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CAT(0) groups whose boundaries are scrambled sets

FEREREHEZE
iR EH (Tetsuya Hosaka)

BT, HERDBEEZTH S scrambled set (IREPES) EHERCHLTH
RixHBRLE L TEB L, CAT(0) BEDHEARHI YD scrambled set &% 20 EHNS.

§1 CAT(0) BHOEROM/ME L MIBESITDONT

JEIF BRSO RIMHEZERI L L T CAT(0) ZRANEH/ TN 5. CAT(0) 28R X
BEUZDER X OEBBIUHMIZ 2] RSN 3. CAT(0) =R X Lic
{A[2£AIIC (proper, cocompact, isometry IZ) fEFI S 58 G & CAT(0) B L & 5.

WE, B G M CAT(0) = X LICBAIEMICERLTWVWS LT %. FARTI,
X LD o REEL, B 0X EOEMEU T TERT 3.

Definition. Let o, 8 € 3X. There exist unique geodesic rays &, o and &z, g in X
with £:,.a(0) = &z0,8(0) = Zo, €zo,a(00) = a and &z, s(c0) = B. Then the metric
dax (e, B) of o and B on OX (with respect to the basepoint zo) is defined by

dox(@,0) = 3 min{d(€aoali), Ena); 3}
i=1

ZTTEBENEREZ, YRz ITEET D, R 0X O zo ICHKS
3, X<HMS5NTV 3 cone topology &7%%%.

WE, B GIIER X IcEMRIck > TEAYT 3. T T T, minimality (B V)
& U scrambled set (PR E) EUT TERT 5.

Definition. The boundary 3X is said to be minimal, if any orbit Ga i.s dense in
8X. Also the boundary 8X is called a scrambled set, if for any o, 8 € 6X with

a # G, |
lim sup{dax (92, 96) | 9 € G} > 0 and
lim inf{dsx (92, 98) | 9 € G} = 0.
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C T TEEE N7z “minimality” XU “scrambled set” I&, JTERDOBZDH
RIGHETHB. —RIC, BROX BLUZTADE G DIEHR, ERICHEMET
HETHD, TOERENRHSMELOBERESRS T EH, “minimality” B &
U “scrambled set” LW\ o e HEROBZZBA L BB TH 5.

WL DL DEEIC K D, ERRICIZ,

lim sup{dax (9, 96) |9 € G} > 0
FEICHKILT A EMNbMD, scrambled set L BAhE S5, EiZ,
lim inf{dsx (92, 9B8) |9 € G} =0

DFEDRRILTEIHESIDICHD>TNBRT eHhbh3b.
AR TIE, RO scrambled set £ 73 DH, 72, D minimal &30
H, ZHROIMCEZL TN,

§2 HYPERBoOLIC D&
%9, CAT(0) ZZ2RH (Gromov) hyperbolic DIBFEIC DN TR L N SR 2R
3. |

Theorem 1. Suppose that a group G acts geometrically on a CAT(0) space X
and |0X| > 2. If X is hyperbolic, then the boundary 0X is a scrambled set and
minimal. Moreover there exists a constant ¢ > 0 such that

lim sup{dax (9, 98) |9 € G} > ¢
for any o, B € 80X with o # .

T TT, J1#RD “expansive” &4 D BL2ZBAT 5.

Definition. An action of a group G on a metric space Y by homeomorphisms
is said to be ezpansive, if there exists a constant ¢ > 0 such that for each pair
v,y € Y with y # ¢/, there is g € G such that d(gy, gy’) > c.

T, ROEHZETE.

Theorem 2. Suppose that a group G acts geometrically on a CAT(0) space X
and |0X| > 2. The action of G on 8X 1is expansive if and only if the space X 18
hyperbolic. :
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§3 R scRAMBLED SET & 7% CAT(0) Bz DWW T

5D scrambled set & 7%5% CAT(0) BED&MEL LTI, FIXIE, UTORES
BTN3.

Theorem 3. Suppose that a group G acts geometrically on a CAT(0) space X.
If there exists an element go € G such that

(1) Zg, is finite,

(2) X \ F,, is not connected, and

(3) each component of X \ F,, is convez and not go-invariant,

then the boundary 0X is a scrambled set and minimal, where Z,, is the centralizer
of go and Fy, is the fized-point set of go in X, that is,

Zg, = {9 € G|ggo = gog} and
Fy = {z € X| gozx = z}.

7z, BEFA scrambled set &7 572V CAT(0) BORKRMBHL LT, UTEBT
W5, : '

Theorem 4. Suppose that a group G acts geometrically on a CAT(0) space X
and |0X| > 2. If X contains a quasi-dense subset X; x Xa such that X3 and X
are unbounded, then the boundary 60X is not a scrambled set.

TZT, ACXMWXIZBWT quasi-dense THB &1, [ A 253 constant
c>0RFIREEREDN X WA S (T/4bDB B(4,0) = X) | KX->TER
5. ,

T D& ST, CAT(0) B[ X DABHEESVRC BT 5 L ¥, FOHMMROX
& scrambled set &3 5XW. — AT, TOBHKIIT S0, KEBRTET
H5. -

§4 RIGHT-ANGLED COXETER RDIEFRICDONT

Coxeter 3 (W, S) 25, Davis #fk & XidNh 3 CAT(0) 2=/ S(W, S) BERE
hs ([6], [7], [8], [25]). T D& &, Coxeter B W IX Davis #ik S(W, S) EIc 8T
ZMNCBRICIEAT . Davis HEADER 05(W, S) %2 Coxeter & (W, S) DHIFH



95

& K&, Coxeter B W DERDITTOMED 2 oo DL &, (W, S) % right-angled
Coxeter 3R, W % right-angled Coxeter #f & X 5.
C T T, right-angled Coxeter RDBEHRICE L T, L FDIERITIRVEREB 1.

Theorem 5. If (W,S) is an irreducible right-angled Cozeter system and
|05(W, S)| > 2, then the boundary OL(W, S) is a scrambled set and minimal.

Theorem 6. Let (W,S) be a right-angled Cozeter system with |0Z(W, S)| > 2.
Then the following statements are egquivalent:

(1) 0X(W, S) is a scrambled set.
(2) 8Z(W, S) is minimal.

(3) Any finite indez subgroup of W does not split as a product of mﬁmte
subgroups.

T DX S5IT, right-angled Coxeter RDITEHRICEI L TlE, VD scrambled set &
B30, £it, WD minimal X 23DH, Bix-&Eb bhoik. %%, &b
—#&D Coxeter RDBEHR I3 X U CAT(0) HOBEFICBIL THH #HATZL.
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