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On the transfer map for the Hochschild
cohomology of Frobenius algebras

Katsunori Sanada
Department of Mathematics, Tokyo University of Science
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1 Introduction

We describe a transfer map between the complete Hochschild cohomologies of Frobenius
algebras A and I. For a Frobenius algebra A over a commutative ring R which is finitely
generated projective R-module, we can define a complete Hochschild cohomology H*(A, M)
with a coefficient A-bimodule M (see [Na]). If, in addition, we assume that I" is a Frobenius
extension of A, then I' is a Frobenius R-algebra. Under this assumption, we can define
Res: H(I',rMr) — H™(A, M) and Cor : H"(A,rMr) — H"(I', M). Res for r > 0 and Cor
for r € —1 are defined naturally, and, particularly for Frobenius algebras, Res and Cor can
also be defined for other integers r, which we may call them the transfer maps (see [S3], [S4],
and also [Nol], [No2]).

In this summary, we show the explicit description of Res and Cor by means of the standard
resolutions of the Frobenius algebras above.

2 Complete Hochschild cohomology of Frobenius algebras

Let R be a commutative ring with identity, A an R-algebra which is finitely generated pro-
jective as R-module. A® = A ®gr A°PP denotes the enveloping algebra of A and ZA denotes
the center of A.

If M is a left A®-module (i.e. A-bimodule), we define the Hochschild cohomology of A
with coefficient module M:

H™A, M) = Ext?.(A, M) (n 3> 0).

It is easily verified that this is a ZA-module. _
We denote H"(A,A) by HH™(A) in the following. By the definition, we see that

HO(A, M) = MA = {z € M | az = za for any a € A}
and so we have HHO(A) = ZA.
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2.1 Standard resolution, cup product

Let n > 0 be an integer, and we put X, = A® --- ® A (n + 2-times tensor products over
R). Then we have the following A®-projective resolution of A which is called the standard
resolution of A:

d d d
o X X, B X Xy B X A — 0,

’ n
dn(Z0 @1 ® @ Tp @ Tny1) = Z(—l)’wo Q@ ®TiTiy1 @+ ® Tnt1,
i=0
di(zo ® 21 ® T2) = Toz1 ® T2 — To ® T1T2,
do(o ® 1) = ToT1

We can define the cup product H*(A, M)®H(A, N) =3 H**+i(A, M®N), which satisfies
the anti-commutativity:

a~—ijB=(-1)98—;;a forae HH'(A),B € HHI(A,M).
and the cup product ZA ® H(A, M) =3 H'(A,M) gives the ZA-module structure for

Hi(A, M).
Furthermore, we have HH*(A) ® HHI(A) — HH**J(A), so this makes

HH*(A) := @ HH*(A)
k>0

a ring containing HHO(A) = ZA as a subring, which is called the Hochschild cohomology
ring of A.

2.2 Frobenius extensions and Frobenius algberas
Let I'/A be a Frobenius extension. That is,

F=aiA® DapA=Ab1 @ & Abp;

za; =Y 0iBi(2), be =) Bii(@)bi (@ €T\ Px() € A)
i—-1

j=1

and there exist the following isomorphisms:

ér/a : rTA — Homp _(Tr,Ap),  ér/a(ai)(bs) = 65,
¢r/a : Al — Hom_ A(rT, aA),  ¢p/a(bs)(as) = bij-
We set

m
pr/a = ¢r/a(1), Nppa(z) =) amb; (z€T).
=1
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Then up/p : I' — A is a two-sided A-module homomorphism and

m

z =Y pr/a(za)b; = Z ajur/a(biz) (z €T).
J=1

-1

Furthermore, let R be a commutative ring and A a Frobenius R-algebra which is finitely
- generated free R-module:

A=uR® - - ®upnR=Rv;® -+ ® Ruyp;
n n
yui = Y ujeGiy), vy =Y aim)u (¥ € A a;(y) € R),
éa : AA = Homp(Ap, R),  éa(ui)(vj) = 6y;.
We set

pa=oa(1), Na(y) =) uyui,

n
y" = Z pa (u;y)v; (Nakayama automorphism of A/R).
i=1

Then I' is a Frobenius R-algebra of rank mn with R-bases (a;u;), (vjb) (1<i<m,1<j <
n):

zagu; = Y > apwfij(oni(x)),

k-1 1=1
m n
vibgx = Z Zﬁi,-(ak;(:v))vjbi (z el),
. t=1 j=1
¢r : rT' — Hompg(Tr, R), ¢r(aiu;)(vibk) = 8(i j),k.0)-
If we set ur = ¢r(1), then

