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THE COKERNEL OF THE JOHNSON HOMOMORPHISMS OF THE
AUTOMORPHISM GROUP OF A FREE METABELIAN GROUP
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ABSTRACT. In this paper, we determine the cokernel of the k-th Johnson homomor-
phisms of the automorphism group of a free metabelian group for k > 2 and n > 4. As
a corollary, we obtain a lower bound of the rank of the graded quotient of the Johnson
filtration of the automorphism group of a free group. Furthermore, by using the sec-
ond Johnson homomorphism, we determine the image of the cup product map in the
rational second cohomology group of the IA-automorphism group of a free metabelian
group, and show that it is isomorphic to that of the IA-automorphism group of a
free group which is already determined by Pettet [30]. Finally, by considering the
kernel of the Magnus representations of the automorphism group of a free group and a
free metabelian group, we show that there are non-trivial rational second cohomology
classes of the IA-automorphism group of a free metabelian group, and those are not
in the image of the cup product map.

1. INTRODUCTION

Let G be a group and I'g(1) = G, I'¢(2), ... its lower central series.
We denote by Aut G the group of automorphisms of G. For each k > 0,
let Ag(k) be the group of automorphisms of G which induce the identity
on the quotient group G/T'¢(k+1). Then we obtain a descending central
filtration

AutG = Ag(0) D Ag(1) D Ag(2) D ---
of Aut G, called the Johnson filtraition of AutG. This filtration was
introduced in 1963 with a pioneer work by S. Andreadakis [1]. For each
k > 1, set Lg(k) == Tg(k)/Te(k + 1) and gr*(Ag) = Ag(k)/Ag(k + 1).
Let G®® be the abelianization of G. Then, for each k > 1, an Aut G2b-
equivariant injective homomorphim

7 : gr* (Ag) = Homgz(G*, Lg(k + 1))
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is defined. (For definition, see Subsection 2.1.2.) This is called the k-th
Johnson homomorphism of Aut G. Historically, the study of the John-
son homomorphism was begun in 1980 by D. Johnson [17]. He studied
the Johnson homomorphism of a mapping class group of a closed ori-
ented surface, and determined the abelianization of the Torelli group.
(See [18].) There is a broad range of remarkable results for the Johnson
homomorphisms of a mapping class group. (For example, see [14] and

24].)

Let F, be a free group of rank n with basis z, ..., z,, and FM the free
metabelian group of rank n. Namely FM is the quotient group of F}, by
the second derived series [[F;, Fy], [Fy, F3]] of F,. Then both abelianiza-
tions of F,, and FM are a free abelian group of rank n, denoted by H.
Fixing a basis of H induced from zy, ..., z,, we can identify Aut G*® with
GL(n,Z) for G = F, and FM. For simplicity, throughout this paper, we
write T'y(k), Ln(k), An(k) and gr¥(A,) for I‘F (k), CF (k), Ar,(k) and
gr’“(AF) respectively. Similarly, we write TM(k), £M(k), Aﬁl (k) and
grk(Aﬁ'I ) for T'ru(k), LFM(k) Apm (k) and grk(.AFM) respectlvely The
first aim of the paper is to determine the GL(n, Z)—module structure of
the cokernel of the Johnson homomorphisms 7, of Aut F,f” for n > 4 as
follows:

Theorem 1. For k > 2 and n > 4,

0 — grf(AM) 2 H* @7 LM (k + 1) — Fy SEH - 0
is a GL(n, Z)-equivariant exact sequence.

Here S*H is the synimetric product of H of degree k, and Tr} is
a certain GL(n,Z)-equivariant homomorphism called the Morita trace
introdued by S. Morita [23]. (For definition, see Subsection 3.2.)

From Theorem 1, we can give a lower bound of the rank of gr*(A4,)
for £ > 2 and n > 4. The study of the Johnson filtration of Aut F,, was
begun in 1960’s by Andreadakis [1] who showed that for each k > 1 and
n > 2, grf(A,) is a free abelian group of finite rank, and that A;(k)
coincides with the k-th lower central series of the inner automorphism
group Inn F, of F,. Furthermore, he [1] computed rankz gr®(Ay) for all
k > 1. However, the structure of gr*(A,) for general k > 2 and n > 3 is
much more complicated. Set 7x,q = T ®idq, and call it the k-th rational
Johnson homomorphism. For any Z-module M, we denote M ®z Q by
the symbol obtained by attaching a subscript Q to M, like Mq and
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MQ. For n > 3, the GL(n, Z)-module structure of gry(Ay) is completely
determined by Pettet [30]. In our previous paper [32], we determined
those of gra(An) for n > 3. For k > 4, the GL(n, Z)-module structure

of gr§(Ay) is not determined. Furthermore, even its dimension is also
unknowm.

Let v, : Aut F,, — Aut F,{” be a natural homomorphism induced from
the action of AutF, on FM. By noticeable works due to Bachmuth
and Mochizuki [5], it is known that v, is surjective for n > 4. They
[4] also showed that v3 is not surjective. In Subsection 3.1, we see that
the homomorphism 7, : gr¥(4,) — gr¥(A4A¥) induced from v, is also
surjective for n > 4. Hence we have

Corollary 1. For k> 2 and n > 4,

ranka( ) 2 k("1 1) - (M),

We should remark that in general, the equal does not hold. Since
rankgz gr3(A,) = n(3n* — Tn? — 8)/12, which is not equal to the right
hand side of the inequality above.

