goooboooogn
0 15530 2007 0O 1-16 1

Missing terms

in Classical Inequalities

TOSHIO HORIUCHI,

with ALNAR DETALLA and HIROSHI ANDO
March 16, 2007

1 Historical remarks
&Y. HHELE 2 OOFERTREREBVEE Y, —BERN—F 4 OFRERELWIN T3,

Hardy inequality;

(=22 [ |u@P

T o o EEED

|Vu|?dz >
Rn

ROFFERXZBOBEMLZY R 7HORERTH 3,

Sobolev inequality;
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1. V.G. Mazja (85) (in his book Sobolev spases)
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2. H. R.Brezis, L. Nirenberg (83)
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—Au —du = u|u|%gu, inQ (bounded domain) ,
u=0 ondf,
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S = Sy; Sobolev best constant
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N >3, Q C R®; a bounded open set, 1 < ¢ < L. LT
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2. Horiuchi (96)

/ Vulle* do >
Rn

2/q
S(/ |u|9|x|9 dz) +ala+n— 2)/ u2|m|2(°"1) da
Rn -

C 2T S is the Sobolev best constant, g = 2%, a>1— %
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S(p,q,0,B8,n) =

— inf [ / [VulP|z|P® dz : u € CP(R), f (u|9]z|P9 dz = 1}.
R» ]Rn

where

l1<p<+4+o0, (l—a+PBp<n, n=2,
. 0<1l/p-1/g=(1—a+B)/n
-n/g< B <L
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Theorem 1.1 (T. Horiuchi) (1) Assume that 0 < a = (3,
1/2-1/q=1/n, n > 2. Then it holds that

S(2,q,a,0,n) = 5(2,¢,0,0,n) = S.-

Moreover there exists no extremal function which attains the infimum in Walz (R™).

(2) Assume that >0, >3,0<1/p-1/g=(1-a+f)/n,n22and1<p< =27
_Then the infimum S(p, q, a, B,n) is attained by an extremal function u in W;;;(R") and this u
satisfies in distribution sense the equation:
- div(|z|p°|VuI”'2Vu) =TI |z|%%u|? 2y,

where I is a Lagrange multiplier.



4. H. R. Brezis and J. L. Vazquez (97)

1< g< 225, Co(|) >0, N > 3 such that
/ Vutde > B2 / £ IZdw+C’ (N ( / |u|de> ,

423 &i&@*ﬁ%ﬁﬁﬁﬁﬁﬁ@ﬁ@ﬂ%ﬁﬂgéﬁﬁ L7,
—Au=Af(w), inQ

Vu e Wa?(Q).

u=0 on 69
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5. T. Horiuchi (02)

n > 4. Let Q be a bounded domain of R"™.
For any u € HZ(Q),

fyauan > (RF Y [ o
Wn ) in(n—4) [ |uf?

- 2
+ A (IQI : le|2dm+z\2 Iﬂl /Iu] dr

n > 8.

For any u € H$(Q)

Juf?

A%yl?2dz > H(n,A?%) | — dz
[ 18t ae > B %) [ g

Juf* wn\# [ |ul®
rannn (i) [t ten (IQI) o Talt

|u|2 / 2
+as-A3- lﬂl) ./nl Pd T+ A4 - |Q| |ul® dz.

H(n,A?) = (n(n - 4)(n1;- 4)(n — 8) >2

a,a & as ‘i&?i&) Bhémﬁﬁ’(‘i)éo

a1 = 75n?(n — 4)%(n + 4)(n - 8),
az = 2n(n — 4)(n + 4)(n - 8),
az = (n+4)(n - 8).



6. (Adimurthi, Chaudhuri, and Ramaswamy (02))

par Let R > supgq jx}e%, n>2 1<p<n.
For any u € W,?(Q),3 C > 0 depending on n,p and R

such that
/ |VulPdz > (n _p)p k@) 4,
Q “\p o |z|P
lu(z)|? ( R )-,,
+C | —=—{log— dz
o JzPP \ ]
if v > 2.

