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| 1 Introduction

Superconductivity is one of the historical landmarks in condensed matter physics. Since
Onnes found out the fact that the electrical resistivity of mercury drops to zero below the
temperature 4.2K in 1911, the zero electrical resistivity is observed in many metals and
alloys. Such a phenomenon is called superconductivity, and the magnetic properties of
superconductors as well as their electric properties are also astonishing. For example, the
magnetic flux is excluded from the interior of a superconductor. This phenomenon was
observed first by Meissner in 1933, and is called the Meissner effect. In 1957 Bardeen,
Cooper and Schrieffer [1] proposed the highly successful quantum theory called the BCS
theory. The superconducting state and the Hamiltonian they dealt with are called the
BCS state and the BCS Hamiltonian, respectively. In 1958 Bogoliubov [2] obtained the
results similar to those in the BCS theory using the canonical transformation called the
Bogoliubov transformation. This theory is called the Bogoliubov theory.

The ground state of the BCS Hamiltonian is ‘discussed by several authors. In 1961
Mattis and Lieb [5] studied the wavefunction of the ground state of the BCS Hamiltonian
under the condition that in the ground state, all the electrons in the neighborhood of the
Fermi surface are paired. See Richardson (7] and von Delft [3] for the ground state of the
BCS. Hamiltonian without the condition just above. From the viewpoint of C*-algebra,
Gerisch and Rieckers [4] studied a class of BCS-models to show that there is a unique
C*-dynamical system for each BCS-model.

In this paper, first, we reformulate the BCS-Bogoliubov theory of superconductlvity
from the viewpoint of linear algebra. We define the BCS Hamiltonian on C2**, where M
is a positive integer. We discuss selfadjointness and symmetry of the BCS Hamiltonia.n
as well as spontaneous symmetry breaking. Beginning with the gap equation, we give the
well-known expression for the BCS state and find the existence of an energy gap. We also
show that the BCS state has a Ibwer energy than the normal state. Second, we introduce
a new superconducting state explicitly and show from the viewpoint of linear algebra that
this new state has a lower energy than the BCS state. Third, beginning with our new
gap equation, we show from the viewpoint of linear algebra that we arrive at the results
similar to those in the BCS-Bogoliubov theory. See Watanabe [8] for more details.

Let L, Kpq.x > 0 be large enough and let us fix them. For n,, ny, ng € Z, set

2
A={£—(n1,n2,n3)€R3 —i—r- n? +nd +n2 < K, }

Here we do not let K., = oo for simplicity. Let the number of all the elements of A be
M and let wave vector k belong to A.
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The number ng, of electrons with wave vector k and spin o (¢ =1 (spin up), | (spin
down)) is equal to 0 or 1, and so the number of the states

InkT, M|, Nkrty ks, -« .), k, k’, ...EA

is equal to 22M. Here, ngt, nx; = 0, 1, and the elements k and &' are arranged in a certain
order.
We therefore choose, as our Hilbert space H,

H — C22M

and denote each standard unit vector in H = C2*¥:

e,.=(o,...,0,i0,...,0), i=1,2...,2¥M
by each state above for simplicity.
For example, we denote
e1=(1,0,0,...,0), e=(0,1,0,...,0)
by 10,0,0,...), 1,0,0,...), respectively. Moreover, we denote
epxm = (0,0,...,0,1)

by |1,1,1,...).

Here the symbol (0, 0, 0, ...) corresponds to the state ng; = ny; = 0 for all k € A,
and |1, 0, 0, ...) to the state ny; = 1 and ng; = npo = 0 for all k&' € A\ {k} and for all
o =T, |. Moreover, |1, 1, 1, ...) corresponds to the state nx; = ng; =1 for all k € A.

We abbreviate |0, 0, 0, ...) to [0) and caz,E it the vacuum vector in H = C2*¥. We
2

denote by (-, ) the inner product of H = C**".

2 Creation and annihilation operators

We assume that each creation operator and each annihilation operator depend both on
wave vector £k € A and on spin o of an electron. We denote the creation operator
(resp. the annihilation operator) by Cp, (resp. by Ck,). Note that |..., Nk, ney, -..)
(nkr, nky = 0, 1) stands for the corresponding standard umit vector in H = C?*™, as
mentioned in the preceding section.

