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ABSTRACT. Inclusion indices of quasi-Banach spacoe have been studied by Coboe, Manzano,
Martinez and the author (Bolletino U.MJ. $10-B$ (2007), 99-117). We review their results on
sequence spaces, providing proofs of results that were only stated in that paper.

$0$ . INTRODUCTION.

Let $E$ be a Banach space of sequences with $\ell_{1}carrow Earrow\ell_{\infty}$ , where $arrow$ means continuous
embedding. The indusion indices of $E$ are defined by

$\delta_{B}=\sup\{p\geq 1 : \ell_{p}arrow E\},$ $\gamma_{E}=\inf\{p\leq\infty : Earrow\ell_{p}\}$.

Inclusion indices are useful in the research of properties of embeddings between sequenoe spaces
(see, for example, [7], [8], [9] and [11]).

If $E$ is symmetric then indices can be computed by using the fundamental fiiction $\varphi_{E}$ of $E$ .
Namely

$\delta_{E}=\lim_{narrow}\inf_{\infty}\frac{\log n}{\log\varphi_{B}(n)}$ and $\gamma_{E}=\lim_{narrow}\sup_{\infty}\frac{\log n}{\log\varphi_{B}(n)}$ . (0.1)

Cobos, Manzano, Mart\’inez and the author have studied in [5] inclusion indices of quasi-
Banach spaces. Their results apply to function spaces, sequence spaces and to any intemediate
space with respect to an ordered compatible couple. The aim of the present paper is to review
their work on sequence spaces, providing proofs of results that were only stated in [5]. This is
done in Section 2, while in Section 1 we recall some basic concepts on sequence spaces.

1. PRELIMINARIES

We denote by $f$ the set of all sequences $\xi=\{\xi_{n}\}$ which have a finite number of coordinates
$\xi_{n}\neq 0$ .

FoUowing [14] we define the non-increasing rearrangement of a bounded sequence $\mu=\{\mu_{*}\}\in$

$\ell_{\infty}$ as the sequence $\mu^{*}=\{s_{n}(\mu)\}$ given by

$s_{\mathfrak{n}}( \mu)=\inf\{||\mu-\tau||\ell_{\infty} : \tau=\{\tau_{m}\}\in f, card\{m\in N : \tau_{m}\neq 0\}<n\}$.
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Here card $A$ stands for the cardinality of the set $A$ . In the special case that $\xi$ is a zero sequence,
$\xi\in c_{0}$ , then we have $s_{n}(\xi)=|\xi_{n}^{*}|$ , where $\{\xi_{n}^{*}\}$ is the rearrangement of the elements of $\{\xi_{n}\}$ by
magnitude of the absolute values, $|\xi_{1}^{*}|\geq|\xi_{2}^{*}|\geq\cdots$ .

Given any subset $D\subseteq N$ , we put $e_{D}=\{\tau_{n}\}$ where $\tau_{n}=1$ if $n\in D$ and $\tau_{n}=0$ if $n\not\in D$ . If
$\xi=\{\xi_{n}\},$ $\mu=\{\mu\}$ are bounded sequences, $\xi\mu$ denotes the sequence $\{\xi_{n}\mu_{n}\}$ .

We say that a quasi-Banach lattice of bounded sequences $E$ is symmetric (or oeamngement
invariant) if $E$ satisfies the following conditions:

(i) $e_{\{1\}}$ belongs to $E$ with $\Vert e_{\{1\}}\Vert_{E}=1$ .
(ii) Whenever $\xi\in E$ and $\mu\in\ell_{\infty}$ with $\xi^{*}=\mu^{*}$ , then $\mu\in E$ and $||\xi||_{E}=\Vert\mu||_{B}$ .

These conditions yield that $f\subseteq E$ . On the other hand, we have $Earrow\ell_{\infty}$ because for any
$\xi=\{\xi_{n}\}\in E$ and any $n\in N$

$|\xi_{\mathfrak{n}}|=\Vert\xi_{n}e_{\{1\}}\Vert_{E}=\Vert\xi_{n}e_{\{n\}}||_{E}\leq||\xi_{n}\Vert_{E}$ .

