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Some subordination criteria
for analytic functions

Kazuo Kuroki and Shigeyoshi Owa

1 Introduction

Let A denote the class of functions f(z) of the form:

f(z)=z+ f: an2",

n=2

which are analytic in the open unit disk
U={2:2€C and |2z|<1}.

For functions f(z) and g(z) in the class A, we say that f(2) is subordinate to g(2) in U
if there exists an analytic function w(2) satisfying w(0) = 0, |w(z)] <1 (z € U) and
f(z) =g(w(z)) (z € U). We denote this subordination by f(z) < g(z). In particular, if
g(z) is univalent in U, then f(z) < g(z) is equivalent to f(0) = g(0) and f(U) C ¢(U).
We need the following lemma given by Miller and Mocanu [2] (see also [3, p. 132]).

Lemma 1.1 Let the function ¢(z) be analytic and univalent in U. Also let ¢(w) and
Y(w) be analytic in a domain C containing q(U), with

P(w) #£0 (we q(U) CC).

Set
Q(2) = 2¢'(2)¥(a(2)) and h(z) = ¢(a(2)) + Q(2),
and suppose that

(3) Q(z) is starlike and univalent in U;
and
. HE)\ o ($6) | @) )
) re () =F («p(q(z)) * 20 ) >0 xel).
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If p(z) is analytic in U, with
p(0) =¢(0) and p(U)CC,

and
3(p(2)) + 20" (2)¥ (p(2)) < #(a(2)) + 24 (2)¥(a(2)) = h(z)  (z € V),
then
p(z) <q(z) (2€U)
and ¢(z) is the best dominant of this subordination.

By making use of Lemma 1.1, Kuroki, Owa and Srivastava [1] deduced each of the
following lemmas.

Lemma 1.2 Let the function f(z) € A be so chosen that

%fl;eo (€ U).

Suppose also that the real parameters a (a # 0) and B (—1 £ 8 £ 1), as well as the
complez parameters A and B constrained by

|A|£1, |B| <1, A# B, and Re(l-AB) 2 |A- B,
are so prescribed that

pll—a) (1+P){Re(1-AB)-|A-Bl} 1-p 1+8

a 1-|Bf? 1+|A[+1+|B|"1g0'
If
(z.f,(z))ﬂ (1 +a2f"(z)) < h(z) (z € U)
f(2) f'(2) ’
where
_(1+ A4\ 1+ Az | a(l+ Az)?’+ a(A - B)z
hz) = (1+Bz) {(lwa)1+Bz (14 B2)? }’
then

zf'(z) 14 Az
f(z) ~1+Bz

(z e ).
Lemma 1.3  Let the function f(z) € A be so chosen that

-f-%{)-#o (2 €U).

Suppose also that the real parameters a (a # 0) and 8 (-1 £ § £ 1), as well as the
complex parameters A and B constrained by ‘

|A| €1, |B|=1, A# B, and 1 - AB >0,



are so prescribed that
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All-o) (A+8)1-14P) A-BA(A-l4) > 0.

a 2(1 — AB) 1+14) =
If

(fﬁ—(:)—))ﬂ (1 +af}f—,%%l) <h(z) (2€U),
where

no= (555) " {u-ofig iR,
then 2f'(2) 1+ Az
fo) “1¥B: €U

2 Main results

In this section, we begin by starting and proving one of our main results.

Theorem 2.1 Let the function f(z)

€ A be so chosen that

iii)-;éo (2 € ).

Suppose also that the real parameters @ (a#0), 8(-1£B8L1), and

T

A
A

sin

d

|1 - AB|

L, V(A -14P)a - [BP)
1 - 4B|

+ cos

i

as well as the complex parameters A and B constrained by

Al 1, |B|<1, A#

are so prescribed that

B, and Re(1 - AB) 2 |A - B|,

1 - |A||B| +6014| - 6|B| 2 0,

and
B(1 - a) 1-68 1468
Lol Seliin? A 20,
o THBme+ a7 E 2
where '
. . 1 Im(1 ~ AB) 21— AR + w1 - |Bl’)))}
= 5 1 im{l —- A5) 1 - .
my ngn{lwl cos (6 ( sin oY 0s 2wl - AD|
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(Il —4B-|A-B|| |, < VOIZTAP= 1B|2>) |

1-|BJ? 1-|BJ?
If
POV (120D L hiy (o
® (F5) (1+efg) <ra cew,
where
_ {1+ A\% 14 Az a1+ A2)'*¥(1 4 Bz)!™ + ad(A - B)z
"(‘)"(1+Bz) {(1“")1+13z+ (1 + B2)? }
then

2f'(2) 1+ Az\°
@) < (—1 +Bz) (z € U).

