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1. Introduction

Let $\mathcal{H}=\mathcal{H}(U)$ denote the class of aatalytic functions in the open unit disk

$U=\{z\in \mathbb{C}:|z|<1\}$ .
For a positive integer $n$ and $a\in \mathbb{C}$ , let

$\mathcal{H}[a, n]=\{f\in \mathcal{H} : f(z)=a+a_{n}z^{n}+a_{n+1}z^{r*1}+\cdots\}$ .
Let $f$ and $F$ be members of $\mathcal{H}$. The function $f$ is said to be subordinate to $F$, or

$F$ is said to be superordinate to $f$ , if there exists a function $w$ analytic in $U$, with
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$w(0)=0$ $\bm{t}d$ $|w(z)|<1$ $(z\in \mathbb{U})$ ,

such that

$f(z)=F(w(z))$ $(z\in \mathbb{U})$ .

In such a case, we write

$f\prec F$ $(z\in U)$ or $f(z)\prec F(z)$ $(z\in U)$ .
If the function $F$ is univalent in $\mathbb{U}$ , then we have (cf. [10,17])

$\int\prec F$ $(z\in \mathbb{U})$ $\Leftrightarrow$ $\int(0)=F(0)$ and $\int(\mathbb{U})\subset F(\mathbb{U})$ .

Deflnition 1.1 (Miller and Mocanu [10]). Let $\phi:\mathbb{C}^{2}arrow \mathbb{C}$ and let $h$ be univalent
in U. If $p$ is analytic in $\mathbb{U}$ md satisfies the differential subordination:

$\phi(p(z), zp’(z))\prec h(z)$ , (1:1)

then $pi\iota$ callcd a solution of thc diffcrcntial subordination. Thc umivalcnt function $q$

is called a dominant of the solutions of the ifferentid subordination, or more Simply
a $dom\dot{i}$ant if $p\prec q$ kr all $p$ satisfying (1.1). A dominant $\tilde{q}$ that $sati_{b’}fi\alpha\tilde{q}\prec q$ for all
dominants $q$ of (1.1) is said to be the best domitant.

Recently, Miller and Mocanu [11] introduced the foUowing diffioenhal superordi-
nations, as the dual concept of differential subordinations.

Deflnition 1.2 (MiMer and Mocanu [11]). Let $\varphi$ : $\mathbb{C}^{2}arrow \mathbb{C}$ and let $h$ be analytic
in U. If $p$ and $\varphi(p(z), zp’(z))$ are univalent in $\mathbb{U}$ and satisfy the differential superordi-
nation:

$h(z)\prec\varphi(p(z), zp’(z))$ , (1.2)

then $p$ is called a solution of the differential superordination. An analytic fUnction $q$ is
cdled a subordinant.of the solutions of the differential superordination, or more simply
a $subord_{\dot{i}}$ant if $q\prec p$ for all $p$ satisfying (1.2). A univalent subordinant $\tilde{q}$ that satisfies
$q\prec\tilde{q}$ for all subordinants $q$ of (1.2) is said to be the best subordinant.

Definition 1.3 [11]. We denote by $Q$ the class of functions $f$ that are analytic
and injective on $\varpi\backslash E(f)$ , where

$F_{\text{ノ}}(f)= \{\zeta\in\partial \mathbb{U}:\lim_{zarrow\zeta}(z)=\infty\}$ , (1.3)

and are such that
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$\int’(\zeta)\neq 0$ $(\zeta\in\partial \mathbb{U}\backslash E(f))$ .

Let $A_{p}$ denote the class of functions of the form

$f(z)=l+ \sum_{\mathfrak{n}\approx 1}^{\infty}a_{n+p}z^{n\dashv\varphi}(p\in N=\{1,2, \cdots\})$ (1.4)

which are analytic and $p\cdot valent$ in the open unit disk $U=\{z\in C : |z|<1\}$ . Let
$S_{p}(A, B)$ be the subclass of $\mathcal{A}_{p}satis\theta ing$ the condition

$\frac{z\int^{j}(z)}{f(z)}\prec p\frac{1+Az}{1+Bz}$ $(ff^{+1}(0)\neq 0;-1\leq B<A\leq 1;z\in \mathbb{U})$ .
We note that $S_{p}^{*}(1, -1)\equiv S_{p}^{\cdot}$ is the class of all functions which are p.valent starlike in
$\mathbb{U}$.