The fundamental function of the symmetric sequence space $E$ is defined by

$\varphi_{B}(n)=\Vert e_{\{1,\cdots,n\}}||_{E}$ .

The function $\varphi_{B}$ is non-decreasing with. $\varphi_{E}(1)=1$ . It is also clear that if $E=\infty$ or $E=\ell_{\infty}$

then $\lim_{narrow\infty}\varphi_{B}(n)=1<\infty$ . Next we show that the converse of this statement holds.

Lemma 1.1. If the fiundamental function of a syrnmetric quasi-Banach sequence space $E$ sat-
isfies that $\lim_{narrow\infty}\varphi_{E}(n)=c<\infty$ , then $E=c0$ or $E=\ell_{\infty}$ .

Proof. Take any $\xi=\{\xi_{n}\}\in c_{0}$ and let $\eta_{n}=\xi e_{\{1,\cdots,n\}}$ . For any $m>n$ we have

$\Vert\eta_{m}-\eta_{n}\Vert_{E}$ $\leq$ $\max\{|\xi_{j}| : n+1\leq j\leq m\}\varphi_{E}(m-n)$

$\leq$ $c \max\{|\xi_{j}| : n+1\leq j\leq m\}arrow 0$ as $narrow\infty$ .

Hence $\{\eta_{n}\}$ is a Cauchy sequence in $E$ . This yields that $\xi\in E$ and that $c_{0}arrow E$ . Consequently,
$c_{0}arrow Earrow\ell_{\infty}$ . Now, using [14], Thm. 13.1.8, we conclude that $E=c_{0}$ or $E=\ell_{\infty}$ . $\square$

Important examples of symmetric quasi-Banach sequence spaces are $\ell_{p}$ and $\ell_{p,\infty}$ . Recall that
for $0<p<\infty$ the Lorentz sequence space $\ell_{p,\infty}$ is fomed by all bounded sequences $\xi=\{\xi_{n}\}$

having a finite quasi-norm

$|| \xi||\ell_{p.\infty}=\sup_{n\in N}\{n^{1/p}s_{n}(\xi)\}$ .

It is easy to check that

$\varphi\ell_{p}(n)=\varphi_{\ell_{p,\infty}}(n)=n^{1/p}$ for all $n\in N$ .

2. INDICES OF QUASI-BANACH SEQUENCE SPACES

In this section we investigate the notion of inclusion indices of sequences spaces by using the
whole scale of $\ell_{p}-$-spaces, that is $\{\ell_{p}\}_{p>0}$ , and not only the Banach part where $1\leq p\leq\infty$ . The
natural spaces to consider are quasi-Banach sequence spaces. Indices are defined as follows.
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Definition 2.1. Let $F$ be a quasi-Banach sequence space. We define the lower inclusion index
of $F$ by

$\delta_{F}=\sup\{0<p<\infty:\ell_{p}arrow F\}$ .

If there is no $0<p<\infty$ such that $\ell_{p}arrow F$ , we put $\delta_{F}=0$ .
The upper indusion index of $F$ is defined by

$\gamma_{F}=\inf\{0<p<\infty:Farrow\ell_{p}\}$.
If $F\wedge\ell_{p}$ for any $0<p<\infty$ , then we write $\gamma_{F}=\infty$ .

Next we show that the formulae in (0.1) still hold for quasi-Banach sequence spaces. Note
that the proof of (0.1) in the Banach case does not work in our setting because it is based on
the fact that any symmetric Banach space $X$ lies between the Lorentz and the Marcinkiewicz
space with fundamental function $\varphi x$ (see [2] or [12]). For symmetric quasi-Banach spaces no
similar result is known. Only for $p$-Banach spaces a partial result can be found in [1].

Theorem 2.2. Let $E$ be a symmetric quasi-Banach sequence space. Then

$\delta_{E}=\lim_{narrow}\inf_{\infty}\frac{\log n}{\log\varphi_{B}(n)}$ .