Proof. If we define the function p(2) by

_ge

then p(2) is analytic in U and the condition (1) can be written as follows:
{(p()}* {1~ o) +ap(2)} + 2z () {p(x)}* " < h(x)  (z€ ).
We also set

é
o) = (FEgE)  #e)=-a+as), and Y()=a

for z € U. Then, clearly, the function ¢(z) is analytic and univalent in U.

Now, for ¢;(2) = %, it is clear that ¢,(2) is univalent in U and ¢,(U) is the open
disk given by _
_1-AB |A — Bj
T T-1BP| T T=1BR

which shows that

Re(q1(2)) > “2L= ;4? A—2lz0 Gev.

Here, we define that

_1-4B
1—|B

W:={w:w€C and lw —IA_BI}.

T 1-|B]?
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Then, for w € W, arg(w) satisfy the following condition:

2 Im(-4B) o VO-TAPC-TBP) oo
|1 - AB| |1 — AB|
<t mA=4B) V(- 1AR0 - [BP)
1 - AB] 1 — AB|
From this condition, for
1£685 — g
2 Ism—l m(1-AB)| . JO-TADA-1BD )’
1- AB| 11— ABl
we obtain i
< —.
Thus we see that

Re(w®) = |w]® cos( arg(w)) 2 0.
Furthermore, we define that

1-AB
W, :={'w1:w1€W and &rg(wl)garg(l_lBlz)}’

W, = {w2:W2 €W and arg(w;) < arg (11:;43?2)}

Then, arg(w;) and arg(w,) can write to as follows:

. _, Im(1 ~ AB) _ 1= AP + |lw|?(1 - |B])
= l————_—- 1 = ’
arg(wn) =sin™ — g o8 2lun||l — AB|

L Im(-AB) ___ 1- AR+ |wlP(L~ |BP)

arg(ws) = sin - A_Fl cos 2fwe|L — AB|

Here, the following two things can be said about the minimum value of Re(w®) (w € W).

({) When Im(1 — AB) 2 0, for w; € Wj,

| (L-4B-l4-B|_  JE-TARG-IBF)
II'lDlln{Re(wf)} : (l 1-|BP l S | 1-|Bf )

is minimum value of Re(w®) (w € W).
Then, we obtain

. _,Im(1 - AB) _1 1= AP + lwy2(1 - |BP)
Re(w?) = |w, |® (6( 1 1 = .
(w}) = |wy|° cos { & | sin i AD| cos 2ws||L - AB|
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(1) When Im(1 — AB) < 0, for w, € W,
B - _
mxn{Re(wz)} (!1 lB!“llz ” < |wq] £ \/(1 |A'2) (1 |B|2))

- |B?

is minimum value of Re(w?) (w € W).
Then, we can write

-1 A =4B) i 1- AP+ |ws(1 ~ |B)
Re(uf) = fuslcos (5 (st L= AD) _ oo 1-
(w3) = |w,|° cos sin Ty cos o[l AB]
— AB . — | Al2 2(1 — IRI2
= [ws]* cos (a(sin—xk-e(l__gﬂ + cog=t L= AP+ [waf?(1 — |B| )))
|1 - AB| 2|ws|[1 — AB|

From the above-mentioned, for w € W, we see that
— AB ~ 1412 2(1 _ |RI2
my = n}”in{lwl‘s cos (J ( -1 M cos™} 1 'Al + || (L | B )))} :

|1 - 4B 2|w||1 — AB|
(Il —AB-JA-Bl| . VOI-TAP- wm)

sin

1- B 1-|BP

is minimum value of Re(w®) (w e W).

Thus, we obtain
Re(q(z)) >me 20 (2 €U).

