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Abstract
For $hnction\epsilon f(z)$ which belong to $\mathcal{T}(\alpha),$ $\mathcal{U}(\alpha)$ , and $CC_{\lambda}(\alpha;g(z))$ in the open unit disk

$U$, some intoeoeting sufficient conditions for coefflcient inequalities of $f(z)$ are disc ussed.

1 Introduction
Let $A$ denote the class of functions $f(z)$ of the form

(1.1) $f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{\mathfrak{n}}$

which are analytic in the open unit disk $\mathbb{U}=\{z\in \mathbb{C}:|z|<1\}$ .
Nrthermore, let $\mathcal{P}$ be the class of functions $p(z)$ of the form

(1.2) $p(z)=1+ \sum_{n=1}^{\infty}p_{n}z^{n}$

which are analytic in U.
If $f(z)\in A$ satisfies

(1.3) ${\rm Re}( \frac{zf’(z)}{f(z)})>0$ $(z\in U)$ ,

then $f(z)$ is said to be starlike in U.
We denote by $S^{*}$ all functions $f(z)$ which are starlike in U. Also, $\mathcal{K}$ is said to be the class of
convex functions $f(z)$ if $f(z)\in Asatis\Phi$

(1.4) ${\rm Re}(1+ \frac{zf^{u}(z)}{f^{l}(z)})>0$ $(z\in U)$ .

2000 Mathematics Subject Classiflcation: Primary $30C45$ .
Keywords and Phrases; Coefficient inequality, analytic function, univalent function,
spiral-like function, $clos\triangleright to$-convex function.

数理解析研究所講究録
第 1579巻 2008年 17-24 17



We begin with the definitions for the subclasses $\mathcal{T}(\alpha)$ $\mathcal{U}(\alpha)$ and $CC_{\lambda}(\alpha;g(z))$ of $A$ .
Definition 1.1 $A$ fimction $f(z)\in A$ belongs to $\mathcal{T}(\alpha)$ if and only if it satisfies

(1.5) ${\rm Re} \frac{f(z)}{z}>\alpha$ $(z\in \mathbb{U})$

for some $\alpha(0\leqq\alpha<1)$ .

Definition 1.2 A function $f(z)\in A$ is in the class $\mathcal{U}(\alpha)$ if and only if it satisfies

(1.6) R冶$f’(z)>\alpha$ $(z\in U)$

for some $\alpha(0\leqq\alpha<1)$ .

Deflnition 1.3 (see, for details, [2]) If $f(z)\in A$ satisfies

(1.7) ${\rm Re} e^{i\lambda}( \frac{zf’(z)}{g(z)}-\alpha)>0$ $(z\in \mathbb{U})$

for some $\alpha(0\leqq\alpha<1),$ $\lambda(-\frac{}{2}<\lambda<\frac{l}{2})$ and starlike fimction $g(z)=z+ \sum_{n=2}^{\infty}b_{n}z$“, then $f(z)$

$\dot{u}$ said to be $close- toarrow convex$ of order $\alpha$ with respect to a fixed starlike jfunction $g(z)$ , and let
$CC_{\lambda}(\alpha;g(z))$ denote the class offimctiom $f(z)sat\dot{u}\ovalbox{\tt\small REJECT} ng$ this condition.

Remark Replacing $g(z)$ by $f(z)$ in (1.7), we say that $f(z)$ is said to be $\lambda$-spiral of order $\alpha$ in
$\bm{U}$, and write $SP(\lambda,\alpha)$ defined by

$S\mathcal{P}(\lambda,\alpha)=\{f(z)\in A$ : ${\rm Re} e^{i\lambda}( \frac{zf’(z)}{f(z)}-\alpha)>0\}$ .