Proof. $A_{8}sume$ first that $\lim_{narrow\infty}\varphi_{E}(n)<\infty$. Then $\lim\inf[\log n/\log\varphi_{E}(n)]=\infty$ . On the other
hand, using Lemma 1.1 we get that $E=c_{0}$ or $E=\ell_{\infty^{and}}^{narrow\infty}$ therefore $\delta_{E}=\infty$ .

Assume now that $\lim_{narrow\infty}\varphi_{E}(n)=\infty$ . If there is any $p>0$ such that $\ell_{p}arrow E$ , then we can find
$C>0$ so that

$\varphi_{B}(n)\leq Cn^{1/p}$ for any $n\in N$ .
Taking logarithms and lower limits we obtain $p \leq\lim_{narrow}\inf_{\infty}[\log n/\log\varphi_{E}(n)]$ . This implies that

$\delta_{E}\leq h\min_{narrow\infty}f\frac{\log n}{\log\varphi_{B}(n)}$ .

If $\lim_{narrow}\inf_{\infty}[\log n/\log\varphi_{E}(n)]=0$ , the previous argument shows that there is no $0<p<\infty$ such
that $\ell_{p}arrow E$ . Then, by Definition 2.1, we have that $\delta_{E}=0$ and we are done.

In order to establish the remaining case, take any $p$ with $0<p< \lim\inf\beta ogn/\log\varphi_{E}(n)$ ] and
let us check that $\ell_{p}arrow E$ . Since $\ell_{p}arrow\ell_{p,\infty}$ , it is enough to show $th^{narrow\infty}at\ell_{p,\infty}arrow E$ . A sufficient
condition for the lsst embedding is that

$\tau=\{n^{-1/p}\}$ belongs to E. (2.1)

Indeed, if this is the case, for any $\xi\in\ell_{p,\infty}$ using that

$s_{n}(\xi)=n^{-1/p}(n^{1/p}s_{n}(\xi))\leq n^{-q/p}\Vert\xi||\ell_{p.\infty}$ ,

we get
$\Vert\xi||_{E}=||\xi^{r}||_{E}\leq||\tau||_{E}\Vert\xi||\ell_{\ell_{p.\infty}}$ .

To prove (2.1) take any $q$ with $p<q< \lim_{narrow}\inf_{\infty}[\log n/\log\varphi_{B}(n)]$ . There exists $N\in N$ such

that $\varphi_{E}(n)<n^{1/q}$ for all $n\geq N$ . Hence, we can find $M>0$ such that

$\varphi_{E}(n)\leq Mn^{1/q}$ for all $n\in N$ . (2.2)
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Put

$\eta_{n}=\tau e_{\{1,\cdots,2^{n}\}}$ .
Then $\{\eta_{n}\}\subseteq f\subseteq E$ . We claim that $\{\eta_{n}\}$ is a Cauchy sequence in $E$ . Indeed, let $c$ be the
constant in the triangle inequality of $E$ and define $\rho$ by the equation $(2c)^{\rho}=2$ . According to
[3], Lemma 3.10.1 and (2.2) we derive for $n<m$

$||_{7h}-\eta_{n}||_{E}^{\rho}=\Vert\tau e_{\{2^{n}+1,\cdots,2^{m}\}}||_{E}^{\rho}$

$\leq 2\sum_{j=n}^{m-1}||\tau e_{\{2+1,\cdots,2^{j+1}\}};||_{B}^{\rho}$

$\leq 2\sum_{j=n}^{m-1}2^{-j\rho/p}\varphi_{E}(2^{j})^{\rho}$

$\leq 2M^{\rho}\sum_{j=n}^{m-1}2^{(1/q-1/p)\rho j}arrow 0$ 邸 $narrow\infty$ .

Since the sequenoe formed by the n-th coordinates of $\eta_{1},m,$ $\ldots,\eta_{m},$ $\ldots$ converges to the n-th
coordinate of $\tau$ , the limit of $\{\eta_{m}\}$ must be $\tau$ . Consequently, $\tau\in E$ . This proves (2.1) and
completes the proof. $\square$

The corresponding formula for the upper index says the following.

Theorem 2.3. Let $E$ be a symmetric quasi-Banach sequence space. Then

ツ E $= \lim_{narrow}\sup_{\infty}\frac{\log n}{\log\varphi_{B}(n)}$ .

