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3D Conway’s Solitaire

KANAME NAKAZAWA AND YUJI KOBAYASHI

Department of Information Science,
Toho University

Funabashi 274-8510, Japan

We give a concrete process to send a peg to the seventh level in Conway’s Solitaire
game in a three dimensional space.

1 Conway’s Solitaire
Conway’s Solitaire is a game played by one person on a board. Pegs are placed
at lattice points of the plane. One can move a peg jumping over another peg
horizontally or vertically into an empty position. After the move the second peg
is removed from the plane:

\copyright \copyright $O$ $\Rightarrow$ $O$ $O$ \copyright (1)

An initial configuration consists of finite number of pegs placed at positions
in the lower half plane (below the line $y=1$). The goal of the game is to send
a peg as high as possible on the plane. The problem is to find a configuration
and a sequence of moves which send a peg at the possibly highest position. For
example, starting with the T-configuration, we can go three steps up:

O $O$ �� $O$ \copyright

(2)
\copyright
\copyright

The following two configurations also can be used to send a peg to the third
level:

����� (3)
\copyright \copyright \copyright

\copyright \copyright \copyright
\copyright \copyright \copyright (4)
\copyright \copyright \copyright

\copyright
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It is known that starting with the configuration given as (5), one can reach
the fourth line above the initial line:

�������
������ (5)
��� �

\copyright

On the other hand, it is impossible to reach the fifth line starting with any
configuration. This last assertion can be proved in the following way (see [1, 2]).

Let $\omega=\frac{-1+\sqrt{2}}{2}$ the positive real number satisfying $\omega^{2}+\omega=1$ . Give the
value $\omega^{|i|-j}$ at a position $(i,j)$ on the plane. A legal move does not increases
the sum of the values of positions where pegs are placed. The infinite sum of all
the value of the positions on the lower half line is equal to $w^{-5}$ , which is equal
to the value of the position $(0,5)$ . Therefore, starting with a configuration with
a finite number of pegs, one can never reach $(0,5)$ .

2 $3D$ Conway’s Solitaire
The three-dimensional version of Conway’s Solitaire is played in a space of
dimension 3. A legal move is similar to dimension 2. A peg can jump in one of
the three directions. From a finite number of pegs initially placed in the lower
half space, one tries to send a peg as high as possible.

A similar argument to the ordinary case in Section 1 shows that it is im-
possible to get the 8th level. On the other hand it is not so difficult to make a
configuration which gives the sixth level. In this note we give a concrete process
to attain seven. Below we give a sketch of our process.

For an integer $n$ , let $L_{n}=L(x,n, z)$ be the xz-plane containing the point
$(0,n,0)$ in the space.

Suppose that at every position on the lower half space a peg is placed be-
forehand. So, we start with an infinite number of pegs filling the lower half
space.

On the main plane $L_{0}=L(x,0, z)$ , we can send a peg up to the fourth level
using the pegs arranged in the configuration (5) in Section 1. Next, we fill all
the empty holes in the lower half of the main plane using pegs on the planes $L_{1}$

and $L_{2}$ . Then, using the T-configuration (2) in $L_{0}$ , we send another peg up to
the third level. Using this peg and the previous one just above it, we can bring
a peg to the fifth level.

Fill all the empty holes in the lower half of the main plane using pegs on the
planes $L_{-1}$ and $L_{-2}$ . Again, using the pegs in the configuration (5) in the main
plane, we send a peg to the fourth level. Using this peg and the one already
sent just above it, we can bring a peg to the sixth level.

Next, we are going to fill the empty holes remained in the shape of the
configuration (5) on the main plane.
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First, we fill the hole at $(0,0,0)$ using the pegs in the T-configuration
(underlined in (6)) on the horizontal xy-plane $L(x,y, 0)$ of level $0$ . Cosequently,
the plane looks like (7).

�� � � � � � � �
� $OOOOOOO$ \copyright
\copyright OOOOOO $O$ \copyright
� $O$ $O$ $O$ $O$ $O$ $O$ $O$ � $arrow MainPlane$

� $OOOOO$ � � � (6)
� $OOOOO$ � � �
�� � � � � � � �
�� � � � � � � �
�� � $\overline{\text{�}}$ � � � � �
�� � � � � � � �

$\Downarrow$

�� �� � � � � �
� $O$ $O$ $O$ $O$ $O$ $O$ $O$ �
� $O$ $O$ $O$ $O$ $O$ $O$ $O$ �
� $O$ $O$ \copyright $O$ $O$ $O$ $O$ � $arrow MainPlane$

� $OOOOO$ \copyright � � (7)
\copyright $OOOOO$ � � �
\copyright $OOOOO$ � � �
�� � $O$ � � � � �
�� � $O$ � � � � �
��� $O$ � � � � �

Next, we fill the holes at $(0,0, -1),$ $(0,0, -2)$ and $(0,0, -3)$ in the main plane
inside the yz-plane $L(O, y, z)$ using (modified) T-configurations underlined in (8)
to get (9).