For a fUnction $f\in A_{p}$ , we introduce the following integal operator $J_{\alpha_{:}\beta}$ defined by

$I_{\alpha,\beta}(f)(z):=( \frac{p\alpha+\beta}{z^{\beta}}\int_{0}^{z}t^{\beta-1}f^{\alpha}(t)\ )^{1/\alpha}$ (1.5)

$(f\in A_{p};\alpha\in \mathbb{C}\backslash \{0\};\beta\in \mathbb{C};R\epsilon\{\mu+\beta\}>0)$ .
The $two-\iota$)$\pi meter$ integral operator defined by (1.5) have been extensively studied by
many authors [1-3,5-6,9,12,14] with $8uitable$ restriction on the parameters $\alpha$ and $\beta$ , and
for $f$ belonging to some favoured classes of analytic functions. In particular, Kumar
and Shukla [5] showed that the integral operator $I_{\alpha,\beta}(f)$ belongs to the class $S_{p}^{*}(A, B)$

for $\alpha>0$ and $\beta\geq-p\alpha(1-A)/(1-B)$ , whenever $f$ belongs to the class $S_{p}(A,B)$ ,
which include the results earlier by Bernardi [1] and Libera [6].

Making use of the pin$\dot{\alpha}ple$ of subordination between analytic functions, Miller
et al. [13] obtained some subordination theorems involving certain integral operators
kr analytic functions in $\mathbb{U}$ (see, also [2,15]). $M_{\wedge}$foreover, Bulboacti [3] investigated the
supererdination-preserving properties of the integd operator deined by (1.5) with
some conditions on the parameters $p,$ $\alpha$ and $\beta$ . In the present paper, we obtain the
subordination- and superordination-preserving properties of the integral operator $I_{\alpha,\beta}$

defined by (1.5) with the sandwiCh-type theorems. We also consider some interesting
applications of our main results to the Gauss hypergeometric function.

The $follow\dot{i}g$ lemmas will be required in our present invaetigation.

Lemrma 1.1 (Miller and Mocanu [7]), Suppose that the $fi_{l}ndionH$ : $\mathbb{C}^{2}arrow C$

satkisfies the following conditioza

$R\epsilon\{H(is,t)\}\leq 0$
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for all real $s$ and $t\leq-n(1+s^{2})/2$ , where $n$ is a positive integer. If the jfunction

$p(z)=1+p_{n}z^{n}+\cdots$

is analyt\’ic in $\mathbb{U}$ and

${\rm Re}\{H(p(z), zd(z))\}>0$ $(z\in U)$ ,

then

${\rm Re}\{p(z)\}>0$ $(z\in \mathbb{U})$ .

Lemma 1.2 (Miller and Mocanu [8]). Let $\alpha,$ $\beta\in \mathbb{C}$ Utth $\alpha\neq 0$ and let $h\in \mathcal{H}(U)$

u\hslash .法 $h(0)=c$. If

${\rm Re}\{\alpha h(z)+\beta\}>0$ $(z\in \mathbb{U})$ ,

then the solution of the differentiat equation:

$q(z)+ \frac{zq’(z)}{\alpha q(z)+\beta}=h(z)$ $(z\in \mathbb{U};q(0)=c)$

$\dot{u}$ analytic in $U$ and satisfies the ineguality given by

${\rm Re}\{\alpha q(z)+\beta\}>0$ $(z\in \mathbb{U})$ .

Lemma 1.3 (Miller and Mocanu [10]). Let $p\in Q$ utth $p(O)=a$ and let

$q(z)=a+a_{\mathfrak{n}}z^{n}+\cdots$

be analytic in $\mathbb{U}$ with $q(z)\not\equiv a$ and a positive integer $n$ . If $q$ is not subordinate to $p_{l}$

$\theta\iota en$ there nist points

$\alpha=r_{0}e^{:a}\in \mathbb{U}$ and $\zeta_{0}\in\partial U\backslash E(f)$ ,

for $whi\phi$

$q(U_{r_{O}})\subset\rho(\mathbb{U}),$ $q(*)=p(\zeta_{0})$ and $z_{0}q’(z_{0})=m\zeta_{0}p’((0)$ $(m\geq n)$ .