When p = n it holds that

/ﬂ Vul*de 2C | lu)® (log ﬁ) i

|| ||
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2D L ZRD A sharp Fatou’s inequality LFIENZbDMBRIZL ET,
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" A Fatou’s inequality:

dim |I£ellg 2 1| Jimfell

ZRSILEBTEBZDITTY,



3 Introduction
XTCHEMBIE->T. SEO#ECEY LIF2RERNEEBALEL £ 9.

Introduction 1 (Rellich type )

/ \AuPdz > Anp / ‘“(TQJP (1)

for any u € W2P(Q), where Q2 a bounded domain in R* with0€Q,n>3,and1<p< 3.

Here the best constant 9p\ P 1\P
Anp=nP (n— p) (p— )
‘ p N P

fg|Au|d;z:
fQ u(x Pd

is given by the infimum of

I(uw) =
over W2P ().

Moreover there exists no extremal function in WZ'*(2) which  attainsthe infimum of these
problem. In view of this, we shall investigate the Hardy inequalities (1) and improve them by
finding out missing terms.

Our aim in this talk is to achieve an optimal improvement of the inequality (1) by adding a
. 2
second term involving the singular weight (EIF) , in the sense that the improved inequality
holds for this weight but fails for any weight more singular than this one.
Application

As an application, we use our improved inequality to determine exactly when the first eigenvalue
of the weighted eigenvalue problem for the operator

L= A (|AufP~2Au) — lz‘rzpiulp“zu

will tend to 0 as u increases to Ay p.

Introduction 2 (Hardy type )

e (552 2P

for any u € Wol’p(Q), where Q a bounded domain in R® with0€ 2, n>3,and 1 <p < n.

Here the best constant is given by the infimum of
Vul|Pd
Q

over Wy (Q).

When p = 2, we shall investigate the Hardy inequalities and improve them by finding out
finitely many missing terms.



4 Main results
Main result 1
The notations: For t > 0 and k > 2,
Ay (t) :=log E, Ak(t) :==log Ak-1(t), e1:=¢€, e := ef -1

Theorem 1 Let n > 2, k > 1 and R > ¢ sup |z|. For any u € Wol 2(Q), there exist sharp

remamder terms such that
2
24z > n—2 /u(x)
/Wu(z)l dz ( 3 ) PE dz+
i u(a:) -2
3t

-2
(Al(lwI)Az(lwi)) - 3)

+ (A1<|w|>A2(|x1)...Ak<|xl>)_2] dz.

Main result 2

Theorem 2 Let n > 3, 0 € © and Q is a bounded domain in R™.
1. Noncritical case (1 <p < %)

Assume 7 > 2, then there exists K = K (n) > 0 and
C = C(n) > 0 such that if R > K supg, |z| then

[povern (52 (252 [ e
+c [ &P (bgﬂ)"dm

o |z |zl

(4)

for any u € W2P(Q).
2. Critical case (p= %)

Assume v > %, then there exists K* = K*(n) > 0 and C* = C*(n) > 0 such that if
R > K*supq |z| then

fawitas= (72)” [ S5 (i)

3 a
o |z ||

()

for any u € Wg'*(ﬂ).



Remark 1 Sparpness
In (4) v > 2 is sharp.

n
In (5) v > % is also sharp, and (%7“;13) is best constant.
Remark 2

In the proof of the noncritical case, g(r) = 727 (log %)—2 should be monotone decreasing and
R2 re?. Then K = e?.

Remark 3
In the proof of the critical case, g*(r) = r~" (log £) ~%-1 should also be monotone decreasing

and R > re¥+%. Moreover we need the condltzon to absorb the error terms in the right hand side
of (5) with C* > 0, hence K* > e +%.

Remark 4

C and C* may depend on R and + in a weak sense. Since g(r) and g*(r) tends to zero as
~ — 00 or R — 00, therefore we can take C' and C* to be bigger.