Therefore, ¢ and 9 are analytic in a domain C containing ¢(U), with
Y(w)#0 (weq)cO).
The function Q(z) given by

a z A1
Q) = (et = A=A

is univalent and starlike in U, because

Re (zgég)) = (1 - 6B)Re (1 +1Az) + (1 +88)Re (1 +le) -

1-403 + 1+68 1= 1 — |Al|B] + 6B|A| — 68| B] > 0
1+]4]  1+1B| (1+|AD(1+|BY|)
Furthermore, we have

h(z) = #(a(2)) + Q(2)
= (1 +Az)‘ﬁ{1 _a+a(1+Az)5} + a(]s(A—B)Z(l +Az)5ﬁ-l,

1+ Bz 1+ Bz (1 + Bz)%+1

> (z € ).
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and
zh’(z)> Bl —a) (ZQ’(Z))
Re = + (1 +8)R +Re | ==
() = 252+ v mmetae +re (G5
B(l-a) 1-466 1+6,B._ >
> = +(1+ﬂ)m°+1+IAI+1+|BI 120 (z€l).

Since all conditions of Lemma 1.1 are satisfied, we conclude that

2f'(z) | (1+Az)°

76) < (1 T Bz) (2 € U).
This completes the proof of Theorem 2.1. ~ 0O

Remark 2.1 Letting § = 1 in Theorem 2.1, we obtain Lemma 1.2 proven by Kuroki,
Owa and Srivastava [1, Theorem 2].

Also, taking A, BER (-1 < B<AS1lor —1X A< B <1)in Theorem 2.1, we
get the following Corollary 2.1 and Corollary 2.2.

Corollary 2.1 Let the function f(z) € A be so chosen that

-‘t-(;l#o (2 € U).

Suppose also that the parameters
a (Q#O), B (—1§ﬂ§ 1)7 A, B (—1<B<A§1),
and

T

v(1-4%)(1-B?)

1-AB

=2
oy
A
S
HA

2cos—1

are so prescribed that
1 - |Al|B| +6p|A| - 68|B| 2 0,

and
B(1 - a) 1-68 1468
o TUHBmet g+ rE 20
where
S § _11—A2+|w|2(1—32))}. 1-4 . 1o [1-4
mo,—n}”m{lwl cos(écos 2fwl(1 = AB) : —"l_B=|w|= 1-B2)"
If

(z—f{%)ﬂ (1 _,_af;_";%l) <h(z) (z€U),
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where
s58—1 146 1-6 —
h(z)=(1+Az) {(l_a)1+Az+a(1+Az) (1+ B2)'° + ad(A - B)z ,
1+ Bz 1+ Bz (1 + Bz)?
then

2f'(2) (14 A2\°®
) < (1+Bz) (z € ).

Corollary 2.2 Let the function f(z) € A be so chosen that
z(;zl #0 (z€U).
Suppose also that the parameters
a(a#0), f(-1£851), AAB(-1SA<B<1),

and

T

Vv (1 — A%)(1 - B?)

-1
2cos T—AB

o
fu—
IIA
O
A

are so prescribed that
1 - |A||Bl +68|A| - 65|B| 2 0,

and
A - a) 1-68  1+4p
o TFAme+ T+ 1B

20,

where

L s 1A+ wPa-B)\] (1+4 1-42
mﬂ _%ln{lwl cos (Jcos 2|wl(1_AB) * 1+B = le g 1 _Bz *

If
i‘f,_(fl . zfll(z) .
( f(2) ) (1+a () ) < h(z) (z € U),
where
_(1+Az 581 14+ Az  a(l+ Az)"*¥(1 + Bz)'% + a6(A - B)z
h(Z)‘“(1+Bz) {(I—a)1+3z+ T , }
then .

f—;—;—g—;)—< (iigﬁ)a (z€U).
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Next, we derive our second main result contained in Theorem 2.2 below.

Theorem 2.2  Let the function f(z) € A be so chosen that
( 2) #0 (z€U).

Suppose also that real parameters o (a #0), 8 (-1 LB 1), and
_ 1Al
£ (0 § € ~_<= I_!_A_I_._.) ,

as well as the complex parameters A and B constrained by
|A|£1, |B|=1, A#B, and 1 - AB >0,
are so prescribed that
f-a)  (1+B){1-|AP=2(1-4B)} (1-p){i-c—|A-eB]}

a 21— &)(1 = AB) S(i-c+A-cB] 2
If |
2f'(2)\* zf"(2) , p
@ 7o) (i) <ra cev,
where 1 (A-eB)z " (A—eB)
—e+(A—eB)z — &+ (A—¢eB)z
"(")={ (1 -¢)(1 + B2) } {(l‘ @) (1-¢)(1+ Bz)
a{l —e+(A=¢B)z}* +a(l —€)(A- B)z
(1-¢)2(1 + B2)? ’
then

2f'(z) 1—e+(Ad—eB)z [ 15gi—c¢
f(z) = (1 —¢)(1 + Bz) (— J'f_e ) (2 € D).