We need the $follow\dot{i}g$ lemmas to prove our results.
Lemma 1.1 (see, [1], [3]) $A$ fimction $p(z)\in \mathcal{P}$ satisfies ${\rm Re} p(z)>0(z\in U)$ if and only if

$p(z) \neq\frac{x-1}{x+1}$ $(z\in U)$

for all $|x|=1$ .
Lemma 1.2 A function $f(z)\in A$ is in $\mathcal{T}(\alpha)$ if and only if

(18) $1+ \sum_{n=2}^{\infty}A_{n}z^{n-1}\neq 0$

when
$A_{\mathfrak{n}}= \frac{x+1}{2(1-\alpha)}a_{n}$ $(n\geqq 2)$ .
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Prvof. Putting $p(z)= \frac{\angle_{l}zu_{-\alpha}}{1-\alpha}$ for $f(z)\in \mathcal{T}(\alpha)$ , we obtain that $p(z)\in \mathcal{P}$ , and ${\rm Re} p(z)>0$ .
Using Lemma 1.1, we have that

$\frac{\frac{f(z)}{z}-\alpha}{1-\alpha}\neq\frac{x-1}{x+1}$

(for all $|x|=1,$ $z\in U$).

Then, we need not consider Lemma 1.1 for $z=0$ , because it follows that

$p(0)=1\neq\frac{x-1}{x+1}$ .
This implies that

(19) $(x+1)f(z)+(1-2\alpha-x)z\neq 0$ .

It follows that (1.9) is equivalent to

$(x+1)(z+ \sum_{n=2}^{\infty}a_{n}z^{n})+(1-2\alpha-x)z\neq 0$

or

(110) $2(1- \alpha)z\{1+\sum_{n=2}^{\infty}\frac{x+1}{2(1-\alpha)}a_{n}z^{n-1}\}\neq 0$ .

Dividin$g$ the both sides of (1.10) by $2(1-\alpha)z(z\neq 0)$ , we know that

$1+ \sum_{n=2}^{\infty}\frac{x+1}{2(1-\alpha)}a_{n}z^{n-1}\neq 0$ .

This completes the proof of lemma. 口

$2$
阮

Coefflcient conditions for functions in the classes $\mathcal{T}(\alpha)$

and $CC_{\lambda}(\alpha;g(z))$

Our result for $f(z)$ to be in $\mathcal{T}(\alpha)$ is contained in
Theorem 2.1 If $f(z)\in Asat;_{S}fies$ the follotitng condition

$\sum_{n=2}^{\infty}|\sum_{k=1}^{n}\{\sum_{j=1}^{k}(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})a_{j}\}(\begin{array}{l}\gamma n-k\end{array})|\leqq 1-\alpha$

for some $\alpha(0\leqq\alpha<1),$ $\beta\in \mathbb{R}$ and $\gamma\in \mathbb{R}$, then $f(z)\in \mathcal{T}(\alpha)$ .
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Proof. Note that
$(1-z)^{\beta}\neq 0,$ $(1+z)^{\gamma}\neq 0(\beta, \gamma\in \mathbb{R};z\in \mathbb{U})$ .

Hence if the following inequality

(2.1) $(1+ \sum_{n=2}^{\infty}A_{n}z^{n-1})(1-z)^{\beta}(1+z)^{\gamma}\neq 0$

holds true, then we have

$1+ \sum_{n=2}^{\infty}A_{n}z^{n-1}\neq 0$,

which is the relation (1.8) of Lemma 1.2. We know that (2.1) is equivalent to

$1+ \sum_{n=2}^{\infty}[\sum_{k=1}^{n}\{\sum_{j=1}^{k}A_{j}(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})]z^{n-1}\neq 0$ .