Corollary
Let 1 <p< %, and let

~{r:a-rusern@\ o),
2
hﬁ sup |z|? f(x) (log B |) }
If f € Fp, then 3 A(f) > 0 such that for u € W2*(£)

[ iaurde 2 any [ B a1 5(5) [ u@Psierte

2
If f ¢ F,, moreover if |z|??f(z) (log T%T) — o0 a8 |z| — 0,
then no inequality of the above type can hold.

5 Application

Consider the eigenvalue problem with a singular weight

A (|AufP~?Au) — —=|ufP"2u = Au/~2uf in Q

F
Q
u=Au=0 on 0
Here f € 7,
Fo={5:0 R lm i) =0, feLin@\(0D)}

1<p<3,0<pu<A,pand A€eR.



We look for a weak solution

ueW =W22(Q) N WyP(Q).

We define weak solution in the following way:
Definition u € W is said to be a weak solution of (4) if for any ¢ € C*(Q) with ¢ =0 on 6

fﬂ (IAuI”_ZAuAaS 2 'zplu]p_ u¢>d:c A / ufP2ufdda.

Lemma Forue W 3 v € W such that v > 0 and

Jo |AulPdz — p* [, B da > Jo |Av[Pdz ~ p* [ fHzde
T lulPfdz = Jo lvPfdz '

Theorem

Foralll1<p<%, 0<pu<A,p, theabove problem admits a positive weak solution u € w
corresponding to the first eigenvalue A = A} .(f) > 0. Moreover, as u — Anp,

It lim o) =0, = N() =M 20

2
If limsup|z|??f(z) (logI ‘> <00, = AJf)>0

z|—0

2
If li}xllo|x|2”f(:z:) (log‘ |) =00, = MNf)=

6 Further results

Resent results due to H. Ando and T. Horiuchi
Higher order case 1:

oo (550’ [ et

2 _ 2
N _aN+s /9 “@[Al<|w|>-2+
' -2

(4stoat)) +---+

" (Aluxl)Az(lxu)...Ak<|xl>)'_2]dm.

Case 2

2u 2 ()2
/ﬂm (z)ldeC’;/ = ‘sd—l-

02/ “ﬁl B8 Az 2ds+ -
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Resent results of missing terms for large p due to T. Horiuchi
Assume that p > N.

[ wutpae > (27 Ny / tole) ~ 2O g,

lu(:c) 0)2 2404 ..
+C/Q lep Ai(lz])~*dz +

Conjecture (p > &)

+o [ BE SO 4, oo 4

7 Fundamental Facts
Fundamental facts and lemmas which are needed to prove the main results :
Rearrangement of domain and functions
Define a ball Q* such that [Q*| = || with center at the origin. u*: denote the rearrangement

of a measurable function u

Lemma (Talenti)
Let Q be a domain on R", n > 3 and f € C§°(Q).

If u is the weak solution of Dirichlet pfoblem -Au=f
in Q, u|aq = 0; v is the weak solution of Dirichlet problem

_Av= |FI* in Q*, v|eq- = 0; then v > |u|* pointwise.

(From this lemma we can show
/ |AulPdz = / |AviPdx
Q 0=

ful? / vl
—_— <
/nlrvlz”dx‘ o 21 %

JolAuPdz _ [o. |AvPdz
fq b dx z Jo- dz

. From this we can assume that u is radial and Q is a ball.

Hence we have

Lemma 1. ( [ACR])
For any R > 1, the inequality
YRR dr

' ' 2
f, werrar =g [T
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holds for any h € C*(0,1), with h(0) = h(1) = 0.

Lemma 2.
For any R > 1,and 8 <0,a € (0,1)

/01 |R (r)|? (log —?)ﬂrdfr >

ol — - f) /01 Ih(r)|? (log %)H dr

T
holds for any h € C(0, 1) with A(0) = h(1) = 0.

