] (see also [34, 45, 49]) introduced a mapping Wy
of C into itself as follows:

Un,n+1 = I,
Un.n = /BnSnUn,n+1 + (1 - ﬂn)Iv
Un,n—l = ﬁn——lsn-—lUn,n + (1 - Bn—l)I’

Unk = BeSkUn,k+1 + (1 — Bi)I,

Un,2 = $252Un,3 + (1 = B2)1,
Wy = Un,l = ,BISIUn,Z + (1 - ﬂl)I
Such a mapping W, is called the W-mapping generated by Sp,Sn-1,...,51 and

Bn,Prn-1s--.,81. We know that if E is strictly convex, N2, F(S;) # 0, 0 < 8; < 1 for
every i = 2,3,...,n and 0 < B < 1, then, F(W,,) = N, F(S;); see [45, 49]. We also have
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that if E is strictly convex, N2, F(S,) # 0 and 0 < B; < b < 1 for every i € N for some
b e (0,1), then, limy, o Up xx exists for every z € C and k € N; see [34]. So, we can define a
mapping W of C into itself as follows:
Wz = lim Wpz = lim Up 12
n--00 n— oo
for every x € C. Such a W is called the W-mapping generated by S1,S2,... and (4, 0s,....
We have that if E is strictly convex, N2, F(S;) # D and 0 < B; < b< 1 foreveryi € N

for some b € (0,1), then, F(W) = N2, F(S;); see [34]. We know the following result for the
W-mappings.

Theorem 3.8 ([24]). Let C be a nonempty closed convex subset of a strictly convex Banach
space E. Let 81,8,,... be infinite nonezpansive mappings of C into itself with N3, F(S,) # 0
and let B1,Ba,... be real numbers with 0 < B; < b < 1 for every i € N for some b € (0,1).
Let W,, be the W-mapping generated by Sy, Sn-1,...,51 and B, Bpn-1,...,01 for everyn € N
and let W be the W-mapping generated by S1,82,... and B1,B2,.... Then, {T,,} with T, =
W, (Vn € N) satisfies the condition (I) with W and the condition (III).

4 Strong convergence theorem of Browder's type

We can prove a strong convergence theorem of Browder’s type for a countable family of
nonexpansive mappings in a Banach space.

Theorem 4.1 ([48]). Let E be a reflezive Banach space with a uniformly Géteauz differen-
tiable norm and let C be a nonempty closed convex subset of E which has the fized point prop-
erty for nonezpansive mappings. Let T be a nonexpansive mapping of C into itself and let {T;}
be a family of nonexpansive mappings of C into itself which satisfies ® # F(T) = Nowy F(Tn).
Further, suppose that {T,,} satisfies the codition (I) with T. Define a sequence {z,} in C as
follows:

Tn =0nf(Tn) + (1 —an)Thze, n=123,...,

where {an} C (0,1) satisfies limp— oo @n = 0 and f is a contraction of C into itself. Then,
{zn} converges strongly to u € F(T), where u = Pp(r)f(u) and Pp(7) i3 a sunny nonezrpansive
retraction of C onto F(T).

We have the following result for nonexpansive mappings by Proposition 3.1 and Theorem
4.1.

Theorem 4.2. Let C be a nonempty closed convex subset of a uniformly convez Banach space
E whose norm is uniformly Géteauz differentiable and let T be a nonezpansive mapping of
C into itself such that F(T) # 0. Let x € C and {z.} be a sequence by , = anz + (1 —
an)Tzn (Vn € N), where {a,} C (0,1) with lim, 00 an = 0. Then, {zn} converges strongly
to Py, where Pr(t) is a sunny nonezpansive retraction of C onto F(T).

We also get the following result for nonexpansive mappings by Theorems 3.2 and 4.1.

Theorem 4.3. Let C be a nonempty closed convex subset of a uniformly convex Banach space
E whose norm is uniformly Gdteaux differentiable and let S and T' be nonexrpansive mappings
of C into itself such that F(SYN F(T) # 0. Let x € C and {z,} be a sequence by z, =
anZ+ (1 —an)(WmStn + (1 —4)Tz,) (Vn € N), where {an} C (0,1) with lim,,_,oc an, = 0 and
{m} C [a,b] for some a,b € (0,1) with a < b. Then, {z,} converges strongly to Pp(s)nr (1)<,
where Pp(s)np(T) 18 @ sunny nonezpansive retraction of C onto F(S) N F(T).
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We have the following result for accretive operators from Theorems 3.7 and 4.1.