Therefore, if $f(z)\in A$ satisfies

$\sum_{n=2}^{\infty}|\sum_{k=1}^{n}\{\sum_{j=1}^{k}A_{j}(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})|\leqq 1$ ,

that is, that

$\frac{1}{2(1-\alpha)}\sum_{n=2}^{\infty}|\sum_{\vdash-1}^{n}\{\sum_{j=1}^{k}(x+1)a_{j}(-1)^{karrow}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})|$

$\leqq$ $\frac{1}{2(1-\alpha)}\sum_{n=l}^{\infty}[|\sum_{k=1}^{n}\{\sum_{j--1}^{k}(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})a_{j}\}(\begin{array}{l}\gamma n-k\end{array})|$

$+|x|| \sum_{k=1}^{n}\{\sum_{j=1}^{k}(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})a_{j}\}(\begin{array}{l}\gamma n-k\end{array})|]$

$= \frac{1}{1-\alpha}\sum_{n=2}^{\infty}|\sum_{k=1}^{n}\{\sum_{j=1}^{k}(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})a_{j}\}(\begin{array}{l}\gamma n-k\end{array})|\leqq 1$ ,

then $f(z)\in \mathcal{T}(\alpha)$ . This completes the proof of Theorem 2.1. 口

Putting $\beta=\gamma=0$ in Theorem 2.1, we see the following corollary.
CoroUary 2.1 If $f(z)\in A$ satisfies

$\sum_{n=2}^{\infty}|a_{n}|\leqq 1-\alpha$

for some $\alpha(0\leqq\alpha<1)$ , then $f(z)\in \mathcal{T}(\alpha)$ .
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Next, we derive the coefficient condition for $f(z)$ to be in the class $\mathcal{U}(\alpha)$ .
Theorem 2.2 If $f(z)\in A$ satisfies the folloutng condition

$\sum_{n=2}^{\infty}|\sum_{k=1}^{n}\{\sum_{j=1}^{k}(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})ja_{j}\}(\begin{array}{l}\gamma n-k\end{array})|\leqq 1-\alpha$

for some $\alpha(0\leqq\alpha<1),$ $\beta\in \mathbb{R}$, and $\gamma\in \mathbb{R}$, then $f(z)\in \mathcal{U}(\alpha)$ .

Proof. Since $f(z)\in \mathcal{U}(\alpha)\Leftrightarrow zf’(z)\in \mathcal{T}(\alpha)$ and

$f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n},$ $zf’(z)=z+ \sum_{\mathfrak{n}=2}^{\infty}na_{n}z^{n}$ ,

replacin$ga_{j}$ of Theorem 2.1 with $ja_{j}$ , we prove the theorem. $\square$

ThlCing $\beta=\gamma=0$ in Theorem 2.2, we obtain
CoroUary 2.2 If $f(z)\in A$ satisfies

$\sum_{\mathfrak{n}=2}^{\infty}n|a_{n}|\leqq 1-\alpha$

for some $\alpha(0\leqq\alpha<1)$ , then $f(z)\in \mathcal{U}(\alpha)$ .
Lemma 2.1 $A$ fimction $f(z)\in A$ is in $CC_{\lambda}(\alpha;g(z))$ if and only if

(22) $1+ \sum_{n=2}^{\infty}B_{n}z^{n-1}\neq 0$

$whe\mathfrak{r}$

(2.3) $B_{n}=_{2(1-\alpha)e^{-i\lambda}\cos\lambda}^{na_{n}+(2(1-\alpha)e^{-:\lambda}cos\lambda-1)b_{n}+x(na_{n}-b_{n})}\ovalbox{\tt\small REJECT}$.

Proof. Letting $p(z)= \frac{e^{1\lambda}(r\lrcorner’rt^{*}l*-\alpha)-i(1-\alpha)\sin\lambda}{(1-\alpha)coe\lambda}$ , we see that $p(z)\in \mathcal{P}$ and ${\rm Re} p(z)>$

$0(z\in U)$ . It follows from Lemma 1.1 that

(2.4)
$\frac{e^{1\lambda}(\frac{zf’(z)}{g(z)}-\alpha)-i(1-\alpha)\sin\lambda}{(1-\alpha)\cos\lambda}\neq\frac{x-1}{x+1}$

(for all $|x|=1,$ $z\in u$).