A function $L(z,t)$ defined on $\mathbb{U}x[0, \infty$) is the subordination chain (or L\"owner
chain) if $L(\cdot, t)$ is analytic and univalent in $\mathbb{U}$ for all $t\in[0, \infty$), $L(z, \cdot)$ is continuously
iffirentiable on $[0,\infty$) for all $z\in U$ and $L(z, s)\prec L(z, t)$ for $z\in U$ and $0\leq s<l$ .
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Lemma 1.4 (Miller and Mocanu [11]). Let $q\in \mathcal{H}[a, 1]$ and $\varphi:\mathbb{C}^{2}arrow \mathbb{C}$ . Atso set

$\varphi(q(z),zq’(z))\equiv h(z)$ $(z\in \mathbb{U})$ .

If

$L(z,t)=\varphi(q(z), tzq’(z))$

is a $subod_{\dot{f}}natim$ chain and $p\in \mathcal{H}[a, 1]\cap Q$ , then

$h(z)\prec\varphi(p(z), zp’(z))$ $(z\in \mathbb{U})$

implies that

$q(z)\prec p(z)$ $(z\in \mathbb{U})$ .
$R\iota\ovalbox{\tt\small REJECT} emore,$ if

$\ell’(q(z), zq’(z))=h(z)$

has a univalent solution $q\in Q$, then $q$ is the best subordinant.

Lemma 1.5 (Pommerenke [16]). The junction

$L(z,t)=a_{1}(t)z+\cdots$

with $a_{1}(t)\neq 0$ and $\lim_{tarrow\infty}|a_{1}(t)|=\infty\dot{u}$ a subordinatio$n$ chain if and only if

恥 $\{\frac{\underline{\theta}L\partial z\perp z_{L}t\perp}{\frac{\partial L(z,l)}{\delta t}}\}>0$ $(z\in \mathbb{U};0\leq t<\infty)$ .

2. Main Results

Subordination theorem involving the integral operator $I_{\alpha,\beta}$ defined by (1.5) is con-
tained in $Th\infty rem2.1$ below.

$Th\infty oem2.1$ . Let $\int,g\in S_{p}^{*}(A, B)$ . Suppose that

${\rm Re} \{1+\frac{z\phi’’(z)}{\phi(z)}\}>-\delta$ (2.1)

$(z\in \mathbb{U};\phi(z)$ $:=( \frac{g(z)}{z^{p}})^{\alpha})$

鋤ゐ$e t$
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$\delta=\frac{1+|p\alpha+\beta|^{2}-|1-(p\alpha+\beta)^{2}|}{4{\rm Re}\{\mu+\beta\}}$ $( \alpha>0;\beta>-\frac{p\alpha(1-A)}{1-B})$ . (2.2)

Then the subordination;

$( \frac{f(z)}{p})^{\alpha}\prec(\frac{g(z)}{z^{p}})^{\alpha}$ $(z\in \mathbb{U})$ , (2.3)

implies &t

$( \frac{I_{\alpha_{:}\beta}(f)(\approx)}{z^{p}})^{\alpha}\prec(\frac{I_{\alpha,\beta}(g)(z)}{z^{p}})^{\alpha}$ $(z\in \mathbb{U})$ , (2.4)

where $I_{\alpha,\beta}$ is the integral operator defined by (1.5). Moreover, the hnction

$( \frac{I_{\alpha,\beta}(g)(z)}{p})^{\alpha}$

$\dot{u}$ the best dominant.

$mf$. Let us define the functions $F$ and $G$ by

$F(z):=( \frac{I_{\alpha_{1}\beta}(f)(z)}{z^{p}})^{\alpha}$ and $G(z):=( \frac{I_{\alpha,\beta}(g)(z)}{z^{p}})^{\alpha}$ (2.5)

respectively. Without loss of generality, we can assume that $G$ is talytic and univalent
on $\overline{U}$ and that

$G’(\zeta)\neq 0$ $(|\zeta|=1)$ .
Otherwise, we replace $F$ and $G$ by

$F_{r}(z)=F(rz)$ and $G_{r}(z)=G(rz)$ $(0<r<1)$ ,
respectively. Then these functions satisfy the conditions of the $th\infty rem$ on U. We can
prove that

