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Abstract
In a previous article of the author, N- fractional calculus of some composite
algebraic functions are derived. Applying this fresh results, N- fractional calculus
of functions

1 m m +
and Jz-b"-c (me€Z')
nJz-b"-c
are reported in this paper. Thatis, we have the below, for example.
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m[1/"l],g1“(mk+1+y)( c \f
"Zo k! D(mk+ 1) (z-—b)”') (IT(mk +1+y)| <®)
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(11) (m ’(Z_b)m_c)y-e-ixr(z_b)l—r

5 — [-1/m],,I‘(mk—1+y)( c
Z, k! I'(mk -1) (z-b)"
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) (IT(mk -1+7)l< )

where
lcl(z-D)" <1, mEZ",
and

A, =AA +D) - (A+k-1)= C(A+k)/T(A) with [A],=1,
( Notation of Pochhammer ).
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§ 0. Introduction ( Definition of Fractional Calculus )
(I) Definition. ( by K. Nishimoto )([1]Vol. 1)
Let D={D_,D}, C={C_,C.},

C_ be a curve along the cut joining two points z and - ® +iIm(z),

C, be a curve along the cut joining two points z and %+ iIm(z),

D_be a domain surrounded by C_, D, be a domain surrounded by C, .
( Here D contains the points over the curve C ).

Moreover, let f = f(z) bea regular function in D(z €D),

I‘(V + 1) f(C)
fuom Phmel ) = = [ mmdt. (v, (1)
(f)-m =vl_l.rr_lm(ﬁv (m €z, (2)
where -nsarg({-z)sn forC_, Osarg({-z)s2x forC, ,

=z, z€C, vER, T ;Gamma function,
then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order —-v for v <0 ), with respect to z , of
the function f , if |(f)v| <00,

(11) On the fractional calculus operator N" [ 3]

Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N* be

N’ (F(Zv;l)j;(cd v+1) (v&Z), [Referto(l)] (3)
with N = vl_x.rB"N”’ (m EZ"), (4)
and define the binary operation © as
NP oN® f = NPN° f= N)(N°f) (a,BER), (5)
then the set
{N}={N'|ver} (6)

is an Abelian product group ( having continuous index v ) which hak the inverse
transform operator (N*)™ =N" to the fractional calculus operator N” , for the

function f such thathFa{f; 0=|fv|< w,vER}, where f = f(2) and zEC.

(vis. —0<v<®©),

( For our convenience, we call N? oN® as product of N? and N°.)
Theorem B. " F.O.G. {N"} " is an " Action product group which has continuous

index v " for the set of F . ( F.O.G. ; Fractional calculus operator group )[ 3]
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Theorem C. Let

S:=f£ NYIU{0}={N"IU{N3IU{0} (VER). (7)
Then the set S is a commutative ring for the function f €F , when the identity
N®*+Nf = N" (N® NP N' €E€S5). (8)

(III) Lemma. Wehave [1]

. Py o -ina I (@ = b) _ ab-a (F(a"b)

(i) ((z=¢)), =e \_—F(—b) (z-0¢) T w).
(i) (log(z =c)), =- ™ I'(@)(z~c)™ (|F(a)|<oo),
. -a ina 1

(iii) (2= %).q = =" = log(z-0) (IT(a)|< =),
where z—-c#= 0O for(i)and z—c#= 0,1 for(ii ),(iii) ,

. R - C(a +1) u = u(2),
(iv) (V) ,2, KD +1- k) otV (V-V(z))'

§ 1. Preliminary
The Teorem below is reported by the author already (cf. J. Frac. Calc. Vol. 29,

May (2006),pp.35-44.) . [ 12]
Theorem D. We have

(1) (@-B°-0), =™z -0)"""
S allBk-aB+y)(_c '
x,;, K T(Bk-ap) \(z-b)") (1)
(|F(l3k-aﬁ+y)|<m)
| TBk-aB) |
and
(ii) (((z - b) A (:)"')’l - (--1)"(2 _.b)aﬁ-n
w[—a],‘[ﬁk—aﬁ]n( c 1\ )
"2., k! (z_b)a> (n€Z,) (2)
where
c

<1,

z-b)*
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and
[Al, =AA +D) - (A+k=-1)=T(A +k) /T (L) with A, =1,

( Notation of Pochhammer ).

§ 2. N- Fractional Calculus of Functions

1
b Nz-b)"-c, (mEZ)

Applying Theorem D in § 1. Preliminary we obtain the following theorems.
Theorem 1. We have

1 )
. - -ixy _ b -1~y
o ["’ (z—b)"'—c) PR

Y

k

) (IT(mk +1+y)]l <o)

— [llm]kl‘(mk+1+y)( c
"zo (z

k! T(mk+ 1) ~b)"
(1)
and
(ii) (—1———) =(-D"(z-b)""
"J(z-b"-c), |
® [1/m]k[mk+1],,( c o\ .
x,;, k! (z—b)'") (n€Z) (2)

where _
le(z=-bD)"1<1, mEZ".