Next, we consider the second cohomology group of the IA-automorphism
group of the free metabelian group. Here the IA-automorphism group
IA(G) of a group G is defined to be a group which consists of automor-
phisms of G which trivially act on the abelianization of G. By the defi-
nition, IA(G) = Ag(1). We write IA, and IAY for IA(F,)) and IA(FM)
for simplicity. Let H* := Homgz(H,Z) be the dual group of H. Then
we see that the first homology group of IAQJ for n > 4 is isomorphic
to H* ®z A%H in the following way. Let vn1 1A, — IA,J:'I be the re-
striction of v, to IA,,. Bachmuth and Mochizuki [5] showed that Un1
is surjective for n > 4. This fact sharply contrasts with their previ-
ous work [4] which shows there are infinitely many automorphisms of
IAJ! which are not contained the image of v31. On the other hand,
by an independent works of Cohen-Pakianathan [9, 10], Farb [11] and
Kawazumi [19], H;(IA,,Z) & H* ®z A%H for n > 3. Since the kar-
nel of v is contained in the commutator subgroup of IAM, we have
H\(IAY,Z) = H* ®z A’H for n > 4. (See Subsection 2.3.) In gen-
eral, however, there are few results for computation of the (co)homology
groups of IAM of higher dimensions. In this paper we determine the
image of the cup product map in the rational second cohomology group
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of IA,’}J , and show that it is isomorphic to that of IA,,, using the second
Johnson homomorphism. Namely, let Uq : A2HY(IA,,, Q) = H2(IA,, Q)
and UY : AHY(IAY,Q) — H?*(IAM,Q) be the rational cup product

maps of IA,, and IA,J:{ respectively. In Subsection 4.2, we show
Theorem 2. Forn > 4, v, ; : Im(UY) — Im(Uq) is an isomorphism. |

Here we should remark that the GL(n, Z)-module structure of Im(Uq)
is completely determined by Pettet [30] for any n > 3.

Now, on the study of the second cohomology group of IAﬁl , it is also
important problem to determine whether the cup product map Ul‘Ql is
surjective or not. For the case of IA,, it is still not known whether Uq
is surjective or not. In the last section, we prove that the rational cup
product map Ug is not surjective for n > 4. by studying the kernel
Kn of the homomorphism v, ;. It is easily seen that K, is an infinite
subgroup of IA,, since K,, contains the second derived series of the inner
automorphism group of a free group F,,. The structure of C,, is, however,
much complicated. For example, (finitely or infinitely many) generators
and the abelianization of ,, are still not known. To clarify the structure
of K, is also important to study the obstruction for the faithfullness of
the Magnus representation of IA,, since K,, is equal to the kernel of it by
a result of Bachmuth [2]. (See Subsection 2.3.)

From the cohomological five-term exact sequence of the group extension
12K, = IA, - IAM 5 1,

it suffices to show the non-triviality of H(K,, Q) to show Im(Uﬂ{ ) #
H* (1AM, Q). Set K, := Kn/(Kn N An(4)) C gr3(A,). Then K, naturally
has a GL(n,Z)-module structure, and the natural projection K, — K,
induces an injective homomorphism H!(K,, Q) = H(K,, Q). In this
paper, we determine the GL(n, Z)-module structure of Hy(K,, Q) using
the rational third Johnson homomorphism of Aut F,,. The non-triviality
of HY(K,,, Q) immediately follows from it. In Subsection 5.1, we show

Theorem 3. For n > 4, 13q(Kn) = HGY @ (D ®q HY™ " Y).

Here H? denotes the Schur-Weyl module of H corresponding to the
Young diagram A = [A1,...,Ay], and D := A"H the one-dimensional
representation of GL(n,Z) given by the determinant map. Since 73 q is
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injective, this shows that
TC—,? o, Hg,l] & (.D ®Q Hg,22,1n—4]).
As a corollary, we have

Corollary 2. For n > 4,
1
rankz (Hy(K,, Z)) > %n(nz —1)+ §n2(n —1)(n+2)(n - 3).
Finally, we obtain

Theorem 4. For n > 4, the rational cup product
Y APHY (1A, Q) - H(1AY,Q)

s not surjective, and

dimq(H?(IAM,Q)) > -;zn(n ~2)(3n* + 3n® — 5n% — 23n — 2).

In Section 2, we recall the IA-automorphism group of G and the John-
son homomorphisms of the automorphism group Aut G of G for a group
G. In particular, we concentrate on the case where G is a free group and
a free metabelian group. We also review the definition of the Magnus
representations of IA,, and IAnM . In Section 3, we determine the cok-
ernel of the Johnson homomorphisms of the automorphism group of a
free metabelian group. In Section 4, we show that the image of the cup
product map Uf‘{ is isomorphisc to that of Ug. Finally, in Section 5, we
determine the GL(n, Z)-module structure of f,?, and show that UJ‘QJ is
not surjective. '
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2. PRELIMINARIES

In this section, we recall the definition and some properties of the as-
sociated Lie algebra, the IA-automorphism group of G, and the Johnson
homomorphisms of the automorphism group Aut G of G for any group
G. In Subsections 2.2 and 2.3, we consider the case where G is a free
group and a free metabelian group.

2.1. Notation.

First of all, throughout this paper we use the following notation and
conventions.

e For a group G, the abelianization of G is denoted by G®°.

e For a group G, the group Aut G acts on G from the right. For any
o € AutG and z € G, the action of o on z is denoted by z°.

e For a group G, and its quotient group G/N, we also denote the
coset class of an element g € G by g € G/N if there is no confusion.

e For any Z-module M, we denote M ®z Q by the symbol obtained
by attaching a subscript Q to M, like Mq and M Q. Similarly, for
any Z-linear map f : A — B, the induced Q-linear map Aq — Bq
is denoted by fq or f9.

o For elements = and y of a group, the commutator bracket [z, y] of
r and y is defined to be [z,y] := zyz~ 1y~ L.