Lemma 3
Assume f(r) € C*(B,), f(r) > 0, Af(r) £ 0. For u(r) = f(r)v(r) r=|z|,

/ |Au|¥dz >
By
n(n —2)

1 2
o [ @)V AL f(r)dr
0
1
+ wn/ v*(r){r""llAf(r)la‘ +
0

o [ (1are)™ 1) - 0181 )| Jar
for any u € C3(B))

Lemma 4.(critical case)
For any R > 1 and u € C3(B,),

'Aul%dxz(n\;)/& lul(;)nﬁ( = Vs

-1
lu(z)|# ( R) 5
+cC* / log — dz
5 o\ Tl
Sketch of proofs of lemma 4:

For u(r) = f(r)u(r), we set f(r) = (log %)a ,0 < a < 1. Then use lemma 3 and lemma 2.

B,

8 A Sketch of Proof of Theorem 2

Case 1 < p < 2: ( noncritical case )

We shall prove the inequality for v = 2.

—_ p - p P
/[Au|pdx_>_<n 21’) (np n) IU(372)| da
Q p P o |z|?%

o S () e




For u € CZ(B,),u > 0, radially nonincreasing , we define

-2

v(r) = u(r)re T = |z|.

then
A ) = & (wr)r*7F) =18 (8 00) - 23

where

Ba(o(r)) = '(r) + Z=0'(r),

A 2p)(2np~ n)
p

ﬁ=n+4—-2§ and

then apply these to

- p —n\? p
/ |Au|Pdz — ('n 2p) (np n) / ______lu(x2)| dx
B p p B, |z|*

and use lemma 1 to get
/ |AulPdz > (n _ 2p)p (np - n>p/ |lu(z)[P dx
B, - P P B |zl

()P (. B\
), Tal (‘glxl) 4

For € > 0 sufficiently small, let us define

0, 0<7<é

log %
) = 21, €2<7‘<6
Ue = § 777 logl
log
=, €<r<l1
T P logi

Let we = f: ue(p)dp. Direct calculation gives

2 2-2  2(2-1)
1-2 [ P 2
(;l__p%) _6_bg-|-¥e__, 0O<r<e
We = P ,.2—%1054_3 p \ 1234 % 2
€T Y n=2p " logl +<n—zp) log & ) ST <e
2L 2 -
p T Plog}. D 1-r" »
n—2p logl + ("—217) log? e<r<l
Aw, =
0, 0<r<e?
1 - 1\-1
{r % (-p+n-plog )} (logd)™", e<r<e
(3 1 1 -1
iir p(p-}-n(l—p)log;)}(log;) , €e<r<l

Then

2 [(np-1)\? 1 1\7!
p e - —
LllAwe! dm—p 1( ? ) w,,loge+0 loge

12
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-1
|we|? 2 P ),, 1.0 (1 l)
/31 |a:|21’d$2m n —2p wnlog€+ 8%
[we P 1\’
g |Awe|Pdx — A, p o de <O| |log -
1
|we|P R\ 7" > 1)
il log =
e (onpy) 20 (1

Sharpness of A, , = (&Tige)p (E?)p

and

also

Aw|Pdz
e—

__’0 wgp — ﬂ,p
=0 [, aHrdx

But by Hardy inequality
PI% I(we) 2 Anp

hence _
lim 7(w) = An,
Optimality of v
Assume 0 < v < 2. Optimality will follow if we can show for a unit ball By that
. fBl |Au,|1"dar:——An,,,,fBl S dT _

inf  I,(u)=inf = =0
uEW;'”(B1)\{0} et (1og ]%) da

Using a family w, € Woz’p(Bl) we have lim,_,g I,(w) = 0 Thus optimality follow. i.e. v > 2.

Case p = 3( critical case )

We shall prove for v = 2,
-2\" [ |u(z)|? R\
Au|Fdz > (n ) ‘ log — dr
Jyawitas> (222)" [ M2 (s 7

v [ ()

In this case the inequality follows immediately from Lemma 4 together with the symmetrization

arguments.
sharpness of (2\7"-‘2—)

To show sharpness, we use the test function

n-2 n—2

R\ R \ '+
Ze = lo$r+e - log1+€
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then we can show .
lim Jp, |Az|2de = (n-2>"
e—0 A % -5 n
i) B j—f;f—;— (log 1%) dz v
Optimality of ~
We use the same test function u, with p = 2, and
We = f,,l ue(p)dp. Thenfor0 <y < %
f B, |Awe,§dm —0

li =
e—% fB; Lll"fllnz (log %)7@

Thus optimality follow. i.e. v 2 %

9 A Sketch of proof of Theorem 1

Lemma Assume u € C(B;) is radial and u(r) > 0 where r = |z|. Set

vi(r) = u(r)r*F A, (r) "}

and ’
vk (r) = vk_1(r)Ag(r)~% for k > 2.