Proof of (i). We have

14

therefore, setting B=m and a = -1/ m in Theorem D. (i), we obtain (1 )clearlsf,

under the conditions.

Proof of (ii). Sety =n in (1), we have then(2), since

[(mk + 1+ n)
C(mk + 1)

-[mk+1], . (4)
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Corollary 1. We have

1 .
W ) ey
‘ \J<_’b>—) ©en?

- [1/2], T2k + 1+y)( C

2

) (IT(2k+ 1+y) <)

&  kTQRk+1 (z-b)?
and (5)
(ii) (—-—————-—1 ) (=DYz-b)"'™"
,__—(z-b)z-—c ] -
@ tl/2]k[2k+1]n( c A\

x +

[:ZO k! (z_b)2> (nezo) (6)
where

| lel(z-b)*I<1.
Proof. Set m=2 in Theorem 1.
Corollary 2. We have
(i) — | - e (z-b)*7

Jzz-2bz +p),
i [1/2],‘F(2k+1+y)( b -p\*
x; O TGELD (z_b),) (IT(2k+ 1+y) <)
(7)
and
(ii) 1 =(=1)%z-b)""
| JZZ-sz +p)
® [1/2],‘[2k+1],,( b -p\* )
"Zo k! (z—b)’) (n€Zo) (8)

where
(b - pY(z-b)*1 <1 .



Proof of( i). We have

Z-2bz+p=(z-b)’-c (c=b'-p),
hence

1 1
(\/z’ -2bz +p)y - [J(z— b)z—c)r '

Therefore, we obtain(7) from (10)and ( 5), under the conditions.
Proof of (ii). Sety =n in (7), we have then (8 ) clearly.

Theorem 2. We have
(i) (m ’(Z_b)m_c) -e—iXY(z_b)l-Y
Y

x“[—l/m]kl"(mk—lﬂr)( ¢ )" (II‘(mk-1+y)|
&  kT(mk-1) \(z-b)" | T(nk-1)

and

(1 (Ve=br-c) =0-b

& [=1/ m), [mk - 1L( ¢ )
X
k=0 k! (z-b)"

(n€Z;)

where
lcl(z-b)"I<1, mEZ".

Proof of (i). We have

(Ve-or=c) - (-t - o)

I<
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(9)

(10)

°)

(11)

(12)

(13)

therefore, setting B=m and a = 1/m in Theorem D. (i), we obtain ( 11 ) clearly,

under the conditions.
Proof of (ii). Sety =n in (11).

Corollary 3. We have
(1) (J@=pr-c) = z-p)"
Y

“[-1/2],}‘(2k-—1+y)( c
xz, K T(2k-1) \(z-b)z)

k

(lr(zk ~1+y)
| ree-1

|<

°

(14)



and
(i1) (\/(z—-b)z-c)n - (1) (z = )"

Q[-1/21Rk-11,( ¢ \° .
& k! (&—bf) (nez;)

where
le/(z-b)’1<1.

Proof. Set m =2 in Theorem 2.

Corollary 4. We have

(1) ( ,zz bz +p)r - (2= b)Y

R [—1/2]kr(2k-1+y)( b’-—p)k ([g(zk-uy)l
&  KTQRk-1) (z-b)* | ree-1) |

and

(ii) (V& =2bz+p) =(-1"(z-5)""

id [—1/2],‘[2k-1],,( B -p\"
x;, k1 (z-b)’)

(n€EZ;)

where
(B> - p)(z-b)1<1 .

Proof of (i). Wehave (9), hence

(V=22 +p) =(V=0r" =) -

Therefore, we obtain ( 16) from ( 18 ) and ( 14 ), under the conditions.

Proof of (ii). Sety =n in (16).
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(15)

e

(16)

(17)

(18)



§ 3. Special Cases of Corollaries 1. (ii) and 3. (ii)
[I] Special case of Corollary 1.(ii)(for n=0,1,2)
1.) When n=0 we have

from § 2.(6).
2.) When n=1 we have

k

S W -z°°[1/2h[2k+111( c
(J(z-b)’—c)l @b R (z-b)z)

- b)’i[”z] (2k+1)T& (T_ c )

=t (z--b)2
2w /2],k 2w [1/2],
=-2(z-b) > T" - (z-b) ;——k! T

=-—2(z-b)" _%: ! _T)-slz ~(z-bY* (- )2
=—@z-ba-n>"

=-(z-b)(z-b)* -¢)”"
from § 2.(6). ( see AppendixI)
3.) When n=2 we have

k

_3 [1/2],‘[2’“'1];( c
(J(z by - )'(Z 2 /2) k! (z-b)’>

3 v [17/2],(2k + D[2k+ 2]1( c
=(z-b) 20 ! (z—b)z)
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(1)