Definition 2.1.
‘ { Cle ceeg Tty Mgy, - ") = (_l)uél,n”' veey nkT - 1’ nkl: .. ‘)7

CI:T' ooy Thkty Ty, - ) = (—1)“50,nn| ceey Mgt + 1, Nk, .- .),

where the symbol f| denotes the number of electrons arranged at the left of the symbol
Nk above.

{ Ckll' ey nkT, nkl, .. ) = (—1)“61,,,“l cen s nkT, nkl - 1, . ..),

CI:J,' cee oy Nty Ny, - @ ) = (——1)“60,"“] ceey Mgty Mgy + 1, ),

where the symbol ff denotes the number of electrons arranged at the left of the symbol
ng; above.
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On the basis of the deﬁnitionuwe regard each of the creation and annihilation operators
as a linear operator on H = C2*". The definition immediately gives the following lemma.

Lemma 2.2. (a) The annihilation operator Cj, is a bounded linear operator on H =
C?* | and its adjoint operator coincides with the creation operator Cy,.

(b) The operators Cy, and C}, satisfy the canonical anticommutation relations on H =
c?*:

{Cka; C;'al} = Ok’ 000’ {Ckm Ck’a’} = {C;w Cl:'a'} =0,
where {A, B} = AB + BA.
Remark 2.5.

| ks M, Mty s ) = (CRy) ™ (CR)™ (Cl)™ " (Cy)™ - 10).

3 The BCS Hamiltonian

Let m and u stand for the electron mass and the chemical potential, respectively. Here,
m, u > 0. Set & = H%|k|2/(2m) — u. The BCS Hamiltonian [1] is given by

H= E €k CxoCro + Z Uk,k'CJ:ITC:kqC—lekT.
k€A, o=1,] k, k'€

Here, Uy, is a function of k and k', and satisfies Uy, p» <0, Up x = Uk, Uk, -k = U, g
and Uk,k =0.

Proposition 3.1. The BCS Hamiltonian H is a bounded, selfadjoint operator on H =
c¥¥,

The bounded, selfadjoint operator

G= Y  Ci,Cro

keA,o=T,1

generates a strongly continuous unitary group {¢**¢} . onH = C?*™. As is shown just
below, the transformation '€ gives rise to a phase transformation of the creation (the
annihilation) operator.

Proposition 3.2. Let G and H be as above. Then, for a € R,
e-iaGCka eiaG = e“’Ck,, e—iaGc;aeiaG = e—iaC’:v .
Consequently, e ‘**CHe'*® =H.

Remark 8.8. The transformation e*®S leaves the BCS Hamiltonian H invariant. In this
case the BCS Hamiltonian H is said to have global U(1) symmetry.



95

4 Spontaneous symmetry breaking

Definition 4.1 (Nambu and Jona-Lasinio). Let G be as above. Suppose that there
is the ground state ¥y € H = C?*™ of the BCS Hamiltonian H. The global U(1) symmetry
is said to be spontaneously broken if there is a bounded linear operator A on H = c*”
satisfying

(T, [G, A] o) # 0.

Lemma 4.2. Set A = C_ Cyt in the definition above. Then
(Yo, [G, C_MC'H] Uo) = —2 (W, C'_lekﬂI’o) .

Remark 4.8. If (g, C_x;Cr1 %) # 0, then the global U(1) symmetry is spontaneously
broken.

Remark 4.4. The concept of spontaneous symmetry breaking was introduced first by
Nambu and Jona-Lasinio [6] in 1961. This plays an important role in quantum mechanics
such as the BCS-Bogoliubov theory and quantum gauge field theory.

5 An energy gap for excitation from the BCS state

Let A, be a function of k € A. We assume the existence of the following A, : A satisfies
Ay >0 and A_, = Ay, and is a solution to the “gap equation” ([1], [2])

1 JAYY)
Ak=-"2—ZUkk' k

o VEFAL
Let 6, be a function of k € A and let it satisfy ([1], [2])
sin 26, = Dk &

—_—_— cos 26, = ——
V& + A% * V& + A

with 0 < 6, < /2. Note that 6_, = 0 . o
We denote by Gp the following bounded, selfadjoint operator on H = Cc2*¥.

Gp=1)_ 0k (C_p,Cht — CiyC24y) -
keA

Weset Wpcs = €©5|0) € H = C?* and call it the BCS state ([1], [2]).
Lemma 5.1 (BCS).

‘I,BCS = { l-I (COS 0k -+ sin 0’@ C;Tcikl) } IO)-

keA
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Remark 5.2. In 1957 Bardeen, Cooper and Schrieffer [1] introduced the well-known ex-
pression in this lemma.