$F_{r}(z)\prec G_{r}(z)$ ,

which enables us to obtain (2.4) on letting $rarrow 1$ .
We first show that, if the function $q$ is defined by

$q(z):=1+ \frac{zG’’(z)}{G(z)}$ $(z\in U)$ , (2.6)

theロ

${\rm Re}\{q(z)\}>0$ $(z\in \mathbb{U})$ .
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From the definition of (1.5), we obtain

$\alpha\frac{z(I_{\alpha,\beta}(g)(z))’}{I_{\alpha,\beta}(g)(z)}=-\beta+(p\alpha+\beta)\frac{\phi(z)}{G(z)}$ . (2.7)

We dso have

$\alpha\frac{z(I_{a_{l}\beta}(g)(z))’}{I_{\alpha,\beta}(g)(z)}=p\alpha+\frac{zG’(z)}{G(z)}$ . (2.8)

By a simple calculation in conjuction with (2.7) and (2.8), we obtain the foUowing
relationship:

$1+ \frac{z\phi’’(z)}{\psi(z)}=1+\frac{zG’’(z)}{G(z)}+\frac{zq’(z)}{q(z)+p\alpha+\beta}$

(2.9)
$=q(z)+ \frac{zq’(z)}{q(z)+p\alpha+\beta}\equiv h(z)$ .

We also see from (2.1) that

${\rm Re}\{h(z)+p\alpha+\beta\}>0(z\in U)$ ,

and by using Lemma 1.2, we conclude that the differential equation (2.9) has a ffiution
$q\in \mathcal{H}(U)$ with

$q(0)=h(0)=1$ .

Let us put

$H(u,v)=u+ \frac{v}{u+p\alpha+\beta}+\delta$, (2.10)

where $\delta$ is given by (2.2). Ftom (2.1), (2.9) and (2.10), we obtain

${\rm Re}\{H(q(z), zq’(z))\}>0$ $(z\in \mathbb{U})$ .

Now we proceed to show that

$R\epsilon\{H(is, l)\}\leq 0$ (2.11)

br all real $s$ and $t\leq-(1+s^{2})/2$ . Indeed, from (2.10), we have
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$R\epsilon\{H(is, t)\}=\Re\{is+\frac{l}{is+p\alpha+\beta}+\delta\}$

$= \frac{t{\rm Re}\{p\alpha+\beta\}}{|p\alpha+\beta+is|^{2}}+\delta$ (2.12)

$E_{\delta}(s)$

$\leq-\overline{2|p\alpha+\beta+is|^{2}}$

where

$F,(s):=({\rm Re}\{p\alpha+\beta\}-2\delta)s^{2}-4\delta{\rm Im}\{\mu+\beta\}s$

$-2\delta|p\alpha+\beta|^{2}+{\rm Re}\{\mu+\beta\}$ . (213)

For $\delta$ given by (2.2), the coefficient of $s^{2}$ in the quadratic expression $E_{\delta}(s)$ given by
(2.13) is positive or equal to zero. $Mor\infty ver$ , the quadratic expression $E_{\delta}(s)$ by $s$ in
(2.13) is a perfect square. Hence from (2.12), we obtain the inequality given by (2.11).
Thus, by using Lemma 1.1, we conclude that

$Re\{q(z)\}>0$ $(z\in \mathbb{U})$ ,

that $is$, that $G$ defined by (2.5) is convex in U.
Next, we prove that the subordination condition (2.3) implies that

$F(z)\prec G(z)$ $(z\in \mathbb{U})$ (2.14)

for the functions $F$ and $G$ defined by (2.5). For this $p\iota rrpose$, we consider the function
$h(z, t)$ given by

$L(z, t):=G(z)+ \frac{1+t}{p\alpha+\beta}zG’(z)(z\in \mathbb{U};0\leq t<\infty)$ .

We note that

$\frac{\partial L(z,l)}{\partial z}|_{z=0}=\sigma(0)(1+\frac{1+l}{p\alpha+\beta})\neq 0(0\leq t<\infty;{\rm Re}\{p\alpha+\beta\}>0)$ .

