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Real polynomials and flip relation
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Abstract

Let M,, be the space of all affine conjugacy classes of polynomial maps
of degree n. We define a map ¥, from M, to C*~! via the elementary
symmetric functions of multipliers of the fixed points. The image of My,
under ¥, is denoted by £(n). In this paper, we define the algebraic variety
G.4 that indicates essential property of My, and introduce “flip relation” to
conjugacy classes. First, we show that the image of the real moduli space
M4(R) under ¥, is the real section of £(4) with discr{Gs} > 0, where
G4 = 0 is the defining equation of G4. Next, we show connection between
flip relation and sign of the discriminant of Gs. '

1 Introduction

Let Poly,, be the space of all polynomial maps of degree n, and M, be the space
of all affine conjugacy classes of these polynomials. We define a projection ¥,
from M,, to C"*~! via the elementary symmetric functions of the multipliers of
the fixed points. In [3], we show the projection is not surjective for every n > 4.
The image of M,, under ¥, is denoted by £(n) and the complement C"~1\ X(n)
called the exceptional set, denoted by £(n). We remark that for n = 2 or 3 the
exceptional set is empty and the real section of the space X(n) coincides with
the real moduli space My (R), the space of all conjugacy classes of polynomial
maps of degree n with real coefficients (see [8]). '

~ In this paper, we introduce “flip relation” and investigate relations between
the real section of the space £(4) and the real moduli space M4(R).

In section 2, we define the map ¥4 and the algebraic variety G4 that indicates
essential property of Poly,. In section 3, we introduce flip relation to conjugacy
classes. First, we show W4(Ms(R)) = R3 N £(4) N {G4(s1,82,84) =0 has a
real root}, where G4(s1, s2, 54) = 0 is the defining equation of G4, as Theorem 1.
And next, we show connection between flip relation and sign of the discriminant
of the defining equation G4(s1, s2,8s) = 0 of G4 as Theorem 2.

2 The moduli space My
| Let Poly4 be the space of all polynomials of the form:

p(Z) = a4z4 + a3z3 -+ a2z3 +a1z+ ag (a.4 75 0).
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Two maps p1, p2 € Poly, are holomorphically conjugate, denoted by p; ~ p2
if and only if there exists g € & with gop; o g~ 1 = po, where 2 is the group of
all affine transformations.

The space, Poly,/~, of holomorphic conjugacy classes (p) of quartic poly-
nomials is denoted by My.

For each p(z) € Polyy, let z1, -+, 24, 25 = oo be the fixed points of
p, and pi, ---, pa, ps = 0 the multipliers of z;, i.e. p; = p'(2;). Let
04,1, 042, *** , 0455 be the elementary symmetric functions of these multipliers

04,1 = H1 + p2 + U3 + pa,
04,2 = pipie + P13 + M1pha + P23 + H2l4 + H3l4,
04,3 = Q1243 + 1204 + L1434 + H2/43014,

04,4 = H1H2H314,
045 = 0.

These multipiiers are invariant under taking an affine conjugate.
The holomorphic index of a rational function f at a fixed point ( € C is.
defihed to be the complex number

1 dz
(f O =5 $ =7

where we integrate in a small lnop in the positive direction around ¢.
The following results are well known as “Fatou’s index theorem”:

o If { is a fixed point of multiplier u # 1, then ((f, {) = ﬁ

e For any non-identical polynomial p,

> o, ¢) =0, | (1)

" ¢eC
where this summation is taken over all fixed points of p.

Let 04,1, -+, 04,4 be the elementary symmetnc functions of the multipliers
of p(z) € Poly,. The following relation holds by ‘Fatou’s index theorem.

Lemma (Theorem 1 in [4]) Among o4 ;'s, there is a linear relation

4 - 3041 + 2042 — 043 = 0.