2.1.1. Associated Lie algebra of a group. |
For a group G, we define the lower central series of G by the rule
I'e(l) := F,, Tg(k):=[Te(k—1), G], k>2

We denote by Lg(k) := Fg(k)/T'g(k+1) the graded quotient of the lower
central series of G, and by Lg := @),;Lc(k) the associated graded sum.
The graded sum Lg naturally has a graded Lie algebra structure induced
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from the commutator bracket on G, and called the accosiated Lie algebra

of G.
For any g¢y,...,9: € G, a commutator of weight k type of

[[ e [[gin gi2]7gi3]’ Tt ]’gik]? iJ' € {1’ s 1t}
with all of its brackets to the left of all the elements occuring is called
a simple k-fold commutator among the components gl, ., g:, and we
denote it by
[giu Gigy* ’gik]
for simplicity. Then we have

Lemma 2.1. If G is generated by g1,...,9:, then each of the graded
quotients g(k)/T'c(k+1) is generated by the simple k-fold commutators

951 Ginr- > 90), 3 €{1,...,t}

Let pg : AutG — AutG?® be the natural homomorphlsm induced
from the abelianization of G. The kernel IA(G) of pg is called the IA-
automorphism group of G. Then the automorshim group Aut G naturally
acts on Lg(k) for each k > 1, and IA(G) acts on it trivially. Hence the
action of Aut G® on Lg(k) is well-defined. '

2.1.2. Johnson homomorphisms.

For k > 0, the action of Aut G on each nilpotent quotient G/T'g(k + 1)
induces a homomorphism

pE : Aut G — Aut(G/Tg(k + 1)).

The map p% is trivial, and p}, = pg. We denote the kernel of P by
Ag(k). Then the groups Ag(k) define a descending central filtration

AutG = Ag(0) D Ag(1) D Ag(2) D --

of Aut G, with Ag(1) = TA(G). (See [1] for details.) We call it the
Johnson filtration of AutG. For each k£ > 1, the group AutG acts on
Ag(k) by conjugation, and it naturally induces an action of Aut G# =

Aut G/IA(G) on gr*(Ag). The graded sum gr(Ag) := @ gr*(Ag)
has a graded Lie algebra structure induced from the commutator bracket

on TA(G).

To study the Aut G®-module structure of each graded quotient gr* (Ag),
we define the Johnson homomorphisms of Aut G in the following way. For
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each k > 1, we consider a map Ag(k) = Homgz(G®, Lg(k + 1)) defined
by

o~ (g g’lg"), z €@q.

‘Then the kernel of this homomorphism is just Ag(k+1). Hence it induces
an injective homomorphism

T = Ta : g (Ag) = Homgz(G™, Lg(k + 1)).

The homomorphsim 7, is called the k-th Johnson homomorphism of
Aut G. 1t is easily seen that each 7; is an Aut G® -equivariant homomor-
phism. Since each Johnson homomorphism 7 is injective, to determine

the cokernel of 73 is an important problem on the study of the structure
of gr¥(Ag) as an Aut G**-module.

Here, we consider another descending filtration of A(G). Let A, (k)
be the k-th subgroup of the lower central series of IA(G). Then for each
k > 1, Ag(k) is a subgroup of Ag(k) since Ag(k) is a central filtration of
TA(GQ). In general, it is not known whether Ay (k) coincides with Ag(k)
or not. Set gr¥(AL) := Al (k)/Az(k+ 1) for each k > 1. The restriction
of the homomorphlsm Ag(k) — Homgz(G®, Le(k+1)) to Ag(k) induces
an Aut G®**-equivariant homomorphism

T =Ty g (Ag) = Homz (G, Lg(k + 1)).

In this paper, we also call 75, the k-th Johnson homomorphism of Aut G.

For any o € Ag(k) and 7 € Ag(l), we give an example of computation
of Tk+1([o, 7]) using 7x(o) and ny(7). For o € Ag(k) and g € G, set
sg(0) := g71g° € Tg(k + 1). Then, 7x(0)(g9) = s,(c) € Lg(k + 1). For
any o € Ag(k) and 7 € Ag(l), by an easy calculation, we have

(1) -1 -1_-1 -1 -1.-1
sg([a,T])=(sg(T)"1)"' (39(0')_1)0 T sg(T)’ T sg(a)""’ T

= 54(0) 1s,(0)7 - (54(7) " tsy(7)°) ! (mod T'g(k +1 + 2)).

Using this fomula, we can easily compute sy4([o, 7]) from s4(c) and sy4(7).
For example, if s,(0) and sy(7) is given by

@) |
sg(a)--—— [gl) 927 <o 7gk+1] € EG(k+1)7 39(7') = [hla h27 R hl+l] € £G(l"'l)’
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then we obtain
k+1

+
0', T] Z [gl, Sg.( )gk+1 Z hl, . ' ) hH—l])
in Lo(k+1+1).

2.2. Free groups.

In this section we cosider the case where G is a free group of finite
rank.

2.2.1. Free Lie algebra.

For n > 2, let F;, be a free group of rank n with basis z1,...,z,, and
We denote the abelianization of F;, by H, and its dual group by H* :=
Homgz(H,Z). If we fix the basis of H as a free abelian group induced
from the basis «1,...,z, of Fy,, we can identify Aut F2> = Aut(H) with
the general linear group GL(n, Z). In this paper, for 51mphc1ty, we write

I'n(k), Ln(k) and Ly, for T'r,(k), LF,(k) and Lp, respectively.

The associated Lie algebra £, is called the free Lie algebra generated
by H. (See [31] for basic material concerning free Lie algebra.) It is
calssically well known due to Witt [33] that each £,(k) is a GL(n, Z)-
equivariant free abelian group of rank

(3) ra(k) = Zu d)ni‘

d|k
where pu is the M6bius function.