Corollary 5.3. .
(a) (¥scs, C-kiCrki¥aecs) = (Yacs, CaCri¥aeos) = — sin 20 .

(b) Ar= - Uw (¥cs, C-r1Cr1¥s0s).
KeA

We replace the ground state ¥o of the BCS Hamiltonian by ¥pcs and set (for all
keA)

{ C-k Ckt = (Ypes, C-k;Crt¥aes) + bi,
C;TC:kl = (\I’BCS, C;TC:ICL\IIBCS) + b; .
Lemma 5.4. Set

Hy = Y &Ci,Cho— Y Ak(CtiCht +CiCliy)
keA,o=T1,] keA
+Y_ A (¥ncs, C-kiCit¥ses) -
keA

Then the BCS Hamiltonian is rewritten as

H=Hy+ Y Ukiblbe.
k,k'eA

Remark 5.5. The Hamiltonian H)s is called the mean field approximation for the BCS
Hamiltonian H.

We now introduce the Bogoliubov transformation of Ci, [2]:
Yko = GiGB Ck,e'iG".

Note that t}x: operator -, and its adjoint operator v, are both bounded linear operators
on H=C".

Proposition 5.6 (Bogoliubov).

Hy = ) &+8%omo

k€A, o=1,]
+3 {€k — ¢/ & + Af + Ak (¥aes, C—kLCkT‘I’BCS)} -
keA

Corollary 5.7. (a) The BCS state Upcs is the ground state of H)ys, and the ground
state energy Epcs is given by '

Epcs = 2 {fk -4/ & + A2 + Ay (Ppes, C—klcm\I’Bcs)} -

keA
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(b) Let Epcs be as in (a). Then the spectrum of Hy, is given by

U(HM)={ZV§£+A§(NkT+Nk1)+EBCS} :
Nit, Niy=0,1

keA

Remark 5.8. The corollary above implies that it takes a finite energy /€7 + A2 (> Ay)
to excite a particle from the BCS state to an upper energy state. So the function A, of
k € A corresponds exactly to the energy gap, and hence A is called the gap function (see
Bardeen, Cooper and Schreiffer [1), and Bogoliubov [2]).

We now study some properties of the operators v, (see Bogoliubov [2]).

Corollary 5.9. The operators vk, and vy, satisfy the following.

(8 {Yke ’)’1::,,'}= Ok ety {7xo> ’Yk'a'} = {’Yiw 7;:','} = 0.
(b) . Yke¥Bcs =0 for each k € A and for each o =1, | .

Yt = o8 O Cyr — sin 6, CZ
(c)

Y-k) = 8in 0: C’:T + cos 6 C——kl .
Ckt = cos O yer +sin 724,
o

C_xy = —sin b vy + cos O Yxy -

6 The BCS and normal states

Let Ay =0 for all £k € A. Then the BCS state ¥gcg coincides with the “Fermi vacuum”
Up € H = C®. Here the Fermi vacuum Ur corresponds to the normal state and is
defined by

Up= { H C},'TC'_'.H} |0),

k (£x<0)

where the symbol k (£ < 0) stands for k € A satisfying & < 0.

- Proposition 6.1. The BCS state Vgcs has a lower energy than the Fermi vacuum Vg
(the normal state), i.e.,

2
VE+AL - &)
(Yscs, H¥pcs) — (¥r, HUF) = _1 ( kT Sk ’°)

2 keA \ £k+Ak

< 0.
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7 A new superconducting state

Set Ey = ¢/ Ekz + A’k, k € A and set B, = C_le)eT We abbreviate sin 8y (resp. cosfy) to
Sk (resp. to Ci). We consider the following vector in H = c2*.

_ Upes + @
Vit (3,8’
1 Up,p (C2S% + C% S?
where & = — Z Be ( E? + By ) Yot Yopy Vot V=pry ¥BCS -

P EA
We prepare some lemmas.