Under the conjugacy of the action of &, it can be a.ssumed'that any quartic
polynomial is “monic” and “centered”, i.e. p(2) = 2* + ca2? + c12 + co. There
are three monic and centered polynomials in any conjugacy class (p) except
for (2* + z), and they are transformed each other under the action of G(3) =
{1, w, w?}, where w is the cube roots of unity.
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By this lemma, for a monic and centered quartic polynomial p(z) = z* +
c222+c12+¢p, it is enough to consider the three invariant values 04,1, 04,2, 044
of (p), determined by the transformation formula:

04,1 = —8c; + 12,

04,2 = 4ci — 16¢ocy + 18¢2 — 60c; + 48, 9

04,4 = 16coch + (—4c2 + 8¢y )c3 — 128c3c2 + (144coc? — 288cycy (2)
+128¢p)cy — 27cf + 108c3 — 144c? + 64c; + 256¢3:

There is a natural projection
Uy: My —o Y(4)
w - w
() +— (043, 042, 044),

where ¥(4) is the image of My under ¥4. We call 3(4) = {(04,1, 042, 044)}
multiplier-coordinate space. The complement C3 \ £(4) is denoted by £(4), and
called the ezceptional set.

In [5] and [2], we define the following parametrized algebraic variety, by
putting ¢ = ¢ and 8; = o04; (j = 1,2,4). This variety indicates essential
property of the projection ¥4 or of Poly,.

Definition 1  An algebraic variety G4 in C3 & {(s1, 52, 84)} with a parameter
c € C, is defined by

Ga(s1, 82, 84) = 262144(s; — 4)%c? + 1024(27s% + (—144s2 — 576)s?
+(38452 + 1280)s1-+ 12852 — 25652 — 51234 — 768)c
+(9s% + 2457 — 323, — 48)3 = 0.

The number of conjugacy classes corresponding to a point (s, s2, 84) € C3
equals to the number of possible parameter values ¢ on G4. The following
result is obtained by counting the number of solution ¢ of the defining equation
G4(31, 82, 84) = 0.

The exceptional set £(4) is parametrized as follows (see [5]):

(s —4)

(s1,82,84) = (4,3, ——4———) , seC\({6}.

3 Real polynomials and flip relation

For the case of quadratic rational maps or cubic polynomial maps, the real
section of the moduli space coincides with the real moduli space, the space of
conjugacy classes of maps with real coefficients (see [7] and [8]). However, this
phenomena do not succeed to the case n = 4. We have the following results.

Theorem 1 ([6])
U4(My(R)) =R3N %(4) N {Gq(s1,82,84) = 0 has a real root}.
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The assertion of Theorem 1 is directly obtamed by the following three lem-
mas 1, 2 and 3.

Let Poly,(R) be the space of all complex valued quartic polynomial maps
with real coefficients.

Lemma 1 If p € Poly,(R) then ¥4({p)) is in R3.

Proof. This lemma is clear from the multipliers of p satisfy one of the following
three cases: 'four real values’, ’two real and a pair of complex conjugates’, or
two pair of complex conjugates’. )

-5

10 -10

Figure 1: Both figures indicate the surface where discriminant of
G4(s1, 82, 84) = 0 vanishes, on the space R3 = {(s1, 82, 54)}.

Lemma 2  For a point (s1, 82, 84) € R3NX(4) with s1 # 4, let (p) € ¥ (s1,
89,84). Then, the equation G4(31,32,34) = 0 has two real roots if and only if
(p) € My(R).

Proof. At first, we remark that G4(s1, s2,384) = 0 has real coefficients, since
point (81, 82, 84) in R3.

If G4(s1,82,84) = 0 has two real roots, we can choose real values as coeffi-
cients of p. Therefore (p) € M4(R).

Conversely, we suppose G4(81, 82, 84) = 0 has a pair of complex conjugate
roots, and let p = 2* + 222 + ¢12 + ¢ be a corresponding monic and centered
representative. Then, from the argument of case c. in the proof of Theorem 2
described in below, the coefficient ¢y is never real and (p) & My(R). Therefore
G4(s1, 82, 84) = 0 have two real roots, counted including multiplicity. 1

Lemma 3 For each point (4, 82,84) € ({4} x R%) N X(4), the linear equation
G4(s1, 82,54) = 0 has a real root. That is, there is a unique conjugacy class in
M4(R) corresponding to this point.
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Proof. Let p(z) = 2*+cp22+c12+¢p be a representative such that U4((p)) =
(45 $2, 84)' :
From the transformation formula (2), s; =4 = —8¢; + 12, we have ¢; = 1.
Substituting s; = 4 to G4(s1, s2, 84) = 0, we have

131072(s2 — 8sy — 454 + 16)c — 32768(s2 — 6)3 = 0.