Next we consider the GL(n, Z)-module structure of £,(k). For exam-
ple, for 1 < k < 3 we have

Ln(1) = H, Ln(2)=A%H,
Ln(3)=(H®zANH)/(z®@yAz+y®zAz+28cAy|z,vy,2€ H).

In general, the irreducible decomposition of £L(k) as a GL(n, Z)-module
is completely determined. For k > 1 and any Young diagram )\ =
[A1, ..., A1) of degree k, let H* be the Schur-Weyl module of H cor-
respondmg to the Young diagram ). For example, H¥ = S*H and
HU'T = AFH. (For details, see [12] and [13].) Let m(Hy, LI(k)) be the
multiplicity of the Schur-Weyl module H} in £LR(k). Bakhturin [6] gave
a formula for m(HQ, £L3(k)) using the chracter of the Specht module of
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Hq corresponding to the Yound diagram A. However, its character value
had remained unknown in general. Then Zhuravlev [34] gave a method
of calculation for it. Using these fact, we can give the explicit irreducible
decomposition of LR(k). For example,

(4) £9(3) = HEY, £3(4) = HEY @ HEM,

2.2.2. TA-automorphism group.

Now we consider the IA-automorphism group of F,,. We denote IA(F,)
by IA,. It is well known due to Nielsen [26] that IA; coincides with the
inner automorphsim group Inn F3 of F3. Namely, A, is a free group of
rank 2. However, I A, for n > 3 is much larger than Inn F;,. Indeed,
Magnus [21] showed that for any n > 3, the IA-automorphism group
I A, is finitely generated by automorphisms

K. - r; :cj‘lwiw,-,
v Ty > Ty _ (t ?é 7’)

for distinct 4, j € {1,2,...,n} and

K : z; x,-:vj:nkmj‘lmk‘l,
ijk * .
Ty (t 7£ Z)

for distinct ¢, 7, k € {1,2,...,n} such that j < k.

For any n > 3, although a generating set of I A, is well known as
above, any presentation for I A,, is still not known. For n.= 3, Krsti¢ and
McCool [20] showed that IAj is not finitely presentable. For n > 4, it is
also not known whether I A,, is finitely presentable or not.

Andreadakis [1] showed that the first Johnson homomorphism 7; of
‘Aut F,, is surjective by computing the image of the generators of A,
above. Furthermore, recently, Cohen-Pakianathan [9, 10], Farb [11] and
Kawazumi [19] inedepedently showed that 7 induces the abelianization
of I A,,. Namely, for any n > 3, we have
(5) TA% =~ H* @7 A’H

as a GL(n, Z)-module.

10
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2.2.3. Johnson homomorphisms.

Here, we consider the Johnson homomorphisnis of Aut F;,. Throughout
this paper, for simplicity, we write A, (k), A7, (k), gr*(A,) and gr*(A’,) for
Ar,(k), Af, (), gr*(AF,) and gr¥(Af, ) respectively. Pettet [30] showed

(6) rankz gr’(A,) = %n(n +1)(2n% - 2n — 3),’

and in our previous paper [32], we showed

1
rankz gr3(A,) = -1—2-n(3n4 — Tn? - 8).
In general, for any n > 3 and k > 4 the rank of gr*(.4,) is still not known. |
One of the aim of the paper is to give a lower bound of rankz gr*(.4,)

by studying the Johnson filtration of the automorphism group of a free
metabelian group.

Next, we mention the relation between A (k) and A, (k). Since 7 is
the abelianization of /A, as mensioned above, we have A, (2) = A,(2).
Furthermore, Pettet [30] showed that .4/, (3) has at most a finite index in
An(3). Although it is conjectured that A}, (k) = A, (k) for k > 3, there
are few results for the difference between A/ (k) and A, (k) for n > 3.

Let H* be the dual group Homgz(H, Z) of H. For the standard basis
T1,...,Zn of H induced from the generators of Fy,, let «i,...,z* be its
dual basis of H*. Then identifying Homg(H, L, (k + 1)) with H* ®g
Ln(k + 1), we obtain the Johnson homomorphism

T grk(.A,,,) — H*®z Lp(k+1)

of Aut F,. Here we give some examples of computation 7i(c) for o €
An(k). For the generators K;; and Kjjx of A,(1) = IA,,, we have

1, [ 1, 1, 114,
8z, ( u) | {[mg-l,qu , lz,i’ 8z ( uk) {[:z:j,wk], l:i
in I'y(2). Hence
(7) m1(Kij) = =7 ® [z, 7], m(Kijr) =z} ® [z, zk]

in H* ®z L,(2). Then using (1) and (7), we can recursively compute
Tx(0) = 74(0) for o € Al (k). These computations are perhaps easiest

11
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explained with examples, so we give two here. For distinct a,b,c and d
in {1,2,...,n}, we have

T ([Kab, Kiac)) = 25 ® ([52.(Kbac), Tv] + [Za, Sz, (Kbac)])

— 25 ® ([s2, (Kab), Tc] + [Za, Sz, (Kab)]),
=z, ® [2q, [Za, wc]] — z3 Q [[za, T3], 2]

and

T?,’([KabaKbac, Kad])
= T, ® ([52.(Kad), [Ta, Tc]| + [Zas [52.(Kad)s Zc]] + [Za, [Zas 82.(Kaa)]]),
— o3 ® ([[s2,(Kad), 2b], Tc] + [[Za) 82, (Kad)], Tc] + [[a, Tb); 52.(Kaa)])
— 74 ® ([5z, ([Kaby Ksacl)s Zd] + [Ta; 524 ([Kasy Ksacl)]),
= :L‘; ® [[:Ba,, xd]: [ma’ a:c]] +z,® [ma? [[:Da, xd]’ $0]]
— 2} ® [[[Zq, Zd], 2], zc]
- :L‘; ® [[xaa [ma, mc]]’ zd]‘

2.3. Free metabelian groups.

In this section we cosider the case where a group G is a free metabelian
group of finite rank.