This shows that the function

$L(z,t)=a_{1}(t)z+\cdots$

satiffioe the condition $a_{1}(t)\neq 0$ for all $t\in[0, \infty$). Furthermore, we have
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${\rm Re} \{\frac{z\partial L(z,t)/\partial z}{\partial L(z,t)/\partial t}\}=Re\{p\alpha+\beta+(1+t)(1+\frac{zG’’(z)}{G(z)})\}>0$,

$8inceG$ is convex and ${\rm Re}\{p\alpha+\beta\}>0$. Therefore, by virtue of Lemma 1.5, $T,(z,t)$ is
a subordinat,ion $(^{\backslash ha\dot{i}},$. We observe from the definition of a subordination chain that

$\phi(z)=G(z)+\frac{1}{p\alpha+\beta}zG’(z)=L(z, 0)$

and

$L(z,0)\prec L(z, t)$ $(z\in \mathbb{U};0\leq t<\infty)$ .
This implies that

$L(\zeta, t)\not\in L(\mathbb{U},O)=\phi(U)$ $(\zeta\in\partial \mathbb{U};0\leq t<\infty)$ .
Now suppose that $F$ is not subordinate to $G$, then by Lemma 1.3, there exist points

$a\in v$ and $\zeta_{0}\in\partial \mathbb{U}$ such that

$F(\infty)=G(\zeta_{0})$ td $*F(ae)=(1+t)\zeta_{0}G’(\zeta_{0})(0\leq t<\infty)$ .

Hence we have

$L( \zeta_{0}, t)=G(\zeta_{0})+\frac{1+l}{p\alpha+\beta}(oG’(\zeta_{0})$

$=F( \infty)+\frac{1}{p\alpha+\beta}\infty F’(z_{0})$

$=( \frac{f(z_{0})}{*})$

僅

$\in\phi(U)$ ,

by virtue of the subordination condition (2.3). This contradicts the above observation
that $L((i,t)\not\in\phi(\mathbb{U})$ . Therefore, the subordination condition (2.3) must imply the
subordination given by (2.14). Considering $F(z)=G(z)$ , we see thaat the function $G$

is the best dominant. This evidently completes the proof of Theorem 2.1.

ltemark 2.1. We note that $\delta$ given by (2.2) in $Th\infty oem2.1$ satiShes the inequality
$0<\delta\leq 1/2$ .

We next prove a dual problem of $Th\infty rem2.1$ , in the sense that the subordinations
are replaced by superordinations.

Theorem 2.2. Let $f,$ $g\in S_{p}^{*}(A, B)$ . Suppose that
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${\rm Re} \{1+\frac{z\phi’’(z)}{\phi(z)}\}>-\delta$

$(z\in U;\phi(z)$ $:=( \frac{g(z)}{z^{p}})^{\alpha})$ ,

where $\delta\dot{u}$ given by (2.2), and the function $( \int(z)/z^{p})^{u}\dot{u}$ univalent in $U$ and

$( \frac{t_{\alpha,\beta}(f)(z)}{z^{p}})^{\alpha}\in Q$ ,

where $I_{\alpha,\beta}$ is the integrai operator defined by (1.5). Then the superoldinatio$n$:

$( \frac{g(z)}{z^{p}})^{\alpha}\prec(\frac{f(z)}{z^{p}})^{\alpha}$ $(z\in \mathbb{U})$ (2.15)

implies that

$( \frac{I_{\alpha J}(g)(z)}{z^{p}})^{\alpha}\prec(\frac{I_{\alpha,\beta}(\int)(z)}{z^{p}})^{a}$ $(z\in U)$ .

Moreover, the fundion

$( \frac{I_{\alpha_{l}\beta}(g)(z)}{z^{p}})^{\alpha}$

$\dot{u}$ the best subordinant.

Proof The first part of the $pr\infty f$ is similar to that of $Th\infty rem2.1$ and so we
will use the same notation as in the proof of Theorem 2.1.

Now let us define the functions $F$ and $G$, respectively, by (2.5). We first note that
from (2.7) and (2.8), we have

$\phi(z)=G(z)+\frac{1}{p\alpha+\beta}zG’(z)$

(2.16)
$=:\varphi(G(z), zC_{l}^{V}(z))$ .

