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Convolutions and Holder inequality for certain analytic
functions

Junichi Nishiwaki, Shigeyoshi Owa and H. M. Srivastava

Abstract

Applying the coeficient inequalities of functions f(z) belonging to the subclass
MD(a, B) of certain analytic functions in the open unit disk U, two subclasses M;(«, 8)
and Mgz(a,3) are defined. The object of the present paper is to derive some proper-
ties for functions f(z) in the classes M;(a,3) and Mj(a, 3) involving their generalized
convolution by utilizing methods on the basis of the Hélder inequalities.

1 Introduction

Let A be the class of functions f(2) of the form

(= <]
f(z) =2+ Za”z"
n=2
which are analytic in the open unit disk U = {z € C||z| < 1}. Nishiwaki and Owa [2], [4] have
considered the subclass MD(a, 3) of A consisting of f(z) which satisfy

Rﬁ(%?)<a i}:;—(;;—)—l|+[3 (2 €U)

for some a(a £ 0) and B(8 > 1). We discuss some properties of functions f(z) belonging to
the class MD(a, 3).

!
We note if f(z) € MD(a, ), then sz(S) = u + iv maps U onto the elliptic domain such

that \ \ . 2(‘ »

| ot -4 a* 5, a*(f-1

' ( a2—1) tao1l <oy
for a@ < —1, the parabolic domain such that

1 5, B+1
u < 208 = l)d + )

for @ = —1, and the hyperbolic domain such that
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(1'2-[3 2_ o? 2>a/2(ﬂ—1)2
1-o? (a? —1)2
for -1<a 0.
Recently, Nishiwaki and Owa [2] have given the following coefficient inequality for f(2)
belonging to the class MD(a, B).

Lemma 1.1. If f(z) € A satisfies

(1.1) D Aln-B+1+In-p-1~2a(n-1)}He.| S 8- [2- 8]
n=2

for some a(a £ 0) and B(B > 1), then f(z) € MD(a, B).

From the above lemma, we easily know

i(n—ﬂ+l)+ln—-ﬂ-—-1|—2a(n—1)‘anl§§’:(n——ﬁ+1)+(n+,3-3)—2cv(n—1)‘a”I
n=2 n=2

2(8 -1) 2(6-1)
<1
for some 8(1 < B £ 2) and

g H{ln—B+1|+ln—F~11~2a(n~}an| S 3 5{(n-+8-3)-+(n+5~3) ~2a(n—1)}on

n=2
<1

for some B(8 2 2). In view of these inequalities, we define the subclass M;(a, 8) of MD(a, B)
consisting of functions f(z) which satisfy the condition

(12) PR L WES

n=2

for some a(a £ 0) and §(1 < B £ 2), and also the subclass My(a, 8) of MD(a, B) consisting
of functions f(z) which satisfy the condition

13) > {nl - a) 3+ a+ A}l S 1

n=2

for some a(a £ 0) and B(8 2 2).



90

2 GGeneralizations of the Convolutions for the classes

Mi(a, B) and Ms(a, B)

In this section, some convolution properties of f(z) belonging to the classes M, (a,3) and
M;(a, B) are discussed. .
For functions f;(z) € A given by

fj(z)=z+za”;fz" (j=1a2a"' ’m)a

n=2

we define

H,(2) --z+z Ha ) 2" (p; > 0).
n=2
Then Hp(2) denotes the generalization of the convolutions. It was considered by Choi, Kim
and Owa [1]. Lately, it was studied by Srivastava and Owa [5] (also see [3]).
For functions f;(z2) € A, Holder inequality is given by

.