2.3.1. Free metabelian Lie algebra.

Let EM = F,/F! be a free metabelian group of rank n where F)/ =
([Fr, Fu), [Fn, Fy)] is the second derived group of F,,. Then we have
(FM)3> = H, and hence Aut (FM)*® = Aut(H) = GL(n,Z). In this pa-
per, for simplicity, we write T (k), £X (k) and LY for T'pu (k), Lrm (k)
and Lpm respectively.

The associated Lie algebra £M is called the free metabelian algebra
generated by H. We see that L,(k) = LM (k) for 1 < k < 3. It is also
classically well known due to Chen [8] that each LM (k) is a GL(n,Z)-
equivariant free abelian group of rank

®) w = k- ("),

k

12
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2.3.2. IA-automorphism group.

Here we consider the IA-automorphism group of Fj,;. Let IAﬁl =
IA(FM). We denote by v, : Aut F,, — Aut FM the natural homomor-
phism induced from the action of Aut F,, on F¥. Restricting v, to IA,,
we obtain a homomorphism v, 1 : IA, — IA;’;"' . Bachmuth and Mochizuki
[4] showed that v3; is not surjective and IAY is not finitely generated.
They also showed that in [5], v, is surjective for n > 4. Hence IAM is

finitely generated for n > 4. It is, however, not known whether IAM is
finitely presented or not.for n > 4.

From now on, we consider the case where n > 4. Set K, := Ker(vy,).
Since K, C IA,, we have an exact sequence

(9) 1K, = 1A, 5 1AM 5 1.
Furthermore, observing X,, C A4,(2) = [IA,;,IA,)], we obtain
(10) (IAM)ab >~ [A%P = [ @, AZH,

and see that the first Johnson homomorphism 71 of Aut FM is an iso-
morphism.

2.3.3. Johnson homomorphisms.

Here we consider the Johnson homomorphisms of Aut (FM). We de-
note Apm(k) and gr*(Apm) by AM(k) and gr®(AM) respectively. Fur-
thermore, we also denote Afpy (k) and gr* (A ) by A (k) and grf(A4)
respectively.

- For each k > 1, restricting v, to A,(k), we obtain a homomorphism
Unjk @ An(k) = AM(k). Since 7 : gr'(AM) - H* ®z A?H is an iso-

morphism, we see that AM(2) = 4M(2), and hence v, is surjective.

However it is not known whether v, ; is surjective or not for k > 3.

Now, the main aim of the paper is to determine the GL(n, Z)-module
structure of the cokernel of the Johnson homomorphisms of Aut F¥, In
this paper, we give an answer to this problem for the case where k > 2
and n > max{4, k+1}. We remark that by an argument similar to that in
Subsection 2.2, we can recursively compute 7(c) = 74(c) for o € AM(k),
using 71(vn,1(Kyj)) = 2} ® [24, 7;] and 71 (vn,1(Kijk)) = 2f ® [z, zk]-

13
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2.4. Magnus representations.

In this subsection we recall the Magnus representation of Aut F,, and
Aut FM. (For details, see [7].) For each 1 < j < m, let

0
be the Fox derivation defined by

6 u e 1
5};,:(1”) = Z €i0u; Ty - :1:,3,(.5’ ) € Z[F,]
j=1

for any reduced word w = -z € Fy, 65 =%1. Leta: F, = H be
the abelianization of F,,. We also denote by a the ring homomorphism
Z[F,] — Z[H] induced from a. For any A = (a;;) € GL(n,Z[F,)),
let A® be the matrix (af;) € GL(n,Z[H]). The Magnus representation
Tep : Aut F,, — GL(n,Z[H]) of Aut F,, is defined by

— 3.’1),'0) ¢
g 6:0,-

for any 0 € Aut F;,. This map is not a homomorphism but a crossed
homomorphism. Namely,

7ep(o7) = (Fep(c))" - Tep()
where (Tep(o))” denotes the matrix obtained from Tep(c) by applying
the automorphism 7* : Z[H] — Z[H] induced from p(7) € Aut(H) on
each entry. Hence by ristricting Tép to IA,, we obtain a homomorphism

rep : IA, — GL(n,Z[H]). This is called the Magnus representation of
IA,. |

Next, we consider the Magnus representation of IAM Let rep :
IAM 5 GL(n, Z[H]) be a map defined by

o a
oo (220)
B:cj
for any o € IAﬁl where we consider any lift of the element z;° € F,i” to
F,. Then we see rep™ is a homomorphism and rep = rep™ o v, 1, and
call it the Mugnus representation of IAM. Bachmuth [2] showed that
rep™ is faithful, and determined the image of rep™ in GL(n, Z[H]). The

faithfullness of the Magnus representation rep™ shows that the kernel of
the Magnus representation rep is equal to Ky.

14
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3. THE COKERNEL OF THE JOHNSON HOMOMORPHISMS

In this section, we determine the cokernel of the Johnson homomor-
phism 73 of Aut F for k > 2 and n > max{4,k + 1}.