Theorem 4.4. Let C' be a nonempty closed conver subset of a uniformly convexr Banach
space E whose norm is uniformly Gateauz differentiable and let A C E x E be an accretive
operator with D(A) C C C Nx>oR(I + M\A) and A™10 # 0. Let x € C and {z,} be a
sequence by z,, = anx+ (1 —an)Jy,zn (Vn € N), where {A\,} C (0,00) and {o,} C (0,1) with
limp_yoo @n = 0. If liMp—oo Apn = 00, {Zn} converges strongly to Pa-1ox, where Py-1p is a
sunny nonezpansive retraction of C onto A~10.

We get the following result for the W-mappings from Theorems 3.8 and 4.1.

Theorem 4.5. Let C be a nonempty closed convex subset of a uniformly convez Banach space
E whose norm is uniformly Géteaur differentiable. Let Sy,Sa2,... be infinite nonezpansive
mappings of C into itself with F := N, F(S,) # 0 and let B1,P2,... be real numbers with
0< fB; <b< 1 for everyi € N for some b € (0,1). Let W,, be the W-mapping generated by
SnySn—1,...,51 and Brn,Bn-1,..-,51 for everyn € N. Let z € C and {z,} be a sequence by
Tn = anT + (1 — an)Waz, (Vn € N), where {an} C (0,1) with limp—oo @n = 0. Then, {zs}
converges strongly to Prx, where Pr is a sunny nonezpansive retraction of C onto F.

5 Strong convergence theorem of Halpern's type

In this section, we prove two strong convergence theorems of Halpern’s type for a countable
family of nonexpansive mappings in a Banach space.

Theorem 5.1 ([48]). Let E be a reflexive Banach space with a umformly Giteauz differen-
tiable norm and let C be a nonempty closed convex subset of E which has the fized point prop-
erty for nonexpansive mappings. Let T' be a nonezpansive mapping of C into itself and let {T,,}
be a family of nonexpansive mappings of C into itself which satisfy @ # F(T) = Npey F(Tn)-
Further, suppose that {T},} satisfies the condition (I) with T and the condition (II). Let {z,}
be a sequence in C as follows: zy = x € C and

Tnt1 = anf(Tn) + (1 — an)Tpzn, n=123,...,

where {an} C [0,1) satisfies limp oo @n =0, and 307, an = = 00, and f is a contraction of C
into itself. Then, {z,} converges strongly to u € F(T) = F(T,), where u = Pf(u) and
P is a sunny nonexpansive retraction of C onto F(T).

n-—l

Using Theorems 3.5 and 5.1, we obtain the following result:

Theorem 5.2 ([48]). Let E be a reflezive Banach space with a uniformly Gatéauz differen-
tiable norm. Let C be a nonempty closed convezr subset of E which has the fized point property
for nonezpansive mappings and let T : C — C be a nonezpansive mapping such that F(T) is
nonempty and let f be a contraction of C into itself. Define a sequence {zn} of C as follows
;=2 €C and

Tpt1 = Anf(Tn) + (1 — @n)((1 — Bn)Tn + BuTzn) foralln €N,
where {an} C (0,1) and {B,} C (0,1) satisfy the following conditions:

an — 0, Zan=oo and 0<a<fB,<b<l.

n=1

Then, the sequence {z,} converges strongly to a fized point of T'.



107

Theorem 5.2 improves and extends Suzuki’s result [42]. Using Theorems 3.7 and 5.1, we
also obtain the following result which was proved by Takahashi [47].

Theorem 5.3 ([47]). Let E be a reflexive Banach space with a uniformly Gatéauz differ-
entiable norm and let C be a nonempty closed conver subset of E which has he fized point
property for nonezpansive mappings. Let A C E x E be an accretive operator with A=10 #
satisfying
D(A) c C c ) R(I + tA),
t>0

where D(A) is the closure of D(A) and let f be a contraction of C into itself. Let {z,} be a
sequence of C defined by 1 =z € C and

Tnt1 = Qnf(Tn) + (1 — ap)ds, 2, for alln € N,
where {on,} C (0,1) and {t,} C (0,00) satisfy the following conditions:

[o ]
an, — 0, E anp =00 and t, — oo.
n=1

Then, the sequence {x,} converges strongly to u € A=*0, where u = Pf(u) and P is a sunny
nonezpansive retraction of C onto A~10.