� $OOOOOO$ � $OO$ � ���
� ���� $OOOOO\overline{\text{�}}$ ���
�� $\overline{\text{�}}\overline{\text{�}}\overline{\text{�}}OOOOO\overline{\text{�}}$ \copyright \copyright \copyright

�� $\overline{\text{�}}\overline{\text{�}}\overline{\text{�}}OOOOO\overline{\text{�}}$ ���
(8)

$O$ � $\overline{\text{�}}\overline{\text{�}}\overline{\text{�}}$ ��� � � $\overline{\text{�}}$ ���
������� $\underline{\overline{\text{�}}}$ ������

$\Downarrow$

� $O$ $O$ $O$ $O$ $O$ $O$ � $O$ $O$ $O$ ���
� $O$ $O$ $O$ $O$ $O$ $O$ � $O$ $O$ $O$ �� �
�� $O$ $O$ $O$ $O$ $O$ \copyright $O$ $O$ $O$ $O$ $O$ $O$

(9)
�� OOOO $O$ � $OO$ $O$ � ��
��� � ��� $O$ � � $O$ � � �
������� $O$ ������

36



Then, we play in the plane $L(1, y, z)$ to fill the holes $(1, 0,0),$ $(1,0, -1)$ and
$(1, 0, -2)$ . They are filled as shown in (10) and (11).

\copyright $O$ $O$ $O$ $O$ $O$ $O$ �
�� � � O O $O$ �
�� � � O O $O$ �
�� � � � � � � (10)
�� � � � � � �
�� � � � � � �
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$\Downarrow$

� $OOO$ � $OO$ �
�� O $O$ � $OO$ �
�� O $O$ � $OO$ �
� \copyright $O$ $O$ $O$ $O$ $O$ � (11)
�� � � $O$ � � �
�� � � $O$ � � �
�� � � $O$ � � �

In a similar manner, we fill the necessary holes in the planes $L(2, y, z)$ ,
$L(3, y, z),$ $L(4, y, z),$ $L(-1,y, z)$ and $L(-2,y, z)$ . In this way we reconstruct
the configuration (5) in the main plane. With this configuration we send a peg
to the fourth floor. After this process, the pegs are placed like (12) in the main
plane.

�
$O$

�
$O$

$O$

$O$

� \copyright \copyright \copyright \copyright \copyright $OO$ �
\copyright O $O$ \copyright OO $O$ �� (12)
� $OO$ \copyright $OO$ ���
� $OO$ \copyright $OO$ � ��
� $OOOOO$ ���
\copyright $OOOOO$ ���
� $OO$ � $OO$ � ��
����� $O$ ���
���������

To attain seven, we have to reconstruct a T-configuration marked as \copyright in
(12). Again in the horizontal plane $L(x, y, 0)$ , we fill the holes in the main plane
marked \copyright using configurations of types (3) and (4) in (13).
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�� O O O O O O $O$
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$\overline{\text{�}}\overline{\text{�}}$ \copyright \copyright \copyright \copyright \copyright $OO$
�� OOOO $O$ ��
�� OOOO $O$ ��
�� OOOO $O$ ��
���� $O$ ����
���� $O$ ����
���� $O$ ����

(13)

The holes at $(0,0, -1)$ and $(0,0, -2)$ marked \copyright in (14) can be filled in the
main plane using configurations of type (4). Using pegs remained in the main
plane, we can arrange a T-configuration underlined three steps below the hole
at $(0,0, -3)$ marked \copyright in (14). Thus, this last hole can be filled.

�
$O$

�
$O$

$O$

$O$

� \copyright $OO$ � � � � � O $O$ ��
��� � $O$ $O$ OO OO $O$ ���
���� O $O$ \copyright $OO$ ���� (14)

���� O $O$ \copyright $OO$ ����
��� � O O O O $O$ � � ��
��� � O O O O $O$ � � ��
��� � O $O$ � $OO$ �� \copyright �
��� � � � � � $\overline{O}$ � � ��

������������ $\underline{\overline{\frac{\text{�}}{\text{�}}}}$ ������������
In this way, we can fill all the holes marked \copyright in (12), and with this T-

configuration, we can send a peg on the third level. Now, using the pegs at
$(0,0,6),$ $(0,0,4)$ and $(0,0,3)$ that we have already sent, we finally climb up to
the seventh level.
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3 General dimension
We can play Conway’s Solitaire game in an n-dimensional space. Pegs are
initially placed in a half space bordered by an $(n-1)$ -dimensional hyperplane
$H$ . A peg can jump over another peg in one of $n$ directions parallel with the
space axis. A similar argument to Section 1 would show that $3n-2$ is an upper
bound, that is, one can not send a peg higher than the $(3n-2)$-th level above
$H$ (see [3]).

On the other hand, if we can attain $\ell(n)$ in the n-dimensional space, we
can attain $\ell(n)+2$ in the $(n+1)$-dimensional space. In fact, a similar process
used in Section 2 sending a peg to the sixth level in the 3-dimensional space is
available. So, by induction starting from the results on 3-dimensional game in
Section 2, we can show

Theorem 3.1. Let $n\geq 3$ . In n-dimensional Conway $s$ Solitaire game, we can
send a peg to the $(2n+1)$ -th level.
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