3.1. Upper bound of the rank of cokernel of 7.

First we give an upper bound of the rank of the cokernel of 7 by
reducing generators of it. By Lemma 2.1, we see that elements type of
T} ® [Tiy, Ty, - . -, Ti,,, ] generate H* @z LM (k+1). First we prepare some
lemmas. Let &; be the symmetric group of degree [. Then we have

Lemma 3.1. Letl > 2 andn > 2. For any element [z;,, z;,, 2y, .. ., ;] €
LM(1+2) and any X € &,
(i), 24y, Tjyy - Tiy) = [y, Ligs Tjrgy * + * vxj,\(z)]'

Lemma 3.2. Let k > 1 and n > 4. For any i and iy,43,...,%k41 €
{132“"”}! 7;."',7:1’1:2 757‘7
T} ® [Ty, Tiy, - - - » Tiy,,] € Im(1).

Lemma 3.3. Let k > 1 and n > 4. For any i and 41,4y,...,1% € .
{1,2...,n} such that i1,i3 # i, and any \ € Gy,

T ® [Zi, Tiyy .+, Ti,) — TF ® [a:,-,:c,-k(l), .. .,:B,-;(k)] € Im(m).

Lemma 3.4. Let k > 1 andn > 4. For any is,...,4k41 € {1,2, ooy}
we have '

)

:L': ® [.’l:i, Tiny ooy a:,r,m] - :z:; ® [.’I)j, Tipyo o ,:D,'H_l] € Im(T,:)
for any i # i3 and j # 42, iks1.

Using the lemmas above, we can reduce the generators of Coker(7y).
We remark that Im(rf) C Im(7).

Proposition 3.1. For k > 2 and n > 4, Coker(r;) is generated by

("+:: _1) elements.

3.2. Lower bound of the rank of the cokernel of 7.

In this subsection we give a lower bound of the rank of Coker(7x) by
using the Magnus representation of Aut FM. To do this, we use trace
maps introduced by Morita [23] with pioneer and remarkable works. Re-
cently, he showed that thereis a symmetric product of H of degree k in

15
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the cokernel of the Johnson homomorphism of the automorphism group
of a free group using trace maps. Here we apply his method to the case
for Aut . In order to define the trace maps, we prepare some notation

of the associated algebra of the integral group ring. (For basic materials,
see [29], Chapter VIII.)

For a group G, let Z[G] be the integral group ring of G over Z. We
denote the augmentation map by € : Z[G] — Z. The kernel Ig of € is
called the augmentation ideal. Then the powers of I for i > 1 provide
a descending filtration of Z[G], and the direct sum

Jo =P 15/1E

k>1

naturally has a graded algebra structure induced from the multiplication
of Z[G]. We call J¢ the associated algebra of the group ring Z[G].

For G = F,, a free group of rank n, write I, and J, for Ir, and JF,
respectively. It is classically well known due to Magnus [22] that each
graded quotient I*/I¥+! is a free abelian group with basis {(z;, — 1)(z:, —
1)--- (x5, — 1) | 1 <4; < n}, and a map I¥/I¥*! — H®F defined by

(ziy — (i, = 1)+ (i, = 1) P 2, ®T;, ® -+ - B T,
induces an isomorphism from J, to the tensor algebra

T(H) = @ H®*

k>1

of H as a graded algebra. We identify I*/I**! with H®* via this isomor-
phism.

It is also well known that each geaded quotient I% /I%! is a free abelian
group with basis {(zs; — D(zi, — 1)---(z;, — 1) | 1 < i1 <ip <-- <
it < n}, and the associated graded algebra Jy of H is 1somorphlsc to
the symmetric algebra

S(H) := (P S*H
k>1

of H as a graded algebra. (See [29], Chapter VIII, Proposition 6.7.)
We also identify I%/I%+! with S*H. Then a homomorphism I¥/I¥*! —

I% /IE+ induced from the abelianization a : F;, — H is considered as the
natural projection H®* — SkH.
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Now, we define trace maps. For any element f € H* ®z LM (k+ 1), set

1= (Z22)" € o, 511
where we consider any lift of the element
zif € LM (k+1) =Tp(k+1)/Tn(k+2) - Th(k+1)N F))
to T'n(k + 1). Then we define a map Tr) : H* ®z LM (k + 1) - S*H by
Tri! (f) := trace(]| f||).

It is easily seen that Tr) is a GL(n, Z)-equivariant homomorphism. The
maps Tr¥ are called the Morita’s trace maps. We show that M
surjective and TrM o7, = 0 for k > 2 and n > 3. By a direct computatlon,
we obtain

Lemma 3.5. For f = z} ® [z, %4, - - -, Tiyy,] € H* @z LM (k + 1), we
have

Tr;cu(f) = (_l)k{‘s'iﬂ' TigZig * ** Tipyy — 6521' Tiy Tig *** wik+1}
where 0;; is the Kronecker’s delta.

Lemma 3.6. For any k > 1 andn > 2, Trfc“ 18 surjective.

Before showing Tr¥ o 7, = 0, we consider a relation between the Mag-
nus representation and the Johnson homomorphism. For each k& > 1,
composing the Magnus representation rep™ restricted to AY (k) with a
homomorphism GL(n,Z[H]) — GL(n,Z[H]/I%™") induced from a nat-
ural projection Z{H] — Z[H]/I%*, we obtain a homomorphism rep :
AM (k) — GL(n, Z[H]/I%™). By the definition of the Magnus represen-
tation and the Johnson homomorphism, we obtain

(11) repj, (a) =1+ H‘rk(a)“
where I denotes the identity matrix.
Proposition 3.2. For k > 2 and n > 3, Tr}c” vanishes on the image of
Tk
As a corollary, we have
Corollary 3.1. For k> 2 andn > 3,

rankg (Coker(m)) > (n k- 1).

k
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Combining this corollary with Proposition 3.1, we obtain

Theorem 3.1. For Ic >2andn >4,

M
0 — grf(AM) 2 H* @7 LY (k+1) =25 SKH — 0

is a GL(n, Z)-equivariant ezact sequence.