> ([t < TT (Spons) "

=2 n=2

wherep,>1a.nd2 21

i=1Pj
Our first result for H,,(z) is contained in

Theorem 2.1. If fi(z) € My(o,B;) for each j = 1,2,--- ,m (@ £ 0, 1 < B; £ 2), then
Hn(2) € My(a,B*) with

m

I1(8; — 1)

§=1

ﬂ‘=1+—({_—).:r’

1
wheres-z:p,>1,p,>— g; >1 andz 21
j=l1 qj i=19j

Proof. Let f;(z) € Mi(a, §;), then the inequality (1.2) gives us that

OB i<y Gt

n=2

which implies

A
—y

{f: (o —ﬂi)f.ll_ %) lan,,-l} "’
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with ¢; > 1 and 1 2 1. Applying the Holder inequality, we have the following inequality
Jj=19;

> ((" _ﬁl.)flf % ) lensl¥ < 1.

n=2

Then we have to find the largest 3 such that

E(n-—l)(l-a) (III )g

J=1

that is,

SLERIELT(; ) Z{ﬁ((“’l.)“{“)) |..J|#}.

n=2 n=2 \j=1

Therefore, we need to find the largest 3 such that

(n—l)(l a) (Hla )<ﬁ((n—ﬂnu—a>)#,a 5
S - 1 n,J

j=1

which is equivalent to

(n— 1)(1—a) (Hl,.r” ,,)<I"‘I (n— 1)(1 a))

=1

for all n 2 2. Since

(=m0 b (-2 o)

i=1

we see that

,1;[ lant™" ¥ ﬁ ((n .ﬂl.)illl_ a))”"“# .

(=10 0) ¢ (=D -a))"

This implies that

ﬂ' -1 j=1 ﬂ’ -1
for all n 2 2. Therefore, 3* should be
H (:BJ - 1)” m
* 2 14 j=1 8 = il
ﬂ = (1 —- a)a-—l(n 1).-—1 ( ; -’)
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so that, the right hand side of the last inequality is a decreasing function for n 2 2. This means

_Hl B —1)
j=
Fr=max 1+ G i)
H (ﬂ: - 1

=1+ ———(1 =
This completes the proof of the theorem. O
Example 2.1. Let us define

—1)e;

fJ(z) =z+ Z n(n 2(1 )z ('eil = 1)
for each j (7 =1,2,3,--- ,m). It is easy to see that f;(z) € M;(a,[;). Then we have

Hn(2) = "+Z H (n(n e a))”) -

For this function H,,(2), we calculate that

(259

n=.

lj (n<n(’ij1;23€i a))m

1
= Z n‘(n— Tyt = z;n(n- n =
Thus we know that H,,(2) € Ml(a, B*).

Taking 8; =8 (j =1,2,:+- ,m) in Theorem 2.1, we obtain

Corollary 2.1. If f;(2) € M,(a,B) for each j = 1,2,--- ym(a$0,1< B < 2), then
H,,(z) € M;y(a,B*) with : '

v (16-'1)‘
g "“_'—"u— =
wheﬂes—zp_,>1p,_—,q,>landz 21
=1 i=195

By using M;(a;,3) instead of M;(a, B;) in Theorem 2.1, we also derive the next result.



Theorem 2.2. If f;(z) € My(a;,8) for each j = 1,2,--- ,m (; £ 0,1 < g £

Hp(2) € My(a*,B) with _
[1( = a;)*

j=1
Rl

1
whems—zp,>1,p,_—-,q,>l andE——>l
i=1 9; i=19j

a*=1-

Proof. Using the same method as in the proof of Theorem 2.1, we have

(n—1)(1 - a*) < (n-1)° Jl:[(l - ;)P

B-1 =7 (-1

which implies that
(n—1)"" H (A - a;)
=

G-

a*21-
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2), then

for all n 2 2, so that, the right hand side of the last inequality is a decreasing for n 2= 2. This

means

(n =1 [1(1 - ay)P
= max 1 =

2 ) T (B-1t

i - a;)Pi

=1-=
(B=1
which proves the theorem.

Example 2.2. Let us consider

f,(z)_z+z (n(ﬁ )288, 5 (el =1)

for each j (j =1,2,3,--- ,m). Then we see that f;(z) € Mi(e;,8). Also we have that

B=De; ")
reo=e+ & ({l (e tisar))

n=2

It follows from the function H,,(z) that

f:((n-l)(l—a ))

n=2

i)
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Zn’(n—l 2e-1 = Zn(n—-l

n=2

This implies that H,,(z) € M;(a*, 8).