Therefore, the unique root c is always real valued. Hence, we can choose real
value ¢y with c% = c¢. Then, ¢y is also real valued from the transformation
formula. Thus we have the assertion. ]

We remark that, the intersection of the plane {(4,s2,s4)} and the locus

where the discriminant of G4 is vanished coincides with the set {(4, s, “’ﬁéﬁ)}.
This set corresponds to
E(4)u{(4,6,1)}.

Now, we introduce the following “flip relation” between two classes, to prove
Theorem 2.

Definition 2  Two conjugacy classes (p) and (g) € My are under flip rela-
tion, denoted by (p) < (g), if there exist two representatives p € (p), ¢q € (q)
such that p(2) = g(2).

The flip relation is not an equivalence relation, because (p) 44 (p) in general.

The following theorem contrasts with Theorem 1.

Theorem 2 ([6]) Suppose that two classes (p) and {q) with (p) # {(q) satisfy
U4({p)) = ¥4((q)) € R3. Then, the following two are equivalent.

(1) (p) < (q).

(2) The equation G4(sy,s2,84) = 0 has no real root.

Remark 1 In the case of 81 # 4, G4(s1, 82, 84) = 0 is a quadratic equation.
Therefore the condition (2) in Theorem 2-equivalents to the condition “The
equation G4(s3, 82, 84) = 0 has negative discriminant”. As we see later, for every
point (81,82,s84) in W4(My(R)), the corresponding equation G4(s1,52,84) = 0
‘has real coefficients. Hence, if one of the roots is real, the other is also real.

The flip relation correlates between periodic cycles of p and g by symmetric
relation for real axis. The property of a periodic cycle of g, attracting, repelling
etc., implies the same one of p. (See Figure 2.) We will show this fact as the
following proposition.
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Figure 2: The left figure indicates the dynamics of p; (z) = 2% +i2z?+iz (upper),
and po(z) = z* — 0.39685i22 + iz — 0.66933 (lower). ¥4({1)) = ¥sa((p2)) =
(12 — 84,30 — 647,125 — 48i). The map p; has a parabolic fixed point at the
origin with multiplier i. The right figure indicates the dynamics of g1(z) =
2* — iz? — iz (upper), and q2(2) = z* + 0.39685i2% — iz — 0.66933 (lower).
Wa({q1)) = P4({g2)) = (12+8¢,30+ 641,125+ 48i). The map q; has a parabolic
fixed point at the origin with multiplier —i. These maps satisfy (p1) < (q1)
and {p2) < (g2), and dynamics of these maps are symmetry for the real axis.
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Proposition 1 Suppose p ¥ q, i.e. {p) # {q), and (p) = {q). And suppose two
representatives p and q are chosen as (3). If 2o is a periodic point of p of period
n with multiplier u, then Zg is a periodic point of q of period n with multiplier
Ii. Therefore, the dynamics of p and q are symmetry for the real azis.

Proof. The equation p™(z) = ¢™(%) holds by p(z) = ¢q(Z).
Since 2 is a periodic point of p of period n, we obtain Z5 = ¢"(Z5). The
fact of a relation between two multipliers is given by

7= = (P = @)Y
|

Remark that the coefficients of the z, i.e. ¢; or €7, are invariant under the
action of cube roots of unity. '

From now on, we assume that p and ¢ are monic and centered representative
quartic polynomial maps. If necessary, we consider p or ¢ are the map that is
taken conjugate by z — wz.

If {p) <~ {gq), we can choose two representatives with following forms:

p=2*+c222 +c12 + e, g=2+G2 + 2+ 6. (3)

Lemma 4  Under the condition that (p) < (q) with (p) # (@), if Ts((p)) =
W4({g)) = (81,52, 84), then (s1,82,4) € R3.