2= pr(zaiu;)vsh = Y Y axwpr(ubrz) (z€T).

i=1 j=1 k=1 l=1
We set

m n
Nr(:c) = Z E a,-u,-:rvjb,-,
i=1 j=1
m n

z" = E Z up(a;u,-m)vjb,- (:B € F).

i-1 j=1

Then we have

NpjpoNp=Nr, paopra=pr, Tla=T7.
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3 Restriction and corestriction maps

We set

(Xr)p =T ®Rr---®rT" (p+ 2 times tensor products of I'),
(XA)p=A®Rr---®rA (p+ 2 times tensor products of A),

and we define

dp : (Xr)p — (XT)p-1,
dp(To @21 ® - - ® Tp ® Tp+1)
=201 Q- Q@ Tp ® Tp+1
-1
+ E(—l)’xo ® ®LiZi+1Q  QTpp1+ (—1)P20® - @ Tp_1 ® TpTp41-

=1

Then we have the following commutative diagram:

cor e—— Hompe((Xp)1, M) 3 M M M B8 (X)) @pe M —— ..

[ [t e [

L HomA.((XA)l,M) + 4 M « Na M 4d1®" (XA)I’ Qe M ——— ...,

Here, (Xt)} is defined by w(z ® y°P) = vy wz for w € (Xr)p, T@YPP €T°, and

m
res’ : M — M,z — z, r&smM—»M,xt——»E biza],

i—1
resq : (Xr)g ®re M — (XA):; @A M,1@1®@ - ®Yg®1Q@re z—
m
E 1® ur/A(bil Y18i3) ® -+ ® pr/A (biquaiqﬂ) ® 1 ®4e big,, 7ay,
ila"-1iq+1=1

res? (p > 1) is defined to be a natural homomorphism induced by (Xa)p, — (Xr)p. Then we
have
Res" : H"(T,rMr) = H'(A,M) (reZ).

Here, H"(I', —) and H"(A,—) denotes the complctc Hochschild cohomology of I' and A,
respectively, and these are obtained by the horizontal sequences.
On the other hand, we have the following commutative diagram:

C—_— Hompre ((Xr)1, M) « di M « Nr M S (Xr)I®re M —r -

Tcorl Icoro TCOYO Tc"“

. —— Hompe(XaA), M) 25— M Mo M 4 (X @pe M e .-

Here,
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corg: M — M,z — z, cor®: M — M,z Np/(z),
cor? : Homae((XA)p, M) — Hompe ((X1)p, M),
cor’(9) (Yo ® Y ® - - @ Yp ® Yp+1)

m

= Z ¥0ai, g (1 ® pr/a(bi¥10i,) ® -+ @ pr/a(bi,Ypiyy,) ® 1) bipy s Yp+1,

i1nipt1=1
and éorq (g > 1) is defined to be a natural homomorphism induced by (Xa)q — (X1)q. Then
we have
Cor" : H'(A,rMr) —» H" (', M) (r € Z).
Proposition We have following fundamental properties for Res and Cor.
(1) Given f : peM — peN, we have

F*Res” = Res" f* : H"(T, M) — H™(A, N),
F*Cos”™ = Cor” f* : H"(A, M) — H'(T, N).

(2) Given a short exact sequence 0 — L — M — N — 0 of I"*-modules, we have

ORes” = Res"*'d: H™(I',N) — H™t}(A, L),
dCor” = Cor"*18 : H"(A,N) — H™ (T, L).

(3) Given a I'*-module M, we have

Cor"Res"(w) = Np/p(L)w (w € H™(T', M)).

Since Res preserves the cup product, it follows that we can define a ring homomorphism
HH*(I') — H*(A,T). Moreover, using the embedding of A-bimodules A — I, we can define

HH*(A) — H*(A,T) 55 HH* ().
In particular, we have ZA/Nj(A) — ZT'/Np(T) : Z > Nr/A(2) in the zero dimension. Note
that the zero dimensional complete Hochschild cohomology is different from the ordinary one
(cf. [Br]).
On the other hand, using the A-bimodule homomorphism ur/a : T' — A, we have

HH*T) 25 5+(A, 1) 25 HHE*(A).

In particular, we have ZI'/Np(I') — ZA/Nx(A) : Z — pr/a(2) in the zero dimension.
We have some explicit calculations of Res and Cor for twisted group algebras and crossed
products (see [S1] and [S2] for twisted group algebras, and [S4] for crossed products).
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