Prvof If $Earrow P_{p}$ for some $0<p<\infty$ , then we can find $C>0$ such that $n^{1/p}\leq C\varphi_{B}(n)$ for all
$n\in N$ . Hence $\lim_{narrow}\sup_{\infty}[\log n/\log\varphi_{E}(n)]\leq p$ . This implies that

$\lim_{narrow}\sup_{\infty}\frac{\log n}{\log\varphi_{E}(n)}\leq\gamma_{E}$ .
If lm $\sup[\log n/\log\varphi_{E}(n)]=\infty$ , there is no $0<p<\infty$ such that $Earrow\ell_{p}$ . Then Definition

2.1 $yieldsthat\gamma_{B}arrow\infty=\infty$ and we obtain the wanted equality.
To establish the equality in the remaining case where $\lim\sup[\log n/\log\varphi_{E}(n)]<\infty$ , we

should show that $Earrow\ell_{p}$ for all $p> \lim_{narrow}\sup_{\infty}[\log n/\log\varphi_{B}(n)].Withnarrow\infty$ this aim, take any $q$ with
$p>q> \lim\sup[\log n/\log\varphi_{E}(n)]$ . There is $N\in N$ such that $n^{1/q}<\varphi_{B}(n)$ for all $n\geq N$. Let
$M>0$ be $narrow such$ that

$n^{1/q}\leq M\varphi_{E}(n)$ for all $n\in N$ .
We claim that $Earrow p_{q,\infty}$ . Indeed, for any $\xi=\{\xi_{n}\}\in E$ and any $m\in N$ , we obtain

$\Vert\xi||_{B}=||\xi^{*}||_{B}\geq||\xi^{*}e_{\{1,\cdots,m\}}||_{B}\geq s_{m}(\xi)\varphi_{E}(m)\geq M^{-1}m^{1/q}s_{m}(\xi)$ .
Hence $Earrow p_{q,\infty}$ . Now the result follows by using that $\ell_{q,\infty}arrow\ell_{p}$ . 口

As an immediate consequences of Theorems 2.2 and 2.3 we obtain.
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Corollary 2.4. Let $E$ be a symmetric quasi-Banach sequence space. Then

$\delta_{E}=\gamma_{E}$ if and only if $\lim_{narrow\infty}\frac{\log n}{\log\varphi_{E}(n)}$ $e$ ists.

Corollary 2.5. Let $E$ be a symmetri$c$ quasi-Banach sequence space. Assume that there is
$0<p<\infty$ such that for any $0<\epsilon<1/p$, there are positive constants $c_{\epsilon},$

$C_{\epsilon}$ so that
$c_{6}n^{\frac{1}{p}-\epsilon}\leq\varphi_{B}(n)\leq C_{\epsilon}n^{\frac{1}{p}+\epsilon}$ for all $n\in N$ .

Then $\delta_{E}=\gamma_{B}=p$ .

Next we show that the indices are equal if $\varphi_{E}$ has regular variation at $\infty$ .
Corollary 2.6. Let $E$ be a symmetric quasi-Banach sequence space. If $\lim_{narrow\infty}[\varphi_{E}(2n)/\varphi_{E}(n)]$

exists, then $\delta_{E}=\gamma_{E}$ .

Proof. Clearly, $\varphi_{B}(2n)\geq\varphi_{E}(n)$ . So

$\lim_{narrow\infty}\frac{\varphi_{B}(2n)}{\varphi_{B}(n)}=2^{\alpha}$ for some $0\leq\alpha<\infty$ .

Assume $0<\alpha<\infty$ and take any $0<\epsilon<\alpha$ . There is $N\in N$ such that

$2^{\alpha-\epsilon}\varphi_{E}(n)\leq\varphi_{E}(2n)\leq 2^{\alpha+\epsilon}\varphi_{E}(n)$ for all $n\geq N$ .