Theorem 5.4 ([24]). Let C be a nonempty closed convez subset of a uniformly convez Banach
space E whose norm is uniformly Géteauz differentiable and let {T,} and T be families of
nonezpansive mappings of C into itself which satisfy 0 # F(T) = N F(T,). Further,
suppose that {T,} satisfies the condition (I) with T and the condition (III). Let {z,} be a
sequence generated as follows: z1 =z € C and

Tptr = T+ (1 — an)Tn(Bnz + (1 — Br)zn) (Vn €N),

where {an} C [0,1) and {B,} C [0,1) satisfy limp— 00 @p = limp—oo B = 0 and [0, (1 —
an)(1 = Bn) =0. If 307 (lan — ans1] + |Bn = Bn+1l) < o0, then {z,} converges strongly to
Pp(1)z, where Pp(T) is a sunny nonexpansive retraction of C onto F(T).

Using Proposition 3.1 and Theorem 5.4, we obtain the following theorem:

Theorem 5.5. Let C be a nonempty closed convez subset of a uniformly convez Banach space
E whose norm is uniformly Géteauz differentiable and let T be a nonezpansive mapping of C
into itself with F(T) # 0. Let {z,} be a sequence generated as follows: z; = x € C and

Znt1 =anZ+ (1 — an)T(Brz + (1 — Brn)xn) (Yn €N),

where {an} C [0,1) and {B,} C [0,1) satisfy limp oo An = limp—oo Bn =0, [Toe,(1—an)(1—
Br) =0 and 377 (|an — 0nt1]+|Bn — Bnt1]) < 00. Then, {z,} converges strongly to Pp(t)z,
where Pp(1) is a sunny nonezpansive retraction of C onto F(T).

We have the following result [17] for nonexpansive mappings by Theorems 3.2 and 5.4.

Theorem 5.6. Let C be a nonempty closed convez subset of a uniformly convex Banach space
E whose norm is uniformly Géteauz differentiable and let S and T be nonezpansive mappings
of C into itself with F(S)NF(T) # 0. Let {z,} be a sequence generated as follows: z; =x € C
and

Tntl = QpT + (1 - an)(')’ns + (1 - 'Yn)T)(ﬁna" + (1 - ﬂn)mn) (Vn € N)’
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where {an} C [0,1) and {B,} C [0,1) satisfy lim, o0 0 = liMy—so0 Bn =0, [[oe;(1—an)(1—
Brn) =0 and 3 o7 i (lan — angi1]| + |Bn — Bnt1l) < o0 and {y,} C [a,b] for some a,b € (0,1)
with a < b satisfies Y poy [Yn — V41| < 00. Then, {z,} converges strongly to Pp(s)nr(T)%,
where Pp(s)ynr(T) 18 @ sunny nonezpansive retraction of C onto F(S) N F(T).

We have the following result [21] for accretive operators from Theorems 3.7 and 5.4.

Theorem 5.7. Let C be a nonempty closed convex subset of a uniformly convex Banach space
E whose norm is uniformly Gdteauz differentiable and let A C E x E be an accretive operator
with D(A) € C C Nx>oR(I +)AA) and A=0 # 0. Let {z,} be a sequence generated as follows:
ry =2 €C and

i1 = AnZ + (1 — an)JIn, (Bnz + (1 = Br)zn) (Vn € N),

where {an} C [0,1) and {B,} C [0,1) satisfy limp oo @n = liMpoo B = 0, [Toe,(1 —
an)(1 = Bn) = 0 and Y2 (lan — tnt1| + |Bn — Bat1l) < o0 and {M} C (0,00) satisfies
liminfp oo An > 0 and 3" ; |An — Ant1| < 00. Then, {z,} converges strongly to Ps-1oz,
where P41 is a sunny nonezpansive retraction of C' onto A~10.

We get the following result [34] for W-mappings by Theorems 3.8 and 5.4.

Theorem 5.8. Let C be a nonempty closed convez subset of a uniformly convex Banach space
E whose norm is uniformly Géteauz differentiable. Let Si,Sa,... be infinite nonexpansive
mappings of C into itself with F := N F(S,) # 0 and let 51, B2,... be real numbers with
0< B; <b< 1 for everyi € N for some b € (0,1). Let W,, be the W-mapping generated by
Sn,Sn-1,...,81 and Bn,Bn-1,...,01 for every n € N. Let {z,} be a sequence generated as
follows: 1 =z € C and

Tnt1 = apZ+ (1 — an)Wp(mz + (1 —yp)zn) (Vn €N),

where {an} C [0,1) and {1,} C [0,1) satisfy imp .00 0 = liMp—0o ¥n =0, [Toe,;(1—0n)(1—
) =0 and Y oo (Jon — anti] + [ — m1l) < 0o. Then, {z,} converges strongly to Prz,
where Pr is a sunny nonezpansive retraction of C onto F'.
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