(2)

(3)

(4)

(5)
(6)

(7)

(8)
(9)

(10)

(11)
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[ [ 2Lk +2), = [1/2],[2k+2),
- (z-b) {2;) . * T"+k20 I, 2k +2] T"} (12)

k!
s [4T-T*  2-T
‘E(Z'b) {(I_T)S/z"'(l_T)s/z} (13)
-3 1 T+2
(-9 (l—T)m(l—T) (14)
= ((z-b)* =) (2(z-bY +¢) (15)

from § 2.(6). (see Appendix I and I ).
The results (9 ) and ( 15 ) coincide with the ones obtained by the classical

calculations

d 1 d? 1
— | ——————————— d —— | ——————————— ,
dz{‘/(z-b)z-c) o dzz(‘/(z—b)z—c) (16)

respectively. And so on.
Therefore we can see that the presentation of Corollary 1. (ii) holds true for
nE€z, .
[I1] Special case of Corollary 3.(ii)(for n=0,1,2)
1.) When n=0 we have |

k

(J(Z—b)z"c)o‘(z-b)m [—1/2]"( - ) (17)

“ k! (z- b)?
1/2
c
-(z-b)|1- 18
(c )[ (z—b)z) (18)
- (z-b*-c)"” (19)

from § 2.(15).
2.) When n=1 we have

k

(m)l-_i[-uz}k[%—lll((zc ) (20)

=5 k! -b)*
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> [-1/2],(2k-1) . ( c
=— T T=
2 & (z-b)’) (21)
2 [-1/21.k 1/2
=- E[ Lk, 2 - ]" T (22)
=T (A-T)""* +(1- T)"2 (23)
=(1-7)™*" (24)
=(z-b)(z-b)* -0 , (25)

from § 2.(6).(see Appendix IV.)
3.) When n=2 we have

@ [_ _ k
(\/(z—b)z—c)z-(z—b)" 172, [ 1]’( < ) (26)

= k! (z-b)?

s [-1/2), @k - Di2K),

-1

-5 3 - (27)

a [, [Z1/ 2] k[24], o [-1/2],02k], .
-z -b) {z;o T T"} (28)
=(z-0)" {I(T-2)0-Ty** +T1-D"?} (29)
--@-b'TA-D3" (30)
_ ¢ (31)

((z- by -c) "

from § 2.(6). (see Appendix Vand VI).

The results ( 25 ) and ( 31 ) coincide with the ones obtained by the classical
calculations

i‘—(‘/(z~b)‘-c) and -f—(J(z b -c),

dz
respectively, again. And so on.

Therefore we can see that the presentation of Corollary 3. (ii) holds true for
nez,



Appendix
I. Wehave
 [1/2]. k © [1/2 2 [1/2
2 ] Tk = [ ]k Tk =T2 [1 ]Ic+1 Tk
k=0 k=1 (k"l)! k=0 k!
1. .« [3/2], 1
=T _______Tk = _am\-3/2
2 - k! 2 ra-n
1L i [1/2], k[2k +2], T - X [1/2],[2k + 2}, T
k=0 k=1 (k-D!
o [1/2], 1[2k +4], [3/2],(2k + 4)
=T * T == T
) — ST
_ - [3/2],k < [3/2], T+

T; x 7‘*\»2720

= [3/2
=Ty B2y k'}"*‘ T +2TQ-T)>"
k=0 .

3 zm [S/Z]k k -3/2
==Ty —=T' +270-T)""
27 & K +2 I

-% r*q-1)*"+2101-1)"

4T - T*
2(1_1-.)5/2
® 11/2],[2k+ 2], ® [1/21,2k+2) _,
1. ,Zo o T =; . T

® 11/2].k ® 1/2
-2 [ ]k Tk+2 [ ]k
1] k! =0 k!

-T(- T)-slz +2(- T)-uz

T

2-T
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(12)

(13)



V. i [F172]k < [21/2], -
k=0 k' k=1 (k"l)'

S [-1/2],,, . 1 & [1/2]
=T ) — =T =-=T Y—"2T
Z‘, k! 2 ,2, k!

1
=-—T 1_ -1/2 i
> 1-7

@ [- 1/2] k[2k]1 e 2 [-1/2], [24),
V. 2 T -Zl Y T

k=0

[- 1/2]“,[21: +2], [1/2],(2k +2)
=T
2 r- T2 Zo k! r

[1/2] k

P YL N

= k!

-_Tz

-_%TZ(I_T)-NZ -T (I_T)-HZ

-—;—T(T—Z)(l- 3" .

o [F12L,2K), & [-1/2),(2k)
Vi ?-_:o k! Tk”,‘-o (k—lk)!
V2 e o il—_l/_?-_]ﬂf
= (k -1)! = k!

_ TE [1/2]k T

--T(Q- T)-uz _
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