After a simple calculation, the equation (2.16) yields the relationship:

$1+ \frac{z\phi’’(z)}{\psi(z)}=q(z)+\frac{zq’(z)}{q(z)+p\alpha+\beta}$ .

where the function $q$ is dedned by (2.6). Then by uStng the same method as in the
proof of $Th\infty oem2.1$ , we can prove that

$Re\{q(z)\}>0$ $(z\in \mathbb{U})$ ,
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that is, that $G$ defined by (2.5) is convex(univalent) in U.
Next, we prove that the superordinatim condition (2.16) implies that

$G(z)\prec F(z)$ $(z\in \mathbb{U})$ (2.17)
for the functions $F$ and $G$ dcfincd by (2.5). Now considcr thc function $L(z,t)$ dcfincd
by

$L(z, t):=G(z)+ \frac{l}{p\alpha+\beta}zG’(z)(z\in U;0\leq t.<\infty)$ .

Since $G$ is convex and ${\rm Re}\{p\alpha+\beta\}>0$ , we can prove easily that $L(z, t)$ is a subor-
dination chain as in the proof of $Th\infty rem2.1$ . Therefore $accord_{\dot{i}}g$ to Lmma 1.4,
we conclude that the superordination condition (2.15) must imply the superordination
gven by (2.17). Furthemore, since the differential equation (2.16) has the univalent so-
lution $G$, it is the best subordinant of the given ifferentid superordination. Therefore
we complete the $pr\infty f$ of $Th\infty rem2.2$ .

Ifwe combine $Th\infty rem2.1$ and $Th\infty rem2.2$, then we obtain the following sandwich-
type $th\infty rem$ .

$Th\infty rem2.3$. Let $f,g_{k}\in S_{p}(A, B)(k=1,2)$ . Suppose that

${\rm Re} \{1+\frac{z\phi_{k}’’(z)}{\phi_{k}(z)}\}>-\delta$ (2.18)

$(z\in \mathbb{U};\phi_{k}(z)$ $:=( \frac{\Re(z)}{z^{p}})^{\alpha}$ : $k=1,2)$ ,

where $\delta$ is given by (2.2), and the function $(f(z)/z^{p})^{\alpha}$ is univalent in $U$ and

$( \frac{I_{\alpha,\beta}(\int)(z)}{z^{p}})^{\alpha}\in Q$ ,

where $I_{\alpha,\beta}$ is the integral operator defined by (1.5). Then the subordination $nlaho|\iota$.

$( \frac{g_{1}(z)}{z^{p}})^{\alpha}\prec(\frac{f(z)}{z^{p}})^{\alpha}\prec(\frac{\ovalbox{\tt\small REJECT}(z)}{z^{p}})^{\alpha}$ $(z\in \mathbb{U})$

implies that

$( \frac{I_{\alpha,\beta}(g_{1})(z)}{p})^{\alpha}\prec(\frac{l_{\alpha,\beta}(\int)(z)}{l})^{\alpha}\prec(\frac{I_{\alpha)\beta}(\alpha)(z)}{z^{p}})^{\alpha}$ $(z\in U)$ .

Moreover, the functions

$( \frac{I_{a,\beta}(g_{1})(z)}{\theta})^{\alpha}$ and $( \frac{I_{\alpha_{:}\beta}(\ovalbox{\tt\small REJECT})(z)}{z^{p}})^{\alpha}$
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are the best subordinant and the best dominant, respectively.

The assumption of Theorem 2.3, that the functions

$( \frac{f(z)}{\ovalbox{\tt\small REJECT}})^{\alpha}$ and $( \frac{I_{\alpha,\beta}(f)(z)}{z^{p}})^{a}$

need to be univalent in $\mathbb{U}$, may be replaced by another condition in the following result.
Corollary 2.1. Let $\int,g_{k}\in S_{p}^{u}(A, B)(k=1,2)$ . Suppose that the mdinn (2.18)

is satisfied and

$R\epsilon\{1+\frac{z\psi’’(z)}{\psi(z)}\}>-\delta$ (2.19)

$(z\in \mathbb{U};\psi(z)$ $:=( \frac{\int(z)}{z^{p}})^{\alpha}$ ; $\frac{f(z)}{\ovalbox{\tt\small REJECT}}\in Q)$ ,

where $\delta\dot{u}\dot{g}ven$ by (2.2). Then the subordination relation:

$( \frac{g_{1}(z)}{z^{p}})^{\alpha}\prec(\frac{\int(z)}{z^{p}})^{\alpha}\prec(\frac{\alpha(z)}{z^{p}})^{\alpha}$ $(z\in \mathbb{U})$ ,

implies that

$( \frac{I_{\alpha,\beta}(g_{1})(z)}{z^{p}})^{\alpha}\prec(\frac{I_{\alpha,\beta}(\int)(z)}{z^{p}})^{\alpha}\prec(\frac{I_{\alpha,\beta}(\Re)(z)}{z^{p}})^{\alpha}$ $(z\in U)$ ,

uhere $T_{\alpha,\beta}$ is the integral operator defined by (1.5). $Mooeover_{f}$ the functions

$( \frac{I_{a,\beta}(g_{1})(z)}{z^{p}})^{\alpha}$ $\bm{t}d$ $( \frac{I_{\alpha_{:}\beta}(\Re)(z)}{z^{p}})^{\alpha}$

are the best subordinant and the $be8t$ dominant, respectively.

Proof. In order to prove Corollary 2.1, we have to show that the condition (2.19)
implies the univalence of $\psi(z)$ and

$F(z)$ $:=( \frac{I_{\alpha,\beta}(f)(z)}{z^{p}})^{\alpha}$ .

Since $0<\delta\leq 1/2$ from Remark 2.1, the condition (2.20) means that $\psi$ is a close-to-
convex function in $\mathbb{U}$ (see [4]) and hence $\psi$ is univalent in U. Furthermore, by usig the
same tecnniques as in the proof of $Th\infty rem2.1$ , we can prove the convexity(univalence)
of $F$ and so the details may be omitted. Therefore, by applying Theorem 2.3, we obtsin
CoroNary 2.1.

$rn+\beta=1(0<\alpha\leq 1/p)$ with $A=1$ and $B=-1$ in Thmrem 2.3, we have
the following result.
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CoroNary 2.2. Let $f,g_{k}\in S_{p}^{*}(k=1,2)$ . Suppose that

${\rm Re} \{1+\frac{z\phi’’(z)}{\phi(z)}\}>-\frac{1}{2}$

$(z\in \mathbb{U};\phi(z)$ $:=( \frac{g_{k}(z)}{z^{p}})^{\alpha}$ ; $k=1,2)$

and the $fi_{4}nction(f(z)/z^{p})^{\alpha}$ is univalent in $\mathbb{U}$ and

$( \frac{I_{\alpha,1-p\alpha}f(z)}{z^{p}})^{\alpha}\in Q$ ,

uherve the integral operator $I_{\alpha,1-p\alpha}$ is defind by (1.5) with $\beta=1-p\alpha(0<\alpha\leq 1/p)$ .
Then the subordination relationi

$( \frac{g_{1}(z)}{z^{p}})^{\alpha}\prec(\frac{\int(z)}{z^{p}})^{\alpha}\prec(\frac{\alpha(z)}{z^{p}})^{\alpha}$ $(z\in U)$

implies that

$( \frac{I_{\alpha_{1}1-p\alpha}(g_{1})(z)}{z^{p}})^{\alpha}\prec(\frac{I_{\alpha_{:}1-p\alpha}(\int)(z)}{z^{p}})^{\alpha}\prec(\frac{I_{\alpha,1-\rho\alpha}(\ovalbox{\tt\small REJECT})(z)}{z^{p}})^{\alpha}$ $(z\in U)$ .

Morcover, the functions

$( \frac{I_{\alpha,1-p\alpha}(g_{1})(z)}{z^{p}})^{\alpha}$ $\bm{t}d$ $( \frac{I_{\alpha_{:}1-pa}(\Re)(z)}{z^{p}})^{\alpha}$

are the btest subordinant and the best dominant, respectively.

3. Applications to the Gauss Hypergeometric Function

We begn by recalling that the Gauss hypergeometric function $2F_{\iota}(a, b;c;z)$ is de-
fined by (see, for details, [14] and [18, Chapter 14])

$2F_{1}(a,b; c;z):=\sum_{n\Leftrightarrow 0}^{\infty}\frac{(a)_{n}(b)_{n}z^{n}}{(c)_{n}n!}$

$(z\in \mathbb{U};b\in \mathbb{C};c\in \mathbb{C}\backslash \mathbb{Z}_{0}^{-}; \mathbb{Z}_{0}^{-}:=\{0, -1, -2, \cdots\})$ ,

where $(\lambda)_{\iota}$, denotes the Pochhammer symbol (or the shifted factorial) defined (for
$\lambda,$ $\nu\in \mathbb{C}$ and in terms of the Gamna function) by