Lemma 7.1. (a) (¥pcs, ®) = 0.
(b)

E Up,p’ (02 S2 +O§' Sz) * % * *
E, + E,,, Vet Vop Yot V-p1 ¥ BCS:

Hy®=Epcs®+2 )
p,PEA

L __ 3~ U2, (C2S2% +C2 52)°

(c) (¥, HyY) = Epcs + m E, + E,

p,PEA
Set H' = H — Hpy . Then

= Y Ukw{BtB:-Cv Sk (Bf + B) + Ci Sk Oy s,c,}
k,k'eA

Lemma 7.2. Let H' be as above.
(a) H'¥pcs=— Z U, w Si Ci Vit Yoky Vet Vo, YBCS -

k, K'€A

(b) (¥ses, H'¥pes) = \
1 Uay (C3 S5 +Cy S3)

(c) (®, H'¥pes) =—+ B P pZ_ .
: 2 T EiE

Lemma 7.3. (a)

Uk,p (CE S2 + C2S})

B® = (Ck Sk — Sﬁ ’YI:T’Y:kl) ® + CZ Z Ev+E, ’YpT ’Y—pl‘I’BCS
PEA
Urp(CES2+C2SE)
—2Cy Sk E Ex +E, 'YkT ‘Y-kl‘YpT 'Y—pl‘IIBCS

PEA

: — _ Uk%p (Cz S: + Cp2 S:)z
(b) (®, Bi®) = Ci Sk {(q>, 3) 2§ RN } :
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(®, B}, By®)

= Ck Sk Ckl Skl l:(@, @)

> U G5+ G 80)° | U2, (ChS3+Cpsh)”
(B + Ep)” (Ew + E,)°
Udw (CESE + G S
(Ek, + Ekl)2

Unplkp (CRS2+ C257) (CB 52+ CRSE)
+(C2C2 + 8252 R —
( k “k k k)pGZA (Ek+Ep)(Ek'+EP)

pEA

+4C), Si, Cyr S

Let

C2C3E + S22 S%
AE = Uk, K k Yk k“~k x
2 Vv S5 )
<3 Us,sUw,» (CE S2 + C; SE) (CE S; + C3 St.)
pEA (Ek + Ep) (Ek’ + Ep)
44 E Ui Cy Sk Cy S Uy (CESH +C 53 _
G 1+(2,9) (Bx + Ew)

Note that AE < 0.
Lemma 7.4. Let H' and AE be as above. Then
(®, H®) = {1+ (®, )} AE.
We now show that the state ¥ above has a lower energy than the BCS state ¥pcs .

Theorem 7.5. The state ¥ has a lower energy than the BCS state Vgcg, and hence
than the Fermi vacuum Vg ,i.e.,

(‘I” H\I’) - (‘IJBC'S" H‘I,BC'S) =AE <0

8 A new gap equation

We use the BCS state ¥pcg to deal with the expectation values of the operators C_i;Cit
and C},C~y,.

But we originally need to use the ground state of the BCS Hamiltonian to deal with
the expectation values of such operators. The ground state of the BCS Hamiltonian is
studied by several authors. See Mattis and Lieb (5], Richardson [7] and von Delft (3] for
example. They assumed that Uy, p is a negative constant if k¥ and k' both belong to the
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neighborhood of the Fermi surface, and 0 otherwise. So little is known about the ground
state when Uy, » does not satisfy the assumption just above.

We therefore try to use our superconducting state ¥ in the preceding section instead.
This is because our state ¥ has a lower energy than the BCS state ¥pcg. To this end we
begin with a new gap equation.

Let Ak be a function of k¥ € A. We assume the existence of the following Ak : Zk
satisfies Ak > 0 and A_k = Ak, and is also a solution to the new gap equation

~ 1 Ay 4Dy
Ak="—2—ZUk,k"‘——L:—(1——T)—f§),

k'eA 6'3, + Azl
where
1 U2
Dkl = z’ Z kP 3 X
PeA (\/5,% + A% + \/53 + Ag)

2

_ Ek’ é‘p
ve -+ Jat+i

b

D

1
™
g

Remark 8.1. A numerical calculation gives 4Dy /(D +2) < 0(10‘17) in the case of alu-
minum. So it is expected that Ak is nearly equal to A and that Ak > 0.

Let 6% be a function of k € A and let it satisfy

i-:_.’ 0052§k=__§k_~
V &+ AL Véa+ap

w1th 0< 8 < 71'/2 Note that 6_, = 9,,
We denote by G5 the following bounded, selfa.djomt operator on H = C2*;

Gp =1 0 (C-xiCikt — Ci1C4)) -
k€A

sin 20, =

We set Upos = lé"lﬂ) e H =C".

Lemma 8.2. \I!Bc,g = { H (cos 0y + sin 9;, CiiC~ ) } |0).
keA

Corollary 8.3.