Letting o; = a (j = 1,2,--- ,m) in Theorem 2.2, we obtain

Corollary 2.2. If fj(z) € My(a,pB) for each j = 1,2,--- ,m (@ £ 0, 1 < 8 £ 2), then
Hp(2) € My(a*, B) with

. (1—-a)
=1..___._
YT Ty
1 LI |
wheres—Zp,>1 p_,>q—,q,>1and)'_‘,;gl.
J=1 ¢ =1

Next, for the generalized Hadamard product (or Convolution) of funcitons in the class
M;(a, B), we also derive

Theorem 2.3. If f;(z) € Mz(a,B;) for each j =1,2,--- ;m (a £0, B; 2 2), then Hm(z) €
Mz(a, ,3') with

ﬂ‘=1+a+n(ﬂj-—1—a)’5,

i=1

wherep,>qi, g >1 and321£>1

Proof. In the same manner as in the proof of Theorem 2.1, we obtain
B +(n-1)(1-a) -2 [[{n(1 - o) -3+ o+ g;}%.

J=1

The left hand side of the above inequality is a increasing function for n 2 2. Then we get
B -1-a < [[{r(1-a) -3+ a+8}.
i=1

Also the right hand side of it is a increasing function for n 2 2, so that, we have

m

g < 1+a+H(ﬁ,~— 1-a)”.
i=l

This completes the proof of the theorem. O
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If we take 8; = 3 (j = 1,2, ,m) in Theorem 2.3, then we obtain

Corollary 2.3. If f;(z) € Ma(a,B) for each j = 1,2,--- ,m (a £0, B 2 2), then Hn(z2) €
M;(a, B*) with
ﬂ‘=1+a+(ﬁ-—1—-a)’,

wheres-.zp,>1,p,>-l- q,>1and2 2 1.
j=1 g5 i=19;

Using Mj(a;, B) instead of Mj(a, §;) in Theorem 2.3, we also derive the next result.

Theorem 2.4. If f;(2) € M3(a;,B) for each j =1,2,-++ ,m (a; £ 0, B 2 2), then Hn(2) €
Mz(a*,ﬂ) with

B-2)+ fll(n(l - a;) =3+ a; + p)P

o' =max{1l— — ,
n22 n-1

wherep,_.EJ-,q,>1 and}: 21

J=1 QJ

Proof. By using the same method as in the proof of Theorem 2.1, we see that

n-—3——a‘(n—1)+.ﬂ§ﬁ{n(l—a,-)—3+a,-+ﬂ}”"

j=1

which implies that

(B-2)+ [T{n(1 - o;) =3+ +ﬂ}‘”
a‘gl— j=l

n—1

Therefore, we prove the theorem. O
Finally, taking o; = o (j = 1,2,--- ,m) in Theorem 2.4, we obtain

Corollary 2.4. If f;(z) € Mz(a,p) for each j =1,2,--- ,m (a £ 0, 2 2), then H,,(z) €
Mz(a',ﬂ) with
a‘=3—-—ﬂ—-(,6—1-—a)'

u 2(13 2)
wheres= Y p; 21+ P 2 ,q,>1and2—>1
j=1 - q; =14




96

Proof. In view of Theorem 2.4, we obtain
o B2+ {n(1-a)=3+axtp)
= n—1 )
Let F(n) be the right hand side of the above inequality. Further, let us define G(n) by the
numerator of F'(n), so that
Gn)=-(n(l—-a)=-3+a+B8)"{n(l-a)(s-1)~-s(1—a)+383—-a—-0}+(8~2)
S-(B-1-)"{2(1-0a)(s-1)-s(1-a)+3-a-F}+(8-2)
$26-3-a-3s(l-a)
<o (s >1+ 2(1_—__2_))

l-a

which implies that

(8-2)+ {1 (n(1 - a5) — 3+ a; + B

n22 n-1

=3-p-(f-1-0a).
This completes proof of the corollary. O
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