Then, we need not consider Lemma 1.1 for $z=0$ , because it follows that

$p(0)=1 \neq\frac{x-1}{x+1}$ .
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Since (2.4) implies that

$(x+1)$ { $e^{:\lambda}(zf’(z)-\alpha g(z))-i(1-\alpha)g(z)$ sin $\lambda$ } $\neq(x-1)(1-\alpha)g(z)$ cos $\lambda$ ,

we obtain that

(2.5) $(x+1)e^{i\lambda}zf’(z)-\alpha e^{i\lambda}g(z)-x\alpha e^{1\lambda}g(z)-i(1-\alpha)g(z)_{8}in\lambda-ix(1-\alpha)g(z)$sin $\lambda$

$\neq x(1-\alpha)g(z)$ cos $\lambda-(1-\alpha)g(z)$ cos $\lambda$ .
The relation (2.5) is equivalent to

$(x+1)e^{i\lambda}zf’(z)-\alpha e^{i\lambda}g(z)-x\alpha e^{:\lambda}g(z)-x(1-\alpha)e^{i\lambda}g(z)+(1-\alpha)e^{-i\lambda}g(z)\neq 0$

that is,
$(1+x)e^{i\lambda}zf’(z)+$ ( $e^{-:\lambda}-xe^{i\lambda}-2\alpha$ cos $\lambda$)$g(z)\neq 0$ .

Note that the above relation can be weitten with

$(x+1)e^{:\lambda}(z+ \sum_{n=2}^{\infty}na_{n}z^{n})+(e^{-i\lambda}-xe^{j\lambda}-2\alpha\cos\lambda)$ .
$z+ \sum_{n=2}^{\infty}b_{n}z^{n})\neq 0$

or

(2.6) $2(1-\alpha)$ cos $\lambda z\{1+\sum_{n=2}^{\infty}\frac{n(x+1)a_{n}+(e^{-2i\lambda}-x-2\alpha e^{-1\lambda}\cos\lambda)b_{n}}{2(1-\alpha)e^{-:\lambda}\cos\lambda}z^{n-1}\}\neq 0$ .

Dividing the both sides of (2.6) by $2(1-\alpha)$ cos $\lambda z(z\neq 0)$ and noting

(2.7) $e^{-2:\lambda}=-1+2e^{-i\lambda}\cos\lambda$ ,

we know that

$1+ \sum_{n=2}^{\infty}\ovalbox{\tt\small REJECT}$ .

This completes the proof of the lemma. 口

Applying Lemma 2.1, we obtain
Theorem 2.3 If $f(z)\in A$ satisfies the following condition

$\sum_{n=2}^{\infty}[|\sum_{k=1}^{n}\{(ja+((1-\alpha)e^{-2i\lambda}-\alpha)b_{j})(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})|$

$+| \sum_{k=1}^{n}\{\sum_{j=1}^{k}(ja_{j}-b_{j})(-1)^{karrow}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})|]\leqq 2(1-\alpha)$cos $\lambda$

for some $\alpha(0\leqq\alpha<1),$ $\lambda(-\frac{\pi}{2}<\lambda<\frac{l}{2}),$ $\beta\in \mathbb{R},$ $\gamma\in \mathbb{R}$ and $g(z)=z+ \sum_{n=2}^{\infty}b_{n}z^{n}\in S^{*}$ , then

$f(z)\in CC_{\lambda}(\alpha;g(z))$ .
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Proof Applying the same method of the proof in Theorem 2.1, we know that $f(z)$ belongs
to $CC_{\lambda}(\alpha;g(z))$ if $f(z)\in A$ satisfies

$1+ \sum_{n=2}^{\infty}[\sum_{k=1}^{n}t_{j=1}\sum^{k}B_{j}(-1)^{k-j_{C_{k-j}}}I^{d_{n-k}}]\neq 0$

where $c_{n}=(\begin{array}{l}\beta n\end{array}),$ $d_{n}=(\begin{array}{l}\gamma n\end{array})$ and $B_{j}$ is defined by (2.3).