If R > e, then
/ |Vu(z)|?dz =
B,

(n 2 2) 2 wn /61 vk(r)2 A1 (r) As(r) .. ~Ak(r)d7r

2

1
+ 20 /O vk(r)2 A1 (r) Aa(r) .. . Ax(r)x (7)
dr |

[Al(r)_2+"‘+ (Al(r)Az('r)...Ak(r)) —2] -

+wn / W (r)2 Ay (r) As(r) . .. Ag(r)rdr
0

forall k > 1.
Proof Since R > e, A; is define for all 1 < ¢ < k. Then direct calculation gives

n—2 2
5 tC

Y

o' (r)|? = v (r)2r ™AL (r) Ag(r) . .. Ax(r)

where
-1 ’
c= %Al(f)“‘ P %(Al(r)Ag(r) y .Ak(r)> - '::E:;

r.
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Then

1
/ IVu(x)lzdxzwn/ [u'(r)|?r™ dr
B,

(8)
2
+

—w, /0 vk (r)2 Ay (r) Aa(r) . . Ax(r)] 2

Proof of the Theorem 2.1

For k > 1,a > 0 we set

_JAk(r) %, 0<r<4
#(r) = Ak(?IE)_%—shg ., F<r<lL

For 0 <r < 4 welet

-1
wk,c("') = %(Al(r) N Ak—l(r)) Ak(r):’g‘1 (T‘ + 6)2

-1
Brelr) = 3 (Al(m...Ak-l(p)) Aoy F L dy

, r
—2/0 A"t —Edp.

= A7 (r+¢)? (p+¢€)

We note that as ¢ — 0,
W,e(r) — 2,(r)
Wi,e(1) — 2 (r)
for0<r<s.

SHARPNESS OF 1

We shall prove using inductive argument that %1 is sharp coefficient for every missing terms.
J5, |Vu(@)Pdz — (252)*wn fy mi(r)? ()% 1
wn fy vi(r)?As(r) 14 4
4 fol vi(r)2 Ay (r)rdr .
Jo vi(r)2 4y (r)-14
Then using the test function defined in (9) we get

+

‘/0* 21 (r)2 Ay (r)rdr = %Al (%) - (9)

and 5
[ aeranT = La(g) " (10

(0%

Hence from (9) and (10) the ratio
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o 2, (r)2 Ay (r)rdr
Jo a2 4 (r)1&
as a — 0. Thus % is sharp in inequality (5) for k = 1.
OPTIMALITY OF THE EXPONENT 2

Assume 0 < v < 2. Then for k = 1 optimality of v will follow if we can show that

Ly(vi(r)) =

vt (T)ECo((O 1)

where _ \ .
Jp, |Vu(@)Pdz — (252)" wn fy vi(r)*An(n)
wn fy v1(r)2Ax (r)t-74E ‘

Ly(vi(r)) =
But from (7) for k = 1 we have

o vir)?Ai(r) 1 4+ v 1(r)?Ai(r)rdr
fo v1(r)2A; (r)1-7 &

I (vi(r)) =

Then using the test function we get

1

L ar 1 1y —a—v+2
2 ) el il I il
‘/0 21(r)"Au(r) r a+7-—2A1(R> )

1

R 'k .
/ #(r)*Ai(r)rdr end / 21 (r)2 Ay (r)™
0 0

are finite respectively for a > 0. Since 0 < v < 2, then from (9) we have for a given test function
z1(r) defined in (9), I,(z1(r)) — 0 as & — 2 — v > 0. Therefore v > 2 and 2 is optimal.

dr
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