Proof. Let us define the function p(2), ¢(z), ¢(2), and ¥(z) by

_ f’() ~e+(A-¢€B)z
P =522 40 = Ty

’ ¢(Z) = zﬂ(l —a+az), and Y(2)= azP!

for z € U. Then, clearly, the function g(z) is analytic and univalent in U.
Now, for ¢,(2) = -;—I—g—%, it is clear that ¢,(z) is univalent in U and ¢;(U) is the right

half plane satisfying \
A
Re(q:1(2)) > IAl_) 2 0.
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Thus we see that

Re(g(z)) = Re (41(2) - e) _ Re(q1(2)) —¢

1—¢ l1-¢
1—|A]?
4—15- —€ 1412 -
5 H1=B) _1-]AP -2 ) >0 (z € ).

1-¢  20-¢)(1-AB)
Also, the functions ¢ and 1 satisfy the conditions required by Lemma 1.1.
The function Q(z) given by

z - B-1
Q) = 24 (2 (a()) = A= 12 {le)ﬂ(eli (;z)ﬂff)z}

is univalent and starlike in U, because

Re (%'%’52) = (1-p)(1 —¢)Re (1 s (; - 6B)z) +(1+0)Re (1 +le) -

> (1= A1 - g + 51+ O -

_(-pf1-]4P -2 - A‘)}
2{1—e+|A—sB|} =

(2 € U).
Furthermore, we have
h(z) = ¢(g(2)) +Q(2)

=) +A-eB)\ [ (1-¢)+(A—eB)z
-’{ (1—-¢e)1+ Bz) }{1 ata (1-¢)(1+ Bz) }

a(A - B)z{(1 - ) + (A— eB)z}*™
(1 —€)8(1 + Bz)p+1 ’

" (1) 202511 0 (58)

ﬂ(l —a) | (L+A){1- AP — 21 - 4B)}
> + —
a 2(1 —¢)(1 — AB)
+(1-ﬂ){(1—-e) eB|}
2{(1 —¢) + |A - ¢Bl}
Similarly, the other conditions of Lemma 1.1 are also seen to be satisfied. Therefore, we
conclude that
z2f'(2) < l1-e+(A—-€B)z
f(2) (1-¢)(1+ Bz)
which completes the proof of Theorem 2.2. a

20 (zeU).

(2 €U),
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Remark 2.2 Setting ¢ = 0 in Theorem 2.2, we obtain Lemma 1.3 proven by Kuroki,
Owa and Srivastava [1, Theorem 1].

Also, making A, BER (B=-1;-1<A<1lor B=1;-15% A< 1)in Theorem
2.2, we find the following Corollary 2.3 and Corollary 2.4.

Corollary 2.3 Let the function f(z) € A be so chosen that
-f—(:—)- #0 (z € U).
Suppose also that the parameters

a(a#O), ﬂ(—léﬂgl)v A(—1<A§1),

and
e(Ogegé(l—-A))

are 3o prescribed that
(1 - a) N (1+8)(1-A4-2¢) (1-p8){1-c-|A+el}

a 2(1 - ¢) 2{l—e+|A+¢|} 20

If

(Zj'(z))ﬁ (1 +azf"(z)) < h(z) (2’ € U)

f(z) f'(z) ’
where
_fl—e+(A+e)2"! 1-e+(A+4e)z
o= {5 {e- ot e thets
Loft-e+a +e)2} +a(l —e)(A+1)z
(1-¢€)2(1-2)2 ’

then

2f(2) l=c+(A+e)z
f(2) (1-¢)(1-2)

Corollary 2.4 Let the function f(z) € A be so chosen that

(z € U).

_):(;z_) #0 (2 €U).
Suppose. also that the parameters
a(a#0), 6(-1£021), A(-1£4<1),

and )
6(0§e§ 5(1+A))
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are so prescribed that

/3(1—-a)+(1+,8)(1+A-—25)+(1-—,6){1—5-—|A-—s|}

@ 2(1-¢) 2{1—c+|A—¢|} 20.
If ;
(9 (140 D) a0 ev
where ] +(A—c¢) -1 1 (4~
- £ —€)z — e+ (A &)z
") = { T-e1+2) } {(1 - ) T
ol —c+ (A=)}’ +a(l - e)(4-1)s
* (1-€)*(1+2)? .
then zf'(é) l—e+(A—-¢)z ,
) TA-e+2) (z € U).
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