Let $k\in N$ and take any $m\in N$ with $2^{k}N\leq m\leq 2^{k+1}N$ . We have

$2^{k(\alpha-\epsilon)}\varphi_{E}(N)\leq\varphi_{B}(2^{k}N)\leq\varphi_{E}(m)\leq\varphi_{E}(2^{k+1}N)\leq 2^{(k+1)(\alpha+\epsilon)}\varphi_{B}(N)$ .
Since $1/2N\leq 2^{k}/m\leq 1/N$ , it follows that

$[( \frac{1}{2N})^{\alpha-\epsilon}\varphi_{E}(N)]m^{\alpha-\epsilon}$ $\leq$
$( \frac{2^{k}}{m})^{\alpha-e}\varphi_{E}(N)m^{\alpha-\epsilon}\leq\varphi_{B}(m)$

$\leq$
$2^{\alpha+e}( \frac{2^{k}}{m})^{\alpha+e}\varphi_{B}(N)m^{\alpha+\epsilon}\leq[2^{\alpha+\epsilon}(\frac{1}{N})^{\alpha+\epsilon}\varphi_{B}(N)]m^{\alpha+\epsilon}$.

Put
$C_{1}=( \frac{1}{2N})^{\alpha-\epsilon}\varphi_{E}(N)$ and $C_{2}=2^{\alpha+\epsilon}( \frac{1}{N})^{\alpha+\epsilon}\varphi_{E}(N)$ .

Then we obtain $C_{1}m^{\alpha-\epsilon}\leq\varphi_{E}(m)\leq C_{2}m^{\alpha+\epsilon}$ for all $m\geq 2N$ , and so

$\frac{1}{\alpha+\epsilon}\leq\lim_{narrow}\inf_{\infty}\frac{\log n}{\log\varphi_{E}(n)}\leq\lim_{narrow}\sup_{\infty}\frac{\log n}{\log\varphi_{E}(n)}\leq\frac{1}{\alpha-\epsilon}$ .

Now, using Theorems 2.2 and 2.3, we conclude that $\delta_{E}=\gamma_{E}=1/\alpha$ .
The caee $\alpha=0$ can be treated analogously. 口

Next we go on to work with spaces which are not symmetric. Then they do not have funda-
mental function and so indices should be computed in a different way.

Assume that $F$ is aquaei-Banach sequence sPace such that $\ell_{r}arrow Farrow p_{\infty}$ for some $0<r<\infty$ .
Then $F$ can be regarded as an intermediate space with $re8pect$ to the compatible couple $(p_{r},p_{\infty})$

and we can use ideas of interpolation theory to establish analytic formulae for computing the
indices.
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We recall that Peetre’s $K$-functional and $J$-functional are defined by

$K(t, \xi;\ell_{r},\ell_{\infty})=\inf\{\Vert\eta\Vert_{p_{r}}+t\Vert\mu\Vert\ell_{\infty} : \xi=\eta+\mu, \eta\in\ell_{r}\mu\in\ell_{\infty}\},t>0,\xi\in p_{\infty}$

and

$J(t, \xi;^{p_{r}},P_{\infty})=\max\{\Vert\xi\Vert_{\ell_{r}},t\Vert\xi\Vert_{\ell_{\infty}}\}$, $t>0$ , $\xi\in p_{r}$

(see [2], [3] or [16]). FoUowing [4], we put

$\psi_{F}(t)=\sup\{K(t,\xi;^{p_{r}},\ell_{\infty}) : \xi\in F, \Vert\xi\Vert_{F}=1\}$ ,

$\rho_{F}(t)=\inf\{J(t,\xi;\ell_{r},\ell_{\infty}) : \xi\in\ell_{r}, \Vert\xi\Vert_{F}=1\}$ .
We refer, for instance, to [15], [13], [6], [7] and [8] for properties of these functions.

Indices of $F$ are related to the functions $\psi_{F}$ and $\rho_{F}$ by means of the following analytic
formulae:

Theorem 2.7. Let $0<r<\infty$ and let $F$ be a quasi-Banach sequence space with $\ell_{r}arrow Farrow\ell_{\infty}$ .
Then

$\delta_{F}=r(1-t\limarrow\infty\inf\frac{\log\rho_{F}(t)}{\log t})^{-1}$,

$\gamma_{F}=r(1-hm\sup_{tarrow\infty}\frac{\log\psi_{F}(t)}{\log t})^{-1}$.