13
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$( \lambda)_{\nu}:=\frac{\Gamma(\lambda+\nu)}{\Gamma(\lambda)}=\{\begin{array}{ll}1 (\nu=0;\lambda\in \mathbb{C}\backslash \{0\})\lambda(\lambda+1)\cdots(\lambda+\nu-1) (\nu=n\in N;\lambda\in C).\end{array}$

For this useful special function, the foMowing Eulerian integral representation is $f\dot{u}rly$

well-known [18, p. 293]:

$2F_{1}(a, b;c;z)= \frac{\Gamma(c)}{\Gamma(a)\Gamma(c-a)}\int_{0}^{1}t^{a-1}(1-t)^{c-a-1}(1-zt)^{-b}\$ (3.1)

$({\rm Re}\{c\}>{\rm Re}\{a\}>0;|\arg(1-z)|\leq\pi-\epsilon;0<\epsilon<\pi)$.
In view of (3.1), we set

$\tau(z)=\frac{z^{p}}{(1-z)^{\kappa}}$ $(\kappa>0)$ (32)

so that the definition (1.5) yield

$I_{\alpha.\beta}( \tau)(z)=(\frac{\mu+\beta}{z^{\beta}}\int_{0}^{z}t^{p\alpha+\beta-1}(1-t)^{-*\alpha}\#)^{1/\alpha}$

$=( \omega+\beta)z^{p\alpha}\int_{0}^{1}u^{\mu+\beta-1}(1-zu)^{-\kappa\alpha}du)^{1/\alpha}$

$=z^{p}[2F_{1}(p\alpha+\beta, \kappa\alpha;p\alpha+\beta+1;z)]^{1/\alpha}({\rm Re}\{\mu+\beta\}>0)$.

Moreover, we note from the definition (3.2) that

$\frac{\tau(z)}{z^{p}}=\frac{1}{(1-z)^{\kappa}}\neq 0$ $(z\in \mathbb{U})$ .

Thus, by $apply_{\dot{i}}g$ to $Th\infty rem2.1$ with $g(z)$ replaced by the function $\tau(z)$ defined by
(3.2), we obtain the following result involving the Gauss $hyperg\infty metric$ function.

$Th\infty rem3.1$ . Let $f\in S_{p}^{*}$ . Suppose that

$0<\kappa\alpha\leq 2(1+\delta)-1$ $(0<\kappa\leq 2p_{j}\alpha>0;\beta\geq 0)$ ,

uhere $\delta o\dot{e}\dot{\varphi}ven$ by (2.2). Then the suborvlination;

$( \frac{f(z)}{z^{p}})^{\alpha}\prec\frac{1}{(1-z)^{n\alpha}}$ $(z\in \bm{U})$

implies that

$( \frac{I_{\alpha,\beta}(f)(z)}{z^{p}})^{\alpha}\prec 21$ $(z\in U)$ ,

14
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where $1_{\alpha,\beta}$ is the integrat operator defined by (1.5). Moreover, the jfunction

$2F_{1}(\mu+\beta, \kappa\alpha;p\alpha+\beta+1;z)$

$is$ the best dominant.

By setting $\beta=1-p\alpha(0<\alpha\leq 1/p)$ in $Th\infty rem3.1$ , we are led to the following
Corolary 3.1.

Corollary 3.1. Let $\int\in*\rho$ and $0<\kappa\leq 2p,$ $0<\alpha\leq 1/p$ . Zhen the subordi-
$nau_{01k}$

$( \frac{f(z)}{z^{p}})^{\alpha}\prec\frac{1}{(1-z)^{\kappa}}$ $(z\in \mathbb{U})$

implies that

$( \frac{I_{\alpha 11-p\alpha}(f)(z)}{z^{p}})^{\alpha}\prec 2F_{1}(1, \kappa\alpha;2;z)$ $(z\in U)$ ,

$uAeoeI_{\alpha,1-p\alpha}\dot{u}$ the integral operator defined by (1.5) with $\beta=1-\mu$ .

Remark 3.1. We note that we can obtain the dual result $\infty rr\infty ponding$ to
$Th\infty rem3.1$ by using Theorem 2.2.
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