1

(;I-’BCS, C—kickT‘i;BCS) = (E’écs, C;TC:kLE’BCS) =3 sin 26y .
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We introduce another Bogoliubov transformation of Cy,:

Wka = eiGBCkoe_IGB-

Note that the operator ¥, and its adjoint operator ¥}, are both bounded linear operators
on H = C*. |

Corollary 8.4. The operators ¥y, and 7}, satisfy the following.

@) Yoy Viror} = Okw000r,  {Fkos Wrtor} = {Fipr Voo } = 0.

(b) Fxo¥pcs =0 for each k € A and for each o =1, | .

Yk = cos B Cikt — sin Gy, Cly;»

(c) ~ ~
7_1:1 = sin 9;; CI:T + cos Gk C-kl .
@ Ciy = cos 5]‘; ‘ikT + sin 5,: ’7:“ )

C_k; = —sin 5}, ;ﬁT + cos 51: ;7—131 .

Set Ejy, = vV &+ A2,k € A and set By = C_k,Cit. We abbreviate sin 8y, (resp. cos )
to Sk (resp. to 5;0) We now consider the following vector in H = C2*™;

- 7 o
3= Vpes + ’
1+ (<I>, <I>)
where
~ 1 Up,p’( 333""03'3: ~y ~w ~w o~ T
@ = 5 E Bad '7pT 7—?1 ’YP'T 7“?’1 \IIBCS )
p, P EA » + Zp

For all k € A, set
C—kLCkT = (E’, C_lekT‘:f’) +Zk7
CiiCryy = (¥, Cji0,,¥) +5;.

Corollary 8.5. [Sk = - Z Uk,kr (‘T’, C_wC'yT\f).

k€A
Lemma 8.6. Set
Hu = Y &Ci,Cio— Bi(C-tiCkt +CHCly)
k€A, o=T1,] keA
+ EZ" (‘i‘, C..lekT\.I;) .
kEA

Then the BCS Hamiltonian is rewritten as

H= }?M-f- Z Uk,k,z,';,zk.
k,k'eA
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Remark 8.7. The Hamiltonian H M as well as Hys is also the mean field approximation
for the BCS Hamiltonian H.

Proposition 8.8.

ﬁM - Z Elc + Ai ?Y'Ea:);ka
keA, o=T1,] |
+ 3 {ee- /@ + B + B4 (8 Cucnd) .
keA

Corollary 8.9. (a) The state ¥ pes is the ground state of Hy, and the ground state
energy Epcg is given by

Bacs = 3 {6 - V@ + Bt + B (¥, Cucu) }.

keA

(b) Let Egcs be as in (a). Then the spectrum of Hyy is given by

( ) {Z\/fkﬁ'Az NkT+Nkl)+EBCS} )
Ni1, Nk =0,1

keA

Remark 8.10. We see from the corollary above that it takes a finite energy /&2 + Zz

(> Ak) to excite a particle from the state 7 Bcs to an upper energy state. So Ak as

well as Ay corresponds exactly to the energy gap, and hence Ay as well as Ay is the gap
function.-

Remark 8.11. Beginning with our new gap equation we arrive at the results similar to
those in the BCS-Bogoliubov theory.

References

[1] J. Bardeen, L. N. Cooper and J. R. Schrieffer, Theory of superconductivity, Phys.
Rev. 108 (1957), 1175-1204.

[2] N. N. Bogohubov A new method in the theory of superconductivity I, Soviet Phys.
JETP 34 (1958), 41-46.

(3] J. von Delft, Superconductivity in ultrasmall metallic grains, Ann. Phys. 10 (2001),
1-60.

[4] T. Gerisch and A. Rieckers, Limiting dynamics, KMS-states, and macroscopic phase
angle for weakly inhomogeneous BCS-models, Helv. Phys. Acta 70 (1997), 727-750.

[5] D. Mattis and E. Lieb, Ezact wave functions in superconductivity, J. Math. Phys. 2
(1961), 602-609.



103

[6] Y. Nambu and G. Jona-Lasinio, Dynamical model of elementary particles based on
an analogy with superconductivity, Phys. Rev. 122 (1961), 345-358.

[7] R. W. Richardson, A restricted class of eract eigenstates of the pairing-force Hamil-
tonian, Phys. Lett. 3 (1963), 277-279.

[8] S. Watanabe, Superconductivity and the BCS-Bogoliubov theory, preprint (2007).