See [5] for the proof.
The next result shows a necessary and sufficient condition for equality of indices in terms of

the functions $\psi_{F}$ and $\rho_{F}$ .

Theorem 2.8. Let $0<r<\infty$ and $F$ be a quasi-Banach sequence space urth $\ell_{r}arrow Farrow\ell_{\infty}$ .
Then a necessary and sufficient condition for $\delta_{F}=\gamma_{F}$ is that the limits

$\lim_{tarrow\infty}\frac{\log\rho_{F}(t)}{\log t}$ and $\lim_{tarrow\infty}\frac{\log\psi_{F}(t)}{\log t}$

exist and coincide.

Proof. If the limits exist and are equal, then Theorem 2.7 yields that the indices of $F$ are equal.
Conversely, suppose that $\delta_{F}=\gamma_{F}$ . Using again Theorem 2.7, we have

$\lim inf\frac{\log\rho_{F}(t)}{\log t}=1i\sup_{tarrow\infty}\frac{\log\psi_{F}(t)}{\log t}$. (2.3)

On the other hand, we know &om [3], Thm. 5.2.1 that

$K(t, \xi;\ell_{r},p_{\infty})\sim(\sum_{n=1}^{[t^{r}]}s_{n}^{r}(\xi))^{1/r}$ .

Here $[\cdot]$ is the greatest integer function. For $t\geq 1$ , put $\xi_{t}=e_{\{1,\cdots,[t^{r}]\}}$ . Let $C>0$ such that for
any $t\geq 1$

$K(t,\xi_{t};\ell_{r},\ell_{\infty})\geq Ct$ .
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We have
$\rho_{F}(t)\leq\frac{J(t,\xi_{t};\ell_{r},\ell_{\infty})}{\Vert\xi_{t}\Vert_{F}}\leq\frac{t}{\Vert\xi_{t}\Vert_{F}}\leq\frac{K(t,\xi_{t};\ell_{r},p_{\infty})}{C||\xi_{t}||_{F}}\leq\frac{1}{C}\psi_{F}(t)$ .

Therefore, using (2.3) we obtain

$\lim_{\iotaarrow}\sup_{\infty}\frac{\log\rho_{F}(t)}{\log t}\leq\lim\sup\frac{\log\psi_{F}(t)}{\log t}=\lim\inf\frac{\log\rho_{F}(t)}{\log t}tarrow\infty tarrow\infty$

and
$\lim_{tarrow}\sup_{\infty}\frac{\log\psi_{F}(t)}{\log t}=\lim\inf\frac{\log\rho_{F}(t)}{\log t}\leq\lim\inf\frac{\log\psi_{F}(t)}{\log t}tarrow\infty larrow\infty$

Consequently, $\lim_{tarrow\infty}[\log\psi_{F}(t)/\log t]$ and $\lim_{tarrow\infty}[\log\rho_{F}(t)/\log t]$ exist and coincide. $\square$

We end the paper with a result on the grade of proximity between sequence spaces. Recall
that a bounded linear operator $T\in \mathcal{L}(X,Y)$ between two quasi-Banach spaces $X$ and $Y$ is called
strictly singular if it fails to be an isomorphism on any infinite dimensional subspace (see [10]
and [14]).

Theorem 2.9. Let $E$ and $F$ be quasi-Banach sequence spaces vtth $f\subseteq Earrow Farrow p_{\infty}$ . Assume
that $\delta_{B}=\gamma_{E}$ and $\delta_{F}=\gamma_{F}$ . If the inclusion operator $Earrow F$ is not strictly singular, then either:

(i) $f\subseteq E\subseteq F\subseteq\bigcap_{q>0}p_{q}$ or
(ii) $\bigcup_{q<\infty}P_{q}\subseteq E\subseteq F\subseteq\ell_{\infty}$ or
(iii) $\bigcup_{q<p}P_{q}\subseteq E\subseteq F\subseteq\bigcap_{q>p}\ell_{q}$ for some $1<p<\infty$ .

The proof can be found in [5].
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