From (8), we obtain
Corollary 3.2. For k > 2 and n > 4,

rankz(gr* (AY)) = "k(n:f_z 1) B (n +I’: ) 1)'

Let Unk : gr¥(An) — gr*(AM) be the homomorphism induced from
Vnk. By the argument above, we see that Im(7x o U, x) = Im(7:). Since
Tx is injective, this shows that 7, ; is surjective. Hence

Corollary 3.3. For k >2andn >4,

raukg(gr*(4n)) > k(" 5 ] 1) -("e H.

As mensioned above, in the inequality above the equal does not hold in
general. Since rankgz gri(A,) = n(3n* — 7Tn? — 8)/12, which is not equal
to the right hand side of the inequality above.

4. THE IMAGE OF THE CUP PRODUCT IN THE SECOND COHOMOLOGY
GROUP

In this section, we consider the rational second (co)homology group of
IAﬂ‘ . In particular, we determine the image of the cup product map

UY : AZHY(IAM, Q) —» HY(1AY, Q).

4.1. A minimal presentation and second cohomology of a group.

In this subsection, we consider detecting non-trivial elements of the
second cohomology group H%(G, Z) if G has a minimal presentation. For
a group G, a group extension |

(12) 1-RoF5G-1

18



58

is called a minimal presentation of G if F' is a free group such that ¢
induces an isomorphism

©x - Hl(F, Z) — Hl(G, Z)

This shows that R is contained in the commutator subgroup [F, F] of F.
In the following, we assume that G has a minimal presentation defined
by (12), and fix it. Furthermore we assume that the rank m of F' is finite.
We remark that considering the Magnus generators of IA,, and IAY, we
see that each of IA,, and IAY has a such minimal presentation. From the
cohomological five-term exact sequence of (12), we see

H(G,Z) = H\(R,Z)°.

Set Lr(k) = T'r(k)/Tr(k + 1) for each k > 1. Then Lr(k) is a free
abelian group of rank 7, (k) by (3). Let {Ri}x>1 be a descending filtration
defined by Ry := RNT'p(k) for each k > 1. Then Ry = R for k = 1, and
2. Foreach k > 1, let

Pk . l:F(k) - ﬁg(k)

be a homomorphism induced from the natural projection ¢ : F — G.
Observing Ri/Ri+1 = (RxT'r(k + 1))/Tr(k + 1), we have an exact se-
quence o

(13) 0 — Ry/Ris1 = Lr(k) &5 Lo(k) — 0.
This shows each graded quotient Ri/Ry4; is a free abelian group.

Set Ry := R/Ry. The natural projection R — R}, induces an injective
homomorphism

W% : H\(Ry, Z) » HY(R, Z).
Cons1der1ng the right action of F' on R, defined by

r-cz:=z'rz, reR, z€F,

we see 1* is an G-equivariant homomorphism. Hence it induces an in-
jective homomorphism, also denoted by 1*,

v*: H'(Ry, Z)¢ —+ H'(R,Z)°.

For k = 3, H'(R3,Z)° = H(R3,Z) since G acts on Rj trivially. Here
we show that the image of the cup product U : A2HY(G, Z) - H*(G, Z)
is contained in H!(R3, Z).
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Lemma 4.1. If G has a minimal presentation as avove, the image of the
cup product

U:A’HYG,Z) - H(G,Z)
is isomorphic to the image of 1§ : H'(Lr(2),2Z) — H' (R, Z).

By an argument similar to that in Lemma 4.1, if H;(G,2Z) is a free
abelian group of finite rank then the image of the rational cup prod-
uct Uq : A’2HY(G,Q) — H*(G,Q) is equal to H'(R3, Q) since i3 :
HY(Lr(2),Q) = H'(R3, Q) is surjective.

4.2. The image of the rational cup product Ug.
In this subsection, we determine the image of the rational cup product
ug 1 A2 HY(IA¥ Q) —» H*(1AY, Q).

First, we should remark that the image of the cup product Uq : A2H(IA,, Q) —
H? (IAn, Q) is completely determined by Pettet [30] who gave the GL(n, Q)-
irreducible decomposition of it. Here we show that the ristriction of

vi, + HY(IAY,Q) —» H%(1A,, Q) to Im(UY) is an isomorphism onto
Im(Uq).

To do this, we prepare some notation. Let F be a free group on Kj; and
K;jx which are corresponding to the Magnus generators of IA,,. Namely,
F is a free group of rank n?(n — 1)/2. Then we have a natural surjective

homomorphism ¢ : F — IA,,, and a minimal presentation

(14) 1-R->F5I1A, o1
of IA, where R = Ker(yp). From a result of Pettet [30], we have

Lemma 4.2. For n > 3, Rj is a free abelian group of rank

a(n) = —;-n2(n —1)(n3 —n?-2) - %n(n +1)(2n? — 2n - 3).

Next, we consider the second cohomology groups of IAnM . From now on,
we assume n > 4. We recall that the natural homomorphism v, ; : IA,;, —
IAY is surjective, and Vn,1 induces an isomorphism JA2D = (IAM )ab
H . ®z A2H for n > 4. Then we have a surjective homomorphlsm oM
Un1op: F — IA , and a minimal presentation

‘II llZ

(15) 15 RM 5 F 2 1AM 1
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of IAM where RM = Ker(p). Observe a sequence

gra(Ay) — erg(AM) — gry(AM)

of surjective homomorphisms. Since A,(3)/A! (3) is at most finite abelian
-group due to Pettet [30], we see

dimq(grgy(Ar)) = dimq(grg(A.)) = (n +1)(2n® — 2n - 3)
= dlmQ(grQ(An )
by (6), and hence grg(4M) = gry (AM). Thus,

Lemma 4.3. Forn > 4, ng is a free abelian group of rank a(n).