Now, we consider that

$\sum_{n=2}^{\infty}|\sum_{k\fallingdotseq 1}^{n}\{\sum_{j=1}^{k}B_{j}(-1)^{k-j}c_{k-j}\}d_{n-k}|$

$= \sum_{n=2}^{\infty}|\sum_{k=1}^{n}\{\sum_{j=1}^{k}\frac{ja_{j}+(2(1-\alpha)e^{-:\lambda}\cos\lambda-1)b_{j}+x(ja_{j}-b_{j})}{2(1-\alpha)e^{-:\lambda}\cos\lambda}(-1)^{k-j_{C_{k-j}}}\}d_{n-k}|$

$\leqq$ $\frac{1}{2(1-\alpha)\cos\lambda}\sum_{n=2}^{\infty}[|\sum_{k=1}^{n}\{\sum_{j=1}^{k}$($ja_{j}+$ ($2(1-\alpha)e^{-1\lambda}$ cos $\lambda-1$ ) $b_{j}$ ) $(-1)^{k-j_{C_{k-j}}}\}d_{n-k}|$

$+|x|| \sum_{-}^{n}t_{j=1}\sum^{k}(ja_{j}-b_{j})(-1)^{k-j}c_{k-j}\}d_{n-k1]}$

$\leqq$ $1$ .

This implies that if $f(z)\in A$ satisfies

$\sum_{n=2}^{\infty}[|\sum_{k=1}^{n}\{\sum_{j=1}^{k}$ ($ja_{j}+$ ( $2(1-\alpha)e^{-1\lambda}$ cos $\lambda-1$) $b_{j}$) $(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})|$

$+| \sum_{k=1}^{n}\{\sum_{j=1}^{k}(ja_{j}-b_{j})(-1)^{karrow}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})|]\leqq 2(1-\alpha)$ coe $\lambda$ ,

then $f(z)\in CC_{\lambda}(\alpha;g(z))$ . This completes the proof of Theorem 2.3. $\square$

Considering $g(z)=f(z)$ in Theorem 2.3 and noting (2.7), we have the following corolary.
CoroUry 2.3 (see, [1], Thorem 3) If $f(z)\in A$ satisfies the folloutng inequality

$\sum_{n=2}^{\infty}[|\succ\sum_{-1}^{n}\{\sum_{j=1}^{k}(j-\alpha+(1-\alpha)e^{-2i\lambda})(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})a_{j}\}(\begin{array}{l}\gamma n-k\end{array})|$

$+| \sum_{k=1}^{\mathfrak{n}}\{\sum_{j=1}^{k}(j-1)(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})a_{j}\}(\begin{array}{l}\gamma n-k\end{array})|]\leqq 2(1-\alpha)$ cos $\lambda$
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for some $\alpha(0\leqq\alpha<1),$ $\lambda(-\frac{\pi}{2}<\lambda<\frac{\pi}{2}),$ $\beta\in \mathbb{R}$ and $\gamma\in \mathbb{R}$, then $f(z)\in S\mathcal{P}(\lambda, \alpha)$ .

Furthermore, setting $\lambda=0$ in Theorem 2.3, we obtain the following condition for $CC_{0}(\alpha;g(z))$ .
CoroUary 2.4 If $f(z)\in A$ satisfies the follouring condition

$\sum_{n=2}^{\infty}[|\sum_{\succ-1}^{n}\{\sum_{j=1}^{k}(ja_{j}+(1-2\alpha)b_{j})(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})|$

$+| \sum_{k=1}^{\mathfrak{n}}\{\sum_{j=1}^{k}(ja_{j}-b_{j})(-1)^{k-j}(\begin{array}{l}\beta k-j\end{array})\}(\begin{array}{l}\gamma n-k\end{array})|]\leqq 2(1-\alpha)$

for some $\alpha(0\leqq\alpha<1),$ $\beta\in \mathbb{R},$ $\gamma\in \mathbb{R}$ and $g(z)=z+ \sum_{n=2}^{\infty}b_{n}z^{n}\in S^{*}$ , then $f(z)\in CC_{0}(\alpha;g(z))$ .
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