Proof. By the condition (p) « (g), the following is directly given by the
transformation formula (2) (cf. Figure 2),

(p) € ¥ (s1,82,54) and (g) € ¥ (51,2, %%)-

Therefore, the assertion is clearly obtained. (See Figure 3.) ]

Proof of Theorem 2. First, we suppose that (p) < (g). From Lemma 4, we
have (s1, s2,54) € R3. Hence, G4(s1, 82, 84) = 0 has real coefficients.

As s; € R, each representative corresponding to the point (s, s2, 34) has a
real coefficient of z. Therefore, two representatives p and q are given as follows:

p=z4+c2z2+c1z+co, q=z4+c—2z2+clz+'cﬁ (c1 elR).
Now, we need to consider the following three cases.

a. The equation G4(s1, 82,84) = 0 has multiple roots:
In this case, there is a unique conjugacy class corresponding to the point
(1, 82,84). While, from the assumption (p) # (g) and ¥4((p)) = V4({@))=
(81, 82,84), we have #‘114'1(31,32,34) = 2. This result contradicts with

#U7(s1,82,84) = 1.
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Figure 3: The left figure indicates the dynamics of p(z) = z* + (1.04113 —
0.285731)22 + 0.82627z + (0.41265 — 0.104267). The map p has two attracting
fixed points at 0.33745 + 0.71902; and 0.21049 — 0.61365; with multiplier 0.8i
and —0.8i respectively. The right figure indicates the dynamics of q(z) = 2% +
(1.04113 + 0.285734)22 + 0.82627z + (0.41265 + 0.10426i). We remark that,
U4((p)) = T4({g)) = (5.38983,7.80949, 4.58847) € R3, and (p) <~ (g).

b. The equation G4(s1, 82,84) = 0 has two real roots:
Let c3 and & be two real roots of G4(s1,82,54) = 0. In this case we can
choose two real values cy, é2. Then, two values cg, & are also real values,
since sp = 4c3 — 16cgca + 18¢ — 60cy + 48. Hence the relation (p) 44 (q)
is obtained, and this result contradicts with the assumption. (Moreover,
p # g is clear from cj # &.)

c. The equation G4(s1,82,84) = 0 has a pair of complex conjugate roots:

Let c3, & be a pair of complex conjugate roots. We can choose two

values ¢y, & as cz = &z by ¢3 = &. Then, cp = & is given by s =

4c3 — 16cocy + 18¢2 — 60c; + 48.
Therefore the equation G4(s1, s2, 84) = 0 has negative discriminant.
Conversely, suppose the following quadratic equation,
262144(s; — 4)2c? + 1024(27s% + (—144s2 — 576)s2 + (38432
+1280)s; + 12853 — 25655 — 51284 — 768)c + (982
+248, — 3285 — 48)3 = 0,
has negative discriminant, i.e.
1073741824(0481 + (—8182 — 2784 — 135)s% + (3653 — 14455 — 1008).5:1
+(— 432 + 36052 + (14454 + 2976)s3 + 57684 + 4192)s? + (— 16082

—21768% + (—38454 — 6400)s2 — 128054 — 5376)31 + 1654 + 44853
+(~ 12834 +2176) 52 + (25654 -+ 3840)s5 + 25682 + 76834 + 2304) < 0.
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Then, for a monic and centered representative p € (p) = WZ1(31,32,54), the
term of degree one, i.e. c1, is given by ¢; = —-“11%32. Because the equation
G4(s1, 82,84) = 0 has negative discriminant with real coefﬁcients, there exists
two roots ¢ = c3, & satisfying c2 = &. We can choose cz = ¢3. Then, cp = &
holds by s = 4¢3 — 16cge + 18¢2 — 60c; +48. Now we obtain the following two
polynomial maps belonging to (s, 82, 84):

p=z4+02zz+clz+co, q=z4+62z2+01z+50=z4+'03+c1z+66.

Thus, (p) < (g) holds. 8
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