Therefore, from the functoriality of the spectral sequence, we obatain
commutativity of a diagram

0 — HYRY,Q) — H*(IAM,Q)

L ]

0 — HY(R;,Q) —> H*(IA,,Q)
and
Theorem 4.1. Forn > 4, v}, ; : Im(UY) — Im(Uq) is an isomorphism.

In the subsection 5.2, we will show that the rational cup product Ug :
A’HY(1AM Q) —» H?(IAM, Q) is not surjective.

5. ON THE KERNEL OF THE MAGNUS REPRESENTATION OF IAn,

In this section, we study the kernel KC,, of the Magnus representation of
IA, for n > 4. Set K,, := ICn/(IC N An(4)) C gr¥(Ay). Since [Kn, K,] C
An(6), we see H;(K,,Z) = K,,. Here we determine the GL(n, Z)-module -

structure of ICQ As a corolla,ry, we see that the rational cup product
U : A2HY(IA, Q) — H2(IAYM, Q) is not surjective.
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5.1. The irreducible decompositon of _ICQ

First, we consider the irreducible decomposition of the target HQ ®q

L2(4) of the rational third Johnson homomorphism 73q of Aut F,. Let
B and B’ be subsets of £,(4) consisting of

[l[zi, z;), za) ), > 7 < k<1
and

[[mi,wj]’ [xk, $1]], i > g, k>1, 1>k,

[[xiawj]) [wiyml]L 1> js 1> la J > 1
respectively. Then BU B’ forms a basis of £,,(4) due to Hall [15]. Let G,
. be the GL(n, Z)-equivariant submodule of £,(4) generated by elements

type of [[z;, z;], [zk, zi]] for 1 < 4,5, k,1 < n. Then B’ is a basis of G, and
the quotient module of £,,(4) by G, is isomorphic to £¥(4). Observing

that G2 is a GL(n, Z)-equivariant submodule of £3(4) = Hg (3.1] GB Hg 2.1.1)
and dimq(GQ) = n(n? — 1)(n + 2)/8, we see G2 = H[2 LU an Lq (4) =

Hg’ll. Let D := A™H be the one-dimensional representation Qf GL(n,Z)
given by the determinant map. Then considering a natural isomorphism
Hg = (D ®q A" 'Hq) as a GL(n, Z)-module, and using Pieri’s formula
(See [13].), we obtain

Lemma 5.1. Forn > 4,
(Z) HQ® gQNH[I]@HBI]@(D® H[32 1" 4])’
(i) Hy ®z LYo(4) = HY @ Ha' @ (D ®q H[“1 .

Now it is clear that T3,Q(_’€S) C Hg ®z GQ. On the other hand, in our
previous paper [32], we showed that the cokernel of the rational Johnson

homomorphism 73 q is given by Coker(73q) = Hg] ® Hgsl. Hence we see
that 73 q (E,? ) is isomorphic to a submodule of H, [Q2’1] ®(D®qH, 8’22’1"_4]).
In the following, we show Tg,Q(f,? ) = Hg’ll ® (D ®q Hg’22’1n_4]).

To show this, we prepare some elements of K,. First, for any distinct
p,q,7,8 € {1,2,...,n} such that p > ¢,r and ¢ > r, set

T(s,p,q,7) := [[K;}, K], Kogp) € IA,.

sp
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Since T'(s, p, g, ) satisfies
T, > s[[Tp, Zg), [Tp, T+]], %f t=s,
wt; lf t # S,

T(Sap, Q7 7‘) € ’Cn and 7'3(T(8,p, qa ’f‘)) = IE: ® [[xp’ xQ]? [:L'Pa :Dr]] € H* ®Z gn,-
Next, for any distinct p,q,7,s € {1,2,...,n} such that p > s, set

E(s,p,q,1) := [[KsrvKapq] Kraq]( ral[[Kravapq] - K;;]Krs) € IA,.

Then we have

Lemma 5.2. For any n > 4,

(Z) T3(E(3 b, q, 7‘)) :E ® [[mp: xq]: [wsa mq]] € H* ®z Gn.
(i) E(s,p,q,7) € K.

Theorem 5.1. For n > 4, m3q(K, )~Hl213@(p® Hlsz "y,

Since 73 q is injective, this shows that
7 o gl2t 3,22,1n~4
K = Hy" @ (D®g HY™ ™)
and

Corollary 3. For n 2> 4,

rankz(H;(K,, Z)) > Els-n(n2 —-1)+ %nz(n - 1)(n+ 2)(n —3).

5.2. Non surjectivity of the cup product UY.

In this subsection, we also assume n > 4. Here we show that the ra-
tional cup product UY : A2H 1AM, Q) —» H*(I1AM, Q) is not surjective.
From the rational five-term exact sequence

0 = H'(1AY,Q) - H'(1A,, Q) = HY(K,, Q)" — H*(IAM,Q) - H*(1A,, Q)
of (9), we have an exact sequence
0 = HY(K,, Q) - H?(1AM Q) — H?*(1A,, Q).

By Theorem 4.1, to show the non-surjectivity of the cup product U it
suffices to show that the non-triviality of H(K,, Q)~.

The natural projection K, — K, induces an injective homomorphism
HY(K,,Q) = HY(K,, Q)"
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By Theorem 5.1, and the universal coeflicients theorem, we see

Hl(_ﬁm Q) = HomZ(HI(—’Cm Z), Q) # 0.
Therefore we obtain

Theorem 5.2. For n > 4, the rational cup product
ug : A’H'(1AM, Q) —» H*(1AY,Q)

s not surjective, and
1
dimq(H?*(IAM,Q)) > 5" —2) (3n* + 3n® — 5n